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ÁÎÃÄÀÍ ÉÎÑÈÏÎÂÈ× ÏÒÀØÍÈÊ
(28.09.1937�22.02.2017)

22 ëþòîãî 2017 ðîêó íà 80-ìó ðîöi æèòòÿ âiäiéøîâ ó âi÷íiñòü Áîã-
äàí Éîñèïîâè÷ Ïòàøíèê � âèäàòíèé óêðà¨íñüêèé ìàòåìàòèê, ÷ëåí-êî-
ðåñïîíäåíò ÍÀÍ Óêðà¨íè, äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîð,
çàâiäóâà÷ âiääiëó ìàòåìàòè÷íî¨ ôiçèêè Iíñòèòóòó ïðèêëàäíèõ ïðîáëåì
ìåõàíiêè i ìàòåìàòèêè iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè.

Á. É. Ïòàøíèê íàðîäèâñÿ 28 âåðåñíÿ 1937 ðîêó â ñåëèùi Áîãîðîä÷àíè
Iâàíî-Ôðàíêiâñüêî¨ îáëàñòi. Ó 1959 ðîöi çàêií÷èâ ôiçèêî-ìàòåìàòè÷íèé
ôàêóëüòåò Iâàíî-Ôðàíêiâñüêîãî äåðæàâíîãî ïåäàãîãi÷íîãî iíñòèòóòó.

Òðóäîâó äiÿëüíiñòü ðîçïî÷àâ ó ñåðïíi 1959 ðîêó â÷èòåëåì ìàòåìà-
òèêè òà âèðîáíè÷îãî íàâ÷àííÿ Ðîñiëüíÿíñüêî¨ ÑØ Áîãîðîä÷àíñüêîãî
ðàéîíó Iâàíî-Ôðàíêiâñüêî¨ îáëàñòi.

Ó 1961�1963 ðð. ïðàöþ¹ àñèñòåíòîì êàôåäðè ìàòåìàòèêè Iâàíî-
Ôðàíêiâñüêîãî äåðæàâíîãî ïåäàãîãi÷íîãî iíñòèòóòó. Ó 1963 ð. âñòóïà¹ äî
àñïiðàíòóðè Iíñòèòóòó ìàòåìàòèêè ÀÍ ÓÐÑÐ ó âiääië äèôåðåíöiàëüíèõ
ðiâíÿíü, ÿêèì çàâiäóâàâ ÷ëåí-êîðåñïîíäåíò ÀÍ Óêðà¨íè Þ. Ä. Ñîêî-
ëîâ. Íàóêîâèì êåðiâíèêîì àñïiðàíòà áóâ ïðîôåñîð Â. ß. Ñêîðîáîãàòüêî.
Îáèäâà öi âèäàòíi â÷åíi, Þ. Ä. Ñîêîëîâ i Â. ß. Ñêîðîáîãàòüêî, âiäiãðàëè
âåëèêó ðîëü ó ôîðìóâàííi Á. É. Ïòàøíèêà ÿê íàóêîâöÿ i ãðîìàäÿíèíà.

Ïiñëÿ çàêií÷åííÿ àñïiðàíòóðè ç 1966 ïî 1969 ðiê âií ïðàöþâàâ àñè-
ñòåíòîì êàôåäðè äèôåðåíöiàëüíèõ ðiâíÿíü Ëüâiâñüêîãî äåðæàâíîãî óíi-
âåðñèòåòó iìåíi Iâàíà Ôðàíêà (ç 1969 ð. ïî 2000 ð. � çà ñóìiñíèöòâîì).
Òóò ó 1968 ðîöi çàõèñòèâ äèñåðòàöiþ ½Çàäà÷à Âàëëå Ïóññåíà òà äåÿêi
êðàéîâi çàäà÷i äëÿ ëiíiéíèõ ãiïåðáîëi÷íèõ ðiâíÿíü� íà çäîáóòòÿ íàóêî-
âîãî ñòóïåíÿ êàíäèäàòà ôiçèêî-ìàòåìàòè÷íèõ íàóê.

Iç 1969 ðîêó i äî êiíöÿ ñâîãî æèòòÿ Á. É. Ïòàøíèê ïðàöþâàâ â óñòà-
íîâàõ Àêàäåìi¨ íàóê Óêðà¨íè. Ó 1969�1972 ðîêàõ âií � ñòàðøèé íàó-
êîâèé ñïiâðîáiòíèê Ôiçèêî-ìåõàíi÷íîãî iíñòèòóòó ÀÍ Óêðà¨íè, ç 1973
ðîêó ïðàöþâàâ ñòàðøèì íàóêîâèì ñïiâðîáiòíèêîì Ëüâiâñüêîãî ôiëià-
ëó ìàòåìàòè÷íî¨ ôiçèêè Iíñòèòóòó ìàòåìàòèêè ÀÍ Óêðà¨íè (ç 1978 ðî-
êó � Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè (IÏÏÌÌ)
ÀÍ Óêðà¨íè). Ç 1982 ïî 1990 ðiê êåðóâàâ ëàáîðàòîði¹þ íåêëàñè÷íèõ çà-
äà÷ ìàòåìàòè÷íî¨ ôiçèêè IÏÏÌÌ ÀÍ Óêðà¨íè. Ó 1989 ðîöi çàõèñòèâ â
Iíñòèòóòi ìàòåìàòèêè ÀÍ Óêðà¨íè äîêòîðñüêó äèñåðòàöiþ ½Íåêëàñè÷íi
êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè�,
à â 1990 ðîöi éîìó ïðèñâî¹íî â÷åíå çâàííÿ ïðîôåñîðà. Ç 1990 ðîêó �
çàâiäóâà÷ âiääiëó ìàòåìàòè÷íî¨ ôiçèêè, ç 2003 ðîêó � ãîëîâà ñåêöi¨ òå-
îðåòè÷íèõ i ïðèêëàäíèõ ïðîáëåì ìàòåìàòèêè ïðè Â÷åíié ðàäi IÏÏÌÌ
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iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè.
Ó 1989 ðîöi Á. É. Ïòàøíèê ñòà¹ ÷ëåíîì ùîéíî âiäíîâëåíîãî â Óêðà-

¨íi Íàóêîâîãî òîâàðèñòâà iìåíi Øåâ÷åíêà. Ó 2002 ðîöi Á. É. Ïòàøíèêà
îáðàíî àêàäåìiêîì Àêàäåìi¨ íàóê âèùî¨ øêîëè Óêðà¨íè (çà ðåêîìåíäàöi-
¹þ Â÷åíî¨ ðàäè Iíñòèòóòó ïðèêëàäíî¨ ìàòåìàòèêè òà ôóíäàìåíòàëüíèõ
íàóê Íàöiîíàëüíîãî óíiâåðñèòåòó ½Ëüâiâñüêà ïîëiòåõíiêà�), ó 2003 ðîöi
� ÷ëåíîì-êîðåñïîíäåíòîì ÍÀÍ Óêðà¨íè, à â 2006 ðîöi � äiéñíèì ÷ëå-
íîì Íàóêîâîãî òîâàðèñòâà iìåíi Øåâ÷åíêà. Ó 2007 ð. éîìó ïðèñâî¹íî
çâàííÿ ½Ïî÷åñíèé äîêòîð Ïðèêàðïàòñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó
iìåíi Âàñèëÿ Ñòåôàíèêà�.

Çà çàñëóãè â ðîçâèòêó íàóêè òà îñâiòè Á. É. Ïòàøíèêó ïðèñóäæåíî
 ðàíò äëÿ â÷åíèõ i âèêëàäà÷iâ Ìiæíàðîäíî¨ íàóêîâî-îñâiòíüî¨ ïðîãðàìè
Ìiæíàðîäíîãî ôîíäó ½Âiäðîäæåííÿ�, íàãîðîäæåíî Ïî÷åñíîþ ãðàìîòîþ
Ïðåçèäi¨ ÍÀÍ Óêðà¨íè (2003 ð.); âií ¹ ëàóðåàòîì ïðåìi¨ ÍÀÍ Óêðà¨íè
iìåíi Ì. Î. Ëàâðåíòü¹âà (2007 ð.).

Á. É. Ïòàøíèê ñòâîðèâ íàóêîâó øêîëó ç òåîði¨ óìîâíî êîðåêòíèõ çà-
äà÷ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè, ÿêié ïðèòàìàííi îðèãiíàëüíi
íàïðÿìêè äîñëiäæåíü. Âií � àâòîð ïîíàä 250 íàóêîâèõ ïðàöü ç òåî-
ði¨ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè, òåîði¨ ãiëëÿñòèõ
ëàíöþãîâèõ äðîáiâ òà iñòîði¨ ìàòåìàòèêè, à òàêîæ ïîíàä 20-òè íàóêîâî-
ïîïóëÿðíèõ ñòàòåé. Ïiä êåðiâíèöòâîì Á. É. Ïòàøíèêà óñïiøíî çàõèùåíî
18 êàíäèäàòñüêèõ i 3 äîêòîðñüêi äèñåðòàöi¨.

Ðàçîì iç ó÷íÿìè Á. É. Ïòàøíèê ðîçðîáèâ îðèãiíàëüíi ìåòîäè (ÿêi áà-
çóþòüñÿ íà ìåòðè÷íîìó ïiäõîäi äî àíàëiçó ïðîáëåìè ìàëèõ çíàìåííèêiâ)
äîñëiäæåííÿ êîðåêòíîñòi òà ïîáóäîâè ðîçâ'ÿçêiâ áàãàòüîõ íåêëàñè÷íèõ
çàäà÷ äëÿ ðiâíÿíü òà ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè (ëiíiéíèõ
i ñëàáêîíåëiíiéíèõ) ñêií÷åííîãî òà áåçìåæíîãî ïîðÿäêiâ, à òàêîæ äëÿ
äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü: 1) çàäà÷i ç ëîêàëüíèìè áàãàòîòî-
÷êîâèìè óìîâàìè; 2) çàäà÷i òèïó çàäà÷ Äiðiõëå; 3) çàäà÷i ïðî ïåðiîäè÷íi
òà ìàéæå ïåðiîäè÷íi ðîçâ'ÿçêè; 4) íåëîêàëüíi êðàéîâi òà áàãàòîòî÷êîâi
çàäà÷i. Âêàçàíi çàäà÷i ¹, âçàãàëi, íåêîðåêòíèìè, à ¨õ ðîçâ'ÿçíiñòü ó áà-
ãàòüîõ âèïàäêàõ ïîâ'ÿçàíà ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ. Ïðè äîñëi-
äæåííi öèõ çàäà÷ äëÿ ãiïåðáîëi÷íèõ, ïàðàáîëi÷íèõ i áåçòèïíèõ ðiâíÿíü
òà ñèñòåì ðiâíÿíü (â òîìó ÷èñëi íå ðîçâ'ÿçàíèõ âiäíîñíî ñòàðøî¨ ïîõi-
äíî¨ çà ÷àñîâîþ çìiííîþ) âèíèêëè ìàëi çíàìåííèêè ñêëàäíî¨ íåëiíiéíî¨
ñòðóêòóðè, îöiíþâàííÿ çíèçó ÿêèõ ïðèçâåëî äî íîâèõ, ùå íåäîñëiäæåíèõ
çàäà÷ ìåòðè÷íî¨ òåîði¨ ÷èñåë, ùî áóëè ðîçâ'ÿçàíi Â. I. Áåðíiêîì, çàâiäó-
âà÷åì âiääiëó Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Á¹ëàðóñi, Á. É. Ïòàøíèêîì
òà ¨õíiìè êîëåãàìè.

Ñâî¨ìè çíàííÿìè é äîñâiäîì ïðîôåñîð Á. É. Ïòàøíèê ùåäðî äiëèâ-
ñÿ ç ìîëîääþ. Âïðîäîâæ áàãàòüîõ ðîêiâ âií ÷èòàâ ñïåöêóðñè òà êåðóâàâ
íàóêîâîþ ðîáîòîþ ìàãiñòðiâ, àñïiðàíòiâ i äîêòîðàíòiâ ó Ïðèêàðïàòñüêî-
ìó íàöiîíàëüíîìó óíiâåðñèòåòi iìåíi Âàñèëÿ Ñòåôàíèêà, Íàöiîíàëüíî-
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ìó óíiâåðñèòåòi ½Ëüâiâñüêà ïîëiòåõíiêà�, IÏÏÌÌ iì. ß. Ñ. Ïiäñòðèãà-
÷à ÍÀÍ Óêðà¨íè, Ëüâiâñüêîìó íàöiîíàëüíîìó óíiâåðñèòåòi iìåíi Iâàíà
Ôðàíêà.

Áàãàòî ñèë i ÷àñó âiääàâàâ Á. É. Ïòàøíèê íàóêîâî-îðãàíiçàöiéíié
ðîáîòi ç êîîðäèíàöi¨ íàóêîâèõ äîñëiäæåíü òà ïiäãîòîâêè íàóêîâèõ êà-
äðiâ âèñîêî¨ êâàëiôiêàöi¨ ç ìàòåìàòèêè â Çàõiäíîìó ðåãiîíi Óêðà¨íè. Iç
1976 ðîêó âií áóâ ñåêðåòàðåì ñåêöi¨ ìåõàíiêè i ìàòåìàòèêè, ãîëîâîþ ñå-
êöi¨ ìàòåìàòèêè (1991�2000 ðð.), çàñòóïíèêîì ãîëîâè ñåêöi¨ ìàòåìàòèêè
i ìàòåìàòè÷íîãî ìîäåëþâàííÿ (2001�2006 ðð.), à ç 2007 ðîêó � êåðiâíè-
êîì âiääiëåííÿ ôiçèêî-òåõíi÷íèõ i ìàòåìàòè÷íèõ íàóê òà ãîëîâîþ ñåêöi¨
ìàòåìàòèêè i ìàòåìàòè÷íîãî ìîäåëþâàííÿ Çàõiäíîãî íàóêîâîãî öåíòðó
ÍÀÍ Óêðà¨íè òà ÌÎÍ Óêðà¨íè.

Ó 1993�1998 ðð. Á. É. Ïòàøíèê áóâ ÷ëåíîì åêñïåðòíî¨ ðàäè ç ìàòå-
ìàòèêè ÂÀÊ Óêðà¨íè, à ó 1993�2000 ðð. � çàñòóïíèêîì ãîëîâè ñïåöià-
ëiçîâàíî¨ ðàäè ïî çàõèñòó äîêòîðñüêèõ äèñåðòàöié ó Ëüâiâñüêîìó íàöiî-
íàëüíîìó óíiâåðñèòåòi iìåíi Iâàíà Ôðàíêà.

Á. É.Ïòàøíèê áóâ êåðiâíèêîì Ëüâiâñüêîãî ìiñüêîãî ñåìiíàðó ç äèôå-
ðåíöiàëüíèõ ðiâíÿíü ïðè Ëüâiâñüêîìó íàöiîíàëüíîìó óíiâåðñèòåòi iìåíi
Iâàíà Ôðàíêà, à òàêîæ çàãàëüíîiíñòèòóòñüêîãî ìàòåìàòè÷íîãî ñåìiíàðó
â IÏÏÌÌ iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, ÷ëåíîì ðåäêîëåãié áà-
ãàòüîõ ìàòåìàòè÷íèõ æóðíàëiâ òà âiñíèêiâ, îðãàíiçàòîðîì ïåðiîäè÷íî¨
Ìiæíàðîäíî¨ ìàòåìàòè÷íî¨ êîíôåðåíöi¨ iì. Â. ß. Ñêîðîáîãàòüêà. Áàãà-
òî ìàòåìàòèêiâ Óêðà¨íè óïðîäîâæ ñâîãî íàóêîâîãî çðîñòàííÿ âiä÷óâàëè
âåëèêó ïiäòðèìêó ïðîôåñîðà Á. É. Ïòàøíèêà ÿê àâòîðèòåòíîãî ôàõiâöÿ,
êîíñóëüòàíòà ÷è îôiöiéíîãî îïîíåíòà íà çàõèñòàõ äèñåðòàöié.

Âïðîäîâæ áàãàòüîõ ðîêiâ Á. É. Ïòàøíèê äîêëàäàâ áàãàòî çóñèëü äëÿ
çáåðåæåííÿ ïàì'ÿòi ïðî çàñíîâíèêiâ Íàóêîâîãî òîâàðèñòâà iìåíi Øåâ-
÷åíêà, òâîðöiâ óêðà¨íñüêî¨ ìàòåìàòè÷íî¨ òåðìiíîëîãi¨, â÷èòåëiâ áàãàòüîõ
ïîêîëiíü � Âîëîäèìèðà Ëåâèöüêîãî, Ìèðîíà Çàðèöüêîãî, Ìèõàéëà ×àé-
êîâñüêîãî, i çàâæäè çãàäóâàâ ¨õ ç îñîáëèâîþ ïîâàãîþ òà âäÿ÷íiñòþ. Âiä-
òåïåð ñâiòëó ïàì'ÿòü ïðî Áîãäàíà Éîñèïîâè÷à ÿê òàëàíîâèòîãî â÷åíîãî,
ïåäàãîãà, ïîïóëÿðèçàòîðà ìàòåìàòè÷íî¨ êóëüòóðè, âèòîí÷åíîãî çíàâöÿ
òà íàòõíåííîãî äåêëàìàòîðà óêðà¨íñüêî¨ ïîåçi¨, âåëèêîãî ïàòðiîòà Óêðà-
¨íè, ïðåêðàñíó é ÷óéíó ëþäèíó çáåðiãàòèìóòü òà ïåðåäàâàòèìóòü éîãî
ó÷íi, êîëåãè, óñi, ç êèì âií ñïiëêóâàâñÿ òà ïðàöþâàâ.
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Äëÿ äâîâèìiðíèõ íåïåðåðâíèõ äðîáiâ, åëåìåíòè ÿêèõ íàëåæàòü
äî äåÿêî¨ êóòîâî¨ ìíîæèíè ïðàâî¨ ïiâïëîùèíè, âñòàíîâëåíî äî-
ñòàòíi óìîâè ¨õ àáñîëþòíî¨ ñòiéêîñòi äî çáóðåíü òà îäåðæàíî
îöiíêó àáñîëþòíî¨ ïîõèáêè äëÿ ¨õ ôiãóðíèõ íàáëèæåíü.

Íåïåðåðâíi äðîáè òà ¨õ áàãàòîâèìiðíi óçàãàëüíåííÿ � ãiëëÿñòi ëàí-
öþãîâi äðîáè (ÃËÄ) òà äâîâèìiðíi íåïåðåðâíi äðîáè (ÄÍÄ), ìàþòü âëà-
ñòèâiñòü îáìåæåíîãî íàãðîìàäæåííÿ ïîõèáîê, ùî âèíèêàþòü ó ïðîöåñi
¨õ îá÷èñëåíü [3, 13, 16]. Ïðîáëåìà ñòiéêîñòi íåïåðåðâíèõ äðîáiâ ïîñòàëà
ïðè äîñëiäæåííi àëãîðèòìiâ îá÷èñëåííÿ ¨õ íàáëèæåíü (ïiäõiäíèõ äðî-
áiâ), çîêðåìà, FR- òà BR-àëãîðèòìiâ [17,18].

Ó ðîáîòàõ Ï.I. Áîäíàð÷óêà, Â.ß. Ñêîðîáîãàòüêà òà ¨õ ó÷íiâ äîñëi-
äæóâàëàñü àñèìïòîòè÷íà ñòiéêiñòü ÃËÄ [1] çà äîïîìîãîþ âëàñòèâîñòåé
âiäíîñíèõ ïîõèáîê.

Ó ðîáîòàõ [4] � [7], [9,10,14] áóëè âñòàíîâëåíi ôîðìóëè äëÿ âiäíîñíèõ
òà àáñîëþòíèõ ïîõèáîê ïiäõiäíèõ äðîáiâ ÃËÄ òà ÄÍÄ, çà äîïîìîãîþ
ÿêèõ äîñëiäæóâàëàñü ïðîáëåìà ¨õ ñòiéêîñòi äî çáóðåíü. Òàê, çîêðåìà, â
ðîáîòàõ [2], [5] � [7], âñòàíîâëåíî äîñòàòíi óìîâè âiäíîñíî¨ ñòiéêîñòi äî
çáóðåíü ÃËÄ ç äiéñíèìè òà êîìïëåêñíèìè åëåìåíòàìè. Ðîáîòà [11] ïðè-
ñâÿ÷åíà äîñëiäæåííþ âiäíîñíî¨ òà àáñîëþòíî¨ ñòiéêîñòi äî çáóðåíü ÃËÄ
ç êîìïëåêñíèìè åëåìåíòàìè, ÿêi çàäîâîëüíÿþòü óìîâè áàãàòîâèìiðíî-
ãî àíàëîãó òåîðåìè Ñëåøèíñüêîãî � Ïðiíãñãåéìà. Àáñîëþòíà ñòiéêiñòü
äî çáóðåíü ÄÍÄ ç êîìïëåêñíèìè åëåìåíòàìè, ùî íàëåæàòü äî êðóãî-
âî¨ îáëàñòi, âèâ÷àëàñü ó ðîáîòàõ [4,10,14]. Ó ðîáîòi [12] äîñëiäæóâàëàñü
ñòiéêiñòü äî çáóðåíü iíòåãðàëüíèõ ëàíöþãîâèõ äðîáiâ.

Ó öié ðîáîòi äîñëiäæó¹òüñÿ àáñîëþòíà ñòiéêiñòü äî çáóðåíü ïðàâèëü-
íèõ ÄÍÄ òèïó Âàí Ôëåêà [15].

Ðîçãëÿíåìî íåñêií÷åííèé ÄÍÄ âèãëÿäó

∞
D
k=0

1

bk,k +Φk
, Φk =

∞
D
j=1

1

bk+j,k
+

∞
D
j=1

1

bk,k+j
, k = 0, 1, . . . , (1)

äå bi,j ∈ G ⊂ C, i, j = 0, 1, . . . .
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Îçíà÷åííÿ 1. Íàçâåìî n-ìè ôiãóðíèìè íàáëèæåííÿìè (àáî n-ìè
ôiãóðíèìè ïiäõiäíèìè äðîáàìè) ÄÍÄ (1) ñêií÷åííi ÄÍÄ âèãëÿäó

fn =
[n−1

2
]

D
k=0

1

bk,k +Φ
(n−2k−1)
k

, n = 1, 2, . . . , (2)

Φ
(0)
k = 0, Φ

(p)
k =

p

D
j=1

1

bk+j,k
+

p

D
j=1

1

bk,k+j
, k = 0, 1, . . . , p = 1, 2, . . . , (3)

äå [a] � öiëà ÷àñòèíà äiéñíîãî ÷èñëà a.

Âèðàçè âèãëÿäó

Q
(0)
j = bj,j , Q

(1)
j = bj,j +Φ

(1)
j ,

Q
(p+2)
j = bj,j +Φ

(p+2)
j +

1

Q
(p)
j+1

, j, p = 0, 1, . . . , (4)

íàçèâàþòü äâîâèìiðíèìè çàëèøêàìè ôiãóðíèõ íàáëèæåíü (2), (3), à
ñêií÷åííi íåïåðåðâíi äðîáè

Q
(0)
k+j,k = bk+j,k , Q

(p+1)
k+j,k = bk+j,k +

1

Q
(p)
k+j+1,k

,

Q
(0)
k,k+j = bk,k+j , Q

(p+1)
k,k+j = bk,k+j +

1

Q
(p)
k,k+j+1

, (5)

k, p = 0, 1, . . . , j = 1, 2, . . . ,

íàçèâàþòü ¨õ îäíîâèìiðíèìè çàëèøêàìè.
Íåõàé b̂i,i, b̂i+j,i, b̂i,i+j , i = 0, 1, . . . , j = 1, 2, . . . , � çáóðåíi çíà÷åííÿ

åëåìåíòiâ bi,i bi+j,i bi,i+j i = 0, 1, . . . , j = 1, 2, . . . , ÄÍÄ (1).
Òîäi ÄÍÄ âèãëÿäó

∞
D
k=0

1

b̂k,k + Φ̂k
, Φ̂k =

∞
D
j=1

1

b̂k+j,k
+

∞
D
j=1

1

b̂k,k+j
, k = 0, 1, . . . , (6)

áóäåìî íàçèâàòè çáóðåíèì ÄÍÄ.
Ðîçãëÿäàþ÷è ñòiéêiñòü ÄÍÄ ÿê ¨õ íåïåðåðâíó çàëåæíiñòü âiä åëåìåí-

òiâ, çà àíàëîãi¹þ ç ÃËÄ [7], îçíà÷èìî àáñîëþòíó ñòiéêiñòü äî çáóðåíü
ÄÍÄ (1).

Îçíà÷åííÿ 2. Ìíîæèíó G íàçâåìî ìíîæèíîþ ôiãóðíî¨ àáñîëþ-
òíî¨ ñòiéêîñòi äî çáóðåíü ÄÍÄ (1), ÿêùî:

1) ìíîæèíà G ¹ ìíîæèíîþ ôiãóðíî¨ çáiæíîñòi ÄÍÄ (1) òà ÄÍÄ
(6), òîáòî ç óìîâ bi,j ∈ G , b̂i,j ∈ G , i, j = 0, 1, . . . , âèïëèâà¹ iñíóâàííÿ
ñêií÷åííèõ ãðàíèöü lim

n→∞
fn, lim

n→∞
f̂n;
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2) äëÿ äîâiëüíîãî äiéñíîãî ÷èñëà ε > 0, iñíó¹ òàêå äiéñíå ÷èñëî δ > 0,
ùî äëÿ êîæíîãî bi,j ∈ G, i, j = 0, 1, . . ., i êîæíîãî b̂i,j ∈ G, i, j = 0, 1, . . .,
òàêèõ ùî∣∣∣b̂i,i − bi,i

∣∣∣ < δ,
∣∣∣b̂i+j,i − bi+j,i

∣∣∣ < δ,
∣∣∣b̂i,i+j − bi,i+j

∣∣∣ < δ,

i = 0, 1, . . . , j = 1, 2, . . . , âèêîíóþòüñÿ íåðiâíîñòi |fn − f̂n| < ε, n ≥ 0.

Âåëè÷èíè âèãëÿäó

∆bi,i = b̂i,i − bi,i, ∆bi+j,i = b̂i+j,i − bi+j,i, ∆bi,i+j = b̂i,i+j − bi,i+j , (7)

i = 0, 1, . . . , j = 1, 2, . . . ,

íàçèâàþòüñÿ àáñîëþòíèìè ïîõèáêàìè åëåìåíòiâ bi,i, bi+j,i, bi,i+j ,
i = 0, 1, . . . , j = 1, 2, . . . , ÄÍÄ (1), à âèðàçè

∆fn = f̂n − fn, n = 1, 2, . . . ,

íàçèâàþòüñÿ àáñîëþòíèìè ïîõèáêàìè éîãî n-õ ïiäõiäíèõ äðîáiâ fn,
n = 1, 2, . . . .

Âèêîðèñòîâóþ÷è ìåòîäèêó, çàïðîïîíîâàíó â [10,14] äëÿ âñòàíîâëåí-
íÿ ôîðìóëè àáñîëþòíî¨ ïîõèáêè äëÿ àáñîëþòíî¨ ïîõèáêè n-õ ôiãóðíèõ
ïiäõiäíèõ äðîáiâ ÄÍÄ (1), îäåðæèìî âèðàç âèãëÿäó

∆fn =

[n−1
2

]∑
i=0

(−1)i+1∆bi,i
i∏

j=0
Q

(n−2j−1)
j

i∏
j=0

Q̂
(n−2j−1)
j

+

+

[n−1
2

]∑
i=0

(−1)i+1

i∏
j=0

Q
(n−2j−1)
j Q̂

(n−2j−1)
j


n−2i−1∑
ℓ=1

(−1)ℓ∆bi+ℓ,i
ℓ∏

j=1
Q

(n−2i−1−j)
i+j,i Q̂

(n−2i−1−j)
i+j,i

+

+

n−2i−1∑
ℓ=1

(−1)ℓ∆bi,i+ℓ
ℓ∏

j=1
Q

(n−2i−1−j)
i,i+j Q̂

(n−2i−1−j)
i,i+j

 , (8)

äå ∆bi,j , i, j = 0, 1, . . . , âèçíà÷àþòüñÿ çà ôîðìóëàìè (7), Q(p)
i , Q

(p)
i+j,i,

Q
(p)
i,i+j , i = 0, 1, . . . , j = 1, 2, . . . , p = 0, 1, . . . , çàëèøêè ÄÍÄ (1), ÿêi çàäà-

þòüñÿ ôîðìóëàìè (4), (5), Q̂(p)
i , Q̂

(p)
i+j,i, Q̂

(p)
i,i+j , i = 0, 1, . . . , j = 1, 2, . . . ,

p = 0, 1, . . . , � çàëèøêè çáóðåíîãî ÄÍÄ (6), ÿêi âèçíà÷àþòüñÿ çà ôîðìó-
ëàìè (4), (5) ó ÿêèõ åëåìåíòè bi,j , i, j = 0, 1, . . . , âiäïîâiäíî çàìiíåíî íà
åëåìåíòè b̂i,j , i, j = 0, 1, . . . .
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Íåõàé åëåìåíòè bi,i, bi+j,i, bi,i+j , i = 0, 1, . . . , j = 1, 2, . . ., ÄÍÄ (1) òà
åëåìåíòè b̂i,i, b̂i+j,i, b̂i,i+j , i = 0, 1, . . . , j = 1, 2, . . ., çáóðåíîãî ÄÍÄ (6)
íàëåæàòü êóòîâié ìíîæèíi ïðàâî¨ ïiâïëîùèíè

Gθ =
{
z : | arg z| < θ <

π

2

}
.

Ïèòàííÿì äîñëiäæåííÿ çáiæíîñòi òà ôiãóðíî¨ çáiæíîñòi ÄÍÄ (1),
åëåìåíòè ÿêèõ íàëåæàòü ìíîæèíi Gθ, ïðèñâÿ÷åíî ðîáîòè [8, 15]. Âñòà-
íîâëåíî, ùî äëÿ çáiæíîñòi òà ôiãóðíî¨ çáiæíîñòi òàêèõ ÄÍÄ ¨õ åëåìåíòè
ïîâèííi çàäîâîëüíÿòè äåÿêi äîäàòêîâi óìîâè. Ó íàñòóïíié òåîðåìi ñôîð-
ìóëüîâàíî óìîâè, äîñòàòíi äëÿ òîãî, ùîá ÄÍÄ (1) ìàëà âëàñòèâiñòü ôi-
ãóðíî¨ àáñîëþòíî¨ ñòiéêîñòi äî çáóðåíü.

Òåîðåìà 1. Íåõàé åëåìåíòè ÄÍÄ (1) òà çáóðåíîãî äî íüîãî ÄÍÄ
(6) íàëåæàòü äî êóòîâî¨ ìíîæèíè ïðàâî¨ ïiâïëîùèíè

Gθ,b =
{
z : | arg z| < θ <

π

2
, ℜz ≥ b > 0

}
,

i àáñîëþòíi ïîõèáêè åëåìåíòiâ ÄÍÄ (1) ¹ ðiâíîìiðíî îáìåæåíèìè:

|∆bi,i| ≤ ∆, |∆bi+k,i| ≤ ∆, |∆bi,i+k| ≤ ∆, i = 0, 1, . . . , k = 1, 2, . . . , (9)

ßêùî iñíóþòü ïîñëiäîâíîñòi {µk} , {µ′k} , {µ′′k} , k = 1, 2, . . . , äîäà-
òíèõ ÷èñåë òàêèõ, ùî

µi ≤ ℜbi−1,i−1ℜbi,i, µi ≤ ℜb̂i−1,i−1ℜb̂i,i, i = 1, 2, . . . , (10)

i äëÿ âñiõ i = 0, 1, . . . , k = 2, 3, . . . ,

µ′k ≤ ℜbi+k−1,iℜbi+k,i, µ′k ≤ ℜb̂i+k−1,iℜb̂i+k,i, (11)

µ′′k ≤ ℜbi,i+k−1ℜbi,i+k, µ′′k ≤ ℜb̂i,i+k−1ℜb̂i,i+k, (12)

µ′1 ≤ ℜbi,iℜbi+1,i, µ
′
1 ≤ ℜb̂i,iℜb̂i+1,i, (13)

µ′′1 ≤ ℜbi,iℜbi,i+1, µ
′′
1 ≤ ℜb̂i,iℜb̂i,i+1, (14)

à òàêîæ ¹ çáiæíèìè ¹ ðÿäè

∞∑
i=0

i∏
j=1

1

µj + cos θ
, (15)

∞∑
ℓ=1

ℓ∏
k=1

1

µ′k + cos θ
, (16)
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∞∑
ℓ=1

ℓ∏
k=1

1

µ′′k + cos θ
, (17)

òî äëÿ àáñîëþòíî¨ ïîõèáêè n-ãî ïiäõiäíîãî äðîáó ÄÍÄ (1) ñïðàâäæó-
¹òüñÿ îöiíêà

|∆fn| <
∆

bℜb0,0
S +

∆

bℜb0,0
S(S′ + S′′), n = 1, 2, . . . , (18)

äå S, S′, S′′ � ñóìè ðÿäiâ (15), (16), (17) âiäïîâiäíî.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ôîðìóëó (8), îöiíèìî çà àáñîëþòíîþ
âåëè÷èíîþ ∆fn, n = 1, 2, . . . .

Íåõàé

I1(i, n) =
|∆bi,i|

i∏
j=0

|Q(n−2j−1)
j |

i∏
j=0

|Q̂(n−2j−1)
j |

, (19)

I2(i, n) =
1

i∏
j=0

|Q(n−2j−1)
j |

i∏
j=0

|Q̂(n−2j−1)
j |

, (20)

T1(ℓ,m) =
|∆bi+ℓ,i|

ℓ∏
j=1

|Q(m−j)
i+j,i |

ℓ∏
j=1

|Q̂(m−j)
i+j,i |

, (21)

T2(ℓ,m) =
|∆bi,i+ℓ|

ℓ∏
j=1

|Q(m−j)
i,i+j |

ℓ∏
j=1

|Q̂(m−j)
i,i+j |

. (22)

Âðàõîâóþ÷è ïîçíà÷åííÿ (19)�(22), îöiíêó äëÿ |∆f2p−1|, |∆f2p|,
p = 1, 2, . . . , ïîäàìî ó âèãëÿäi

|∆f2p−1| ≤
p−1∑
i=0

I1(i, 2p− 1) +

+

p−1∑
i=0

I2(i, 2p− 1)

2p−2i−2∑
ℓ=0

(T1(ℓ, 2p− 2i− 2) + T2(ℓ, 2p− 2i− 2)) , (23)

∆|f2p| ≤
p−1∑
i=0

I1(i, 2p) +

+

p−1∑
i=0

I2(i, 2p)

2p−2i−1∑
ℓ=0

(T1(ℓ, 2p− 2i− 1) + T2(ℓ, 2p− 2i− 1)) . (24)
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Äëÿ äîñëiäæåííÿ âèðàçiâ (23) òà (24) âèêîðèñòà¹ìî ìåòîäèêó, çà-
ïðîïîíîâàíó â ðîáîòi [15], òà îòðèìàíi ó íié íåðiâíîñòi äëÿ çàëèøêiâ
ÄÍÄ (1) òà ÄÍÄ (6), ÿêi íàâåäåìî áåç äîâåäåííÿ.

Îòæå, çà óìîâ òåîðåìè äëÿ äâîâèìiðíèõ çàëèøêiâ ÄÍÄ (1) òà çáó-
ðåíîãî äî íüîãî ÄÍÄ (6) ñïðàâäæóþòüñÿ íåðiâíîñòi

|Q(0)
i | ≥ ℜQ(0)

i = ℜi,i,

|Q(1)
i | ≥ ℜQ(1)

i = ℜbi,i +
cos θ

|Q(0)
i+1,i|

+
cos θ

|Q(0)
i,i+1|

> ℜbi,i,

|Q(p+2)
i | ≥ ℜbi,i +

cos θ

|Q(p+1)
i+1,i |

+
cos θ

|Q(p+1)
i,i+1 |

+
cos θ

|Q(p)
i+1|

> ℜbi,i, (25)

i = 0, 1, . . . , p = 0, 1, . . . ,

|Q̂(0)
i | ≥ ℜQ̂(0)

i = ℜb̂i,i,

|Q̂(1)
i | ≥ ℜQ̂(1)

i = ℜb̂i,i +
cos θ

|Q̂(0)
i+1,i|

+
cos θ

|Q̂(0)
i,i+1|

> ℜb̂i,i,

|Q̂(p+2)
i | ≥ ℜb̂i,i +

cos θ

|Q̂(p+1)
i+1,i |

+
cos θ

|Q̂(p+1)
i,i+1 |

+
cos θ

|Q̂(p)
i+1|

> ℜb̂i,i, (26)

i = 0, 1, . . . , p = 0, 1, . . . ,

à äëÿ îäíîâèìiðíèõ çàëèøêiâ ÄÍÄ (1) òà ÄÍÄ (6) � íåðiâíîñòi

|Q(0)
i,i+k| = ℜbi,i+k, |Q

(p+1)
i,i+k | ≥ ℜbi,i+k +

cos θ

|Q(p)
i,i+k+1|

≥ ℜbi,i+k, (27)

i = 0, 1, . . . , k = 1, 2, . . . , p = 0, 1, . . . ,

òà

|Q̂(0)
i+k,i| = ℜb̂i+k,i, |Q̂

(p+1)
i+k,i | ≥ ℜb̂i+k,i +

cos θ

|Q̂(p)
i+k+1,i|

≥ ℜb̂i+k,i,

|Q̂(0)
i,i+k| = ℜb̂i,i+k, |Q̂

(p+1)
i,i+k | ≥ ℜb̂i,i+k +

cos θ

|Q̂(p)
i,i+k+1|

≥ ℜb̂i,i+k, (28)

i = 0, 1, . . . , k = 1, 2, . . . , p = 0, 1, . . . .

Äëÿ îöiíêè çíèçó çíàìåííèêiâ âèðàçiâ (19), (20) ó âèïàäêó

n = 2p − 1, p = 1, 2, . . . , ðîçãëÿíåìî äîáóòêè
i∏

j=0
|Q(2p−2j−2)

j Q̂
(2p−2j−2)
j | ,

p = 1, 2, . . . , äëÿ i = 2s, s = 0, [(p− 1)/2], òà i = 2s− 1, s = 1, [p/2].
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Íåõàé i = 2s. Òîäi

2s∏
j=0

∣∣∣Q(2p−2j−2)
j

∣∣∣ 2s∏
j=0

∣∣∣Q̂(2p−2j−2)
j

∣∣∣ = ∣∣∣Q(2p−2)
0

∣∣∣ ∣∣∣Q̂(2p−4s−2)
2s

∣∣∣×
×

s∏
j=1

∣∣∣Q(2p−4j)
2j−1 Q

(2p−4j−2)
2j

∣∣∣ s−1∏
j=0

∣∣∣Q̂(2p−4j−2)
2j Q̂

(2p−4j−4)
2j+1

∣∣∣ , p = 1, 2, . . . . (29)

Âèêîðèñòîâóþ÷è ïîçíà÷åííÿ (4) òà íåðiâíîñòi (25), ìà¹ìî:

∣∣∣Q(r)
i Q

(r−2)
i+1

∣∣∣ ≥ ℜQ(r)
i

∣∣∣Q(r−2)
i+1

∣∣∣ ≥
ℜbi,i +

cos θ∣∣∣Q(r−2)
i+1

∣∣∣
 ∣∣∣Q(r−2)

i+1

∣∣∣ ≥
≥ ℜbi,i

∣∣∣Q(r−2)
i+1

∣∣∣+ cos θ ≥ ℜbi,iℜbi+1,i+1 + cos θ, i = 0, 1, . . . , r ≥ 2. (30)

Àíàëîãi÷íà íåðiâíiñòü ñïðàâäæó¹òüñÿ i äëÿ äâîâèìiðíèõ çàëèøêiâ
çáóðåíîãî ÄÍÄ (6)∣∣∣Q̂(r)

i Q̂
(r−2)
i+1

∣∣∣ ≥ ℜb̂i,iℜb̂i+1,i+1 + cos θ, i = 0, 1, . . . , r ≥ 2. (31)

Ïiäñòàâëÿþ÷è îòðèìàíi íåðiâíîñòi (30), (31) ó âèðàç (29), îäåðæèìî

2s∏
j=0

∣∣∣Q(2p−2j−2)
j

∣∣∣ 2s∏
j=0

∣∣∣Q̂(2p−2j−2)
j

∣∣∣ ≥ ∣∣∣Q(2p−2)
0

∣∣∣ ∣∣∣Q̂(2p−4s−2)
2s

∣∣∣×
×

s∏
j=1

(ℜb2j−1,2j−1ℜb2j,2j + cos θ)

s−1∏
j=0

(
ℜb̂2j,2jℜb̂2j+1,2j+1 + cos θ

)
≥

≥
∣∣∣Q(2p−2)

0

∣∣∣ ∣∣∣Q̂(2p−4s−2)
2s

∣∣∣ s∏
j=1

(µ2j + cos θ)

s−1∏
j=0

(µ2j+1 + cos θ) ≥

≥ ℜb0,0ℜb̂2s,2s
2s∏
j=1

(µj + cos θ) , p = 1, 2, . . . , s = 0,

[
p− 1

2

]
, (32)

äå µj çàäîâîëüíÿþòü óìîâó (10).
Íåõàé i = 2s− 1. Òîäi

2s−1∏
j=0

∣∣∣Q(2p−2j−2)
j

∣∣∣ 2s−1∏
j=0

∣∣∣Q̂(2p−2j−2)
j

∣∣∣ = ∣∣∣Q(2p−2)
0

∣∣∣ ∣∣∣Q(2p−4s)
2s−1

∣∣∣×
×
s−1∏
j=1

∣∣∣Q(2p−4j)
2j−1 Q

(2p−4j−2)
2j

∣∣∣ s−1∏
j=0

∣∣∣Q̂(2p−4j−2)
2j Q̂

(2p−4j−4)
2j+1

∣∣∣ ,
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i àíàëîãi÷íî, ÿê ó ïîïåðåäíüîìó âèïàäêó, çàñòîñîâóþ÷è íåðiâíîñòi (25),
îäåðæèìî

2s−1∏
j=0

∣∣∣Q(2p−2j−2)
j

∣∣∣ 2s−1∏
j=0

∣∣∣Q̂(2p−2j−2)
j

∣∣∣ ≥ ℜb0,0ℜb2s−1,2s−1

2s−1∏
j=1

(µj + cos θ) ,

(33)

äå p = 2, 3, . . . , s = 1,
[p
2

]
; µj , j = 1, 2, . . . , çàäîâîëüíÿþòü óìîâó (10).

Áåðó÷è äî óâàãè îöiíêè (32), (33), óìîâè (9) i bi,k ∈ Gθ,b, b̂i,k ∈ Gθ,b,
i, k = 0, 1, . . . , äîõîäèìî âèñíîâêó, ùî

I(i, 2p− 1) ≤ ∆

bℜb0,0

i∏
j=1

1

(µj + cos θ)
, p = 1, 2, . . . , i = 0, p− 1. (34)

Äàëi, âñòàíîâèìî îöiíêè çíèçó äëÿ äîáóòêiâ

i∏
j=0

∣∣∣Q(2p−2j−2)
j

∣∣∣ i∏
j=0

∣∣∣Q̂(2p−2j−2)
j

∣∣∣ ℓ∏
k=1

∣∣∣Q(2p−2i−k−2)
i+k,i

∣∣∣ ℓ∏
k=1

∣∣∣Q̂(2p−2i−k−2)
i+k,i

∣∣∣ ,
i∏

j=0

∣∣∣Q(2p−2j−2)
j

∣∣∣ i∏
j=0

∣∣∣Q̂(2p−2j−2)
j

∣∣∣ ℓ∏
k=1

∣∣∣Q(2p−2i−k−2)
i,i+k

∣∣∣ ℓ∏
k=1

∣∣∣Q̂(2p−2i−k−2)
i,i+k

∣∣∣ ,
ùî ìiñòÿòüñÿ ó çíàìåííèêàõ âèðàçiâ

I2(i, 2p− 1) (T1(ℓ, 2p− 2i− 2) + T2(ℓ, 2p− 2i− 2)) ,

äå âèðàçè I2(i, 2p−1), T1(ℓ, 2p−2i−2), T2(ℓ, 2p−2i−2), ÿê ôóíêöi¨ âåðõíiõ
iíäåêñiâ äîáóòêiâ òà ïîðÿäêiâ çàëèøêiâ, âèçíà÷àþòüñÿ çà ôîðìóëàìè
(20), (21), (22) âiäïîâiäíî. Äëÿ öüîãî äîñëiäèìî ÷îòèðè âèïàäêè çíà÷åíü
âåðõíiõ iíäåêñiâ i òà ℓ.

1) Íåõàé i = 2s, s = 0,

[
p− 1

2

]
, ℓ = 2r − 1, r = 1, p− 2s− 1. Òîäi

Π1 =

2s∏
j=0

∣∣∣Q(2p−2j−2)
j Q̂

(2p−2j−2)
j

∣∣∣ 2r−1∏
k=1

∣∣∣Q(2p−4s−k−2)
i+k,i Q̂

(2p−4s−k−2)
i+k,i

∣∣∣ =
∣∣∣Q(2p−2)

0

∣∣∣ ∣∣∣Q̂(2p−4s−2)
2s Q̂

(2p−4s−3)
2s+1,2s

∣∣∣ ∣∣∣Q(2p−4s−2r−1)
2s+2r−1,2s

∣∣∣ s∏
j=1

∣∣∣Q(2p−4j)
2j−1 Q

(2p−4j−2)
2j

∣∣∣×
×
s−1∏
j=0

∣∣∣Q̂(2p−4j−2)
2j Q̂

(2p−4j−4)
2j+1

∣∣∣ r−1∏
k=1

∣∣∣Q(2p−4s−2k−1)
2s+2k−1,2s Q

(2p−4s−2k−2)
2s+2k,2s

∣∣∣×
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×
r−1∏
k=1

∣∣∣Q̂(2p−4s−2k−2)
2s+2k,2s Q̂

(2p−4s−2k−3)
2s+2k+1,2s

∣∣∣ . (35)

Îöiíèìî äîáóòîê äâîõ ñóñiäíiõ îäíîâèìiðíèõ çàëèøêiâ∣∣∣Q(p)
i+2k−1,iQ

(p−1)
i+2k,i

∣∣∣ ÄÍÄ (1) òà
∣∣∣Q̂(p)

i+2k,iQ̂
(p−1)
i+2k+1,i

∣∣∣ çáóðåíîãî ÄÍÄ (6),

(i = 0, 1, . . . , k = 1, 2, . . . , p = 1, 2, . . . ), âèêîðèñòîâóþ÷è ôîðìóëè äëÿ
îäíîâèìiðíèõ çàëèøêiâ (5) ÄÍÄ (1) òà âiäïîâiäíi âèðàçè äëÿ çáóðåíîãî
ÄÍÄ (6) i íåðiâíîñòi (27), (28).

Îòæå,∣∣∣Q(p)
i+2k−1,iQ

(p−1)
i+2k,i

∣∣∣ ≥ ℜQ(p)
i+2k−1,i

∣∣∣Q(p−1)
i+2k,i

∣∣∣ ≥ ℜbi+2k−1,i

∣∣∣Q(p−1)
i+2k,i

∣∣∣+ cos θ ≥

≥ ℜbi+2k−1,iℜbi+2k,i + cos θ ≥ µ′2k + cos θ, (36)

äå i = 0, 1, . . ., p, k = 1, 2, . . .. Àíàëîãi÷íî,∣∣∣Q̂(p)
i+2k,iQ̂

(p−1)
i+2k+1,i

∣∣∣ ≥ ℜb̂i+2k,iℜb̂i+2k+1,i + cos θ ≥

≥ µ′2k+1 + cos θ, i = 0, 1, . . . , p, k = 1, 2, . . . . (37)

Äëÿ îöiíêè äîáóòêó äâîâèìiðíîãî òà îäíîâèìiðíîãî çàëèøêiâ ÄÍÄ (6)
áåðåìî äî óâàãè íåðiâíîñòi (25), (27):

∣∣∣Q̂(p)
2s

∣∣∣ ∣∣∣Q̂(p−1)
2s+1,2s

∣∣∣ ≥ ℜQ̂(p)
2s

∣∣∣Q̂(p−1)
2s+1,2s

∣∣∣ ≥
ℜb̂2s,2s +

cos θ∣∣∣Q̂(p−1)
2s+1,2s

∣∣∣
×

×
∣∣∣Q̂(p−1)

2s+1,2s

∣∣∣ ≥ ℜb̂2s,2sℜb̂2s+1,2s + cos θ ≥ µ′1 + cos θ. (38)

Ïiäñòàâëÿþ÷è îöiíêè (32), (36), (37), (38) ó âèðàç (35), îäåðæèìî

Π1 ≥ ℜb0,0ℜb2s+2r−1,2s

2s∏
j=1

(µj + cos θ)

2r−1∏
k=1

(
µ′k + cos θ

)
, (39)

äå µj , j = 1, 2, . . . , âèçíà÷àþòüñÿ çãiäíî ç (10), µ1 � çãiäíî ç (13) à µ′k, k =
2, 3, . . . , � çãiäíî ç (11).

2) ßêùî i = 2s, s = 0,

[
p− 1

2

]
, ℓ = 2r, r = 1, p− 2s− 1 , òî

Π2 =

2s∏
j=0

∣∣∣Q(2p−2j−2)
j Q̂

(2p−2j−2)
j

∣∣∣ 2r∏
k=1

∣∣∣Q(2p−2i−k−2)
i+k,i Q̂

(2p−2i−k−2)
i+k,i

∣∣∣ =
∣∣∣Q(2p−2)

0

∣∣∣ ∣∣∣Q̂(2p−4s−2)
2s Q̂

(2p−4s−3)
2s+1,2s

∣∣∣ ∣∣∣Q̂(2p−4s−2r−2)
2s+2r,2s

∣∣∣ s∏
j=1

∣∣∣Q(2p−4j)
2j−1 Q

(2p−4j−2)
2j

∣∣∣×
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×
s−1∏
j=0

∣∣∣Q̂(2p−4j−2)
2j Q̂

(2p−4j−4)
2j+1

∣∣∣ r∏
k=1

∣∣∣Q(2p−4s−2k−1)
2s+2k−1,2s Q

(2p−4s−2k−2)
2s+2k,2s

∣∣∣×
×
r−1∏
k=1

∣∣∣Q̂(2p−4s−2k−2)
2s+2k,2s Q̂

(2p−4s−2k−3)
2s+2k+1,2s

∣∣∣ . (40)

Ïiäñòàâëÿþ÷è îöiíêè (33), (36), (37), (38) ó âèðàç (40), îäåðæèìî

Π2 ≥ ℜb0,0ℜb̂2s+2r,2s

2s∏
j=1

(µj + cos θ)

2r∏
k=1

(
µ′k + cos θ

)
, (41)

äå µj , j = 1, 2, . . . , µ′k, k = 2, 3, . . . , µ′1 âèçíà÷àþòüñÿ ç óìîâ (10), (11),
(13) âiäïîâiäíî.

3) Ðîçãëÿíåìî âèïàäîê, êîëè i = 2s− 1, ℓ = 2r − 1, s = 1, [p/2],

r = 1, p− 2s .

Π3 =

2s−1∏
j=0

∣∣∣Q(2p−2j−2)
j Q̂

(2p−2j−2)
j

∣∣∣ 2r−1∏
k=1

∣∣∣Q(2p−2i−k−2)
i+k,i Q̂

(2p−2i−k−2)
i+k,i

∣∣∣ =
∣∣∣Q(2p−2)

0

∣∣∣ ∣∣∣Q(2p−4s)
2s−1 Q

(2p−4s−1)
2s,2s−1

∣∣∣ ∣∣∣Q̂(2p−4s−2r+1)
2s−1+2r−1,2s−1

∣∣∣ s−1∏
j=1

∣∣∣Q(2p−4j)
2j−1 Q

(2p−4j−2)
2j

∣∣∣×
×
s−1∏
j=0

∣∣∣Q̂(2p−4j−2)
2j Q̂

(2p−4j−4)
2j+1

∣∣∣ r−1∏
k=1

∣∣∣Q(2p−4s−4k−4)
2s−1+2k,2s−1Q

(2p−4s−4k−2)
2s−1+2k+1,2s−1

∣∣∣×
×
r−1∏
k=1

∣∣∣Q̂(2p−4s−4k+2)
2s−1+2k−1,2s−1Q̂

(2p−4s−4k)
2s1+2k,2s−1

∣∣∣ . (42)

Îöiíþþ÷è
∣∣∣Q(r)

2s−1Q
(r−1)
2s,2s−1

∣∣∣, ìà¹ìî
∣∣∣Q(r)

2s−1

∣∣∣ ∣∣∣Q(r−1)
2s,2s−1

∣∣∣ ≥ ℜQ(r)
2s−1

∣∣∣Q(r−1)
2s,2s−1

∣∣∣ ≥
ℜb2s−1,2s−1 +

cos θ∣∣∣Q̂(p−1)
2s,2s−1

∣∣∣
×

×
∣∣∣Q(p−1)

2s,2s−1

∣∣∣ ≥ ℜb2s−1,2s−1ℜb2s,2s−1 + cos θ ≥ µ̃′1 + cos θ

i äëÿ âèðàçó (42) àíàëîãi÷íî, ÿê öå çðîáëåíî ó ïîïåðåäíiõ äâîõ âèïàäêàõ,
îäåðæó¹ìî íåðiâíiñòü

Π3 ≥ ℜb0,0ℜb̂2s+2r−2,2s−1

2s−1∏
j=1

(µj + cos θ)

2r−1∏
k=1

(
µ′k + cos θ

)
, (43)
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äå µj , j = 1, 2, . . . , µ′k, k = 2, 3, . . . , µ′1 âèçíà÷àþòüñÿ ç óìîâ (10), (11),
(13) âiäïîâiäíî.

4) Ó âèïàäêó i = 2s− 1, s = 1, [p/2], ℓ = 2r, r = 1, p− 2s, ìà¹ìî:

Π4 =
2s−1∏
j=0

∣∣∣Q(2p−2j−2)
j Q̂

(2p−2j−2)
j

∣∣∣ 2r∏
k=1

∣∣∣Q(2p−2i−k−2)
i+k,i Q̂

(2p−2i−k−2)
i+k,i

∣∣∣ =
=
∣∣∣Q(2p−2)

0

∣∣∣ ∣∣∣Q(2p−4s)
2s−1 Q

(2p−4s−1)
2s,2s−1

∣∣∣ ∣∣∣Q(2p−4s−4r)
2s−1+2r,2s

∣∣∣ s−1∏
j=1

∣∣∣Q(2p−4j)
2j−1 Q

(2p−4j−2)
2j

∣∣∣×
×
s−1∏
j=0

∣∣∣Q̂(2p−4j−2)
2j Q̂

(2p−4j−4)
2j+1

∣∣∣ r−1∏
k=1

∣∣∣Q(2p−4s−4k−4)
2s−1+2k,2s−1Q

(2p−4s−4k−2)
2s−1+2k+1,2s−1

∣∣∣×
×

r∏
k=1

∣∣∣Q̂(2p−4s−4k+2)
2s−1+2k−1,2s−1Q̂

(2p−4s−4k)
2s1+2k,2s−1

∣∣∣ . (44)

Çà àíàëîãi÷íîþ ñõåìîþ äëÿ âèðàçó (44) îäåðæèìî îöiíêó

Π4 ≥ ℜb0,0ℜb2s+2r−1,2s−1

2s−1∏
j=1

(µj + cos θ)

2r∏
k=1

(
µ′k + cos θ

)
, (45)

äå µj , µ′j , j = 1, 2, . . . , âèçíà÷àþòüñÿ òàê ñàìî, ÿê ó ïîïåðåäíiõ âèïàäêàõ.
Áåç äîâåäåííÿ çàïèøåìî íåðiâíîñòi, ÿêi ñïðàâäæóþòüñÿ äëÿ äîáóòêiâ

Π̃1 =

2s∏
j=0

∣∣∣Q(2p−2j−2)
j Q̂

(2p−2j−2)
j

∣∣∣ 2r−1∏
k=1

∣∣∣Q(2p−2i−k−2)
i,i+k Q̂

(2p−2i−k−2)
i,i+k

∣∣∣ ≥
≥ ℜb0,0ℜb2s,2s+2r−1

2s∏
j=1

(µj + cos θ)

2r−1∏
k=1

(
µ′′k + cos θ

)
, (46)

Π̃2 =

2s∏
j=0

∣∣∣Q(2p−2j−2)
j Q̂

(2p−2j−2)
j

∣∣∣ 2r∏
k=1

∣∣∣Q(2p−2i−k−2)
i,i+k Q̂

(2p−2i−k−2)
i,i+k

∣∣∣ ≥
≥ ℜb0,0ℜb̂2s,2s+2r

2s∏
j=1

(µj + cos θ)
2r∏
k=1

(
µ′′k + cos θ

)
, (47)

Π̃3 =

2s−1∏
j=0

∣∣∣Q(2p−2j−2)
j Q̂

(2p−2j−2)
j

∣∣∣ 2r−1∏
k=1

∣∣∣Q(2p−2i−k−2)
i,i+k Q̂

(2p−2i−k−2)
i,i+k

∣∣∣ ≥
≥ ℜb0,0ℜb̂2s−1,2s+2r−2

2s−1∏
j=1

(µj + cos θ)

2r−1∏
k=1

(
µ′′k + cos θ

)
, (48)
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Π̃4 =

2s−1∏
j=0

∣∣∣Q(2p−2j−2)
j Q̂

(2p−2j−2)
j

∣∣∣ 2r∏
k=1

∣∣∣Q(2p−2i−k−2)
i,i+k Q̂

(2p−2i−k−2)
i,i+k

∣∣∣ ≥
≥ ℜb0,0ℜb2s−1,2s+2r−1

2s−1∏
j=1

(µj + cos θ)
2r∏
k=1

(
µ′′k + cos θ

)
, (49)

äå µj , j = 1, 2, . . . , µ′′1, µ
′′
k, k = 2, 3, . . . , çàäîâîëüíÿþòü íåðiâíîñòi (10),

(14), (12) âiäïîâiäíî.
Áåðó÷è äî óâàãè îöiíêè (39), (41), (43), (45), (46)�(49), óìîâè (9) i

bi,k ∈ Gθ,b, b̂i,k ∈ Gθ,b, i, k = 0, 1, . . . , äîõîäèìî âèñíîâêó, ùî

I2(i, 2p−1)T1(ℓ, 2p−2i−2) ≤ ∆

bℜb0,0

i∏
j=1

1

(µj + cos θ)

ℓ∏
k=1

1(
µ′k + cos θ

) , (50)
I2(i, 2p−1)T2(ℓ, 2p−2i−2) ≤ ∆

bℜb0,0

i∏
j=1

1

(µj + cos θ)

ℓ∏
k=1

1(
µ′′k + cos θ

) , (51)
äå I2(i, 2p − 1), T1(ℓ, 2p − 2i − 2), T2(ℓ, 2p − 2i − 2), âèçíà÷àþòüñÿ çà
ôîðìóëàìè (20) � (22) ç âiäïîâiäíèìè çíà÷åííÿìè iíäåêñiâ.

Ïiäñòàâëÿþ÷è îöiíêè (34), (50), (51) ó âèðàç (23), îäåðæèìî

|∆f2p−1| ≤
∆

bℜb0,0

p−1∑
i=0

i∏
j=1

1

(µj + cos θ)
+

∆

bℜb0,0

p−1∑
i=0

i∏
j=1

1

(µj + cos θ)
×

×
2p−2i−2∑
ℓ=0

(
ℓ∏

k=1

1(
µ′k + cos θ

) + ℓ∏
k=1

1(
µ′′k + cos θ

)) . (52)

Ïîâòîðþþ÷è íàâåäåíèé õiä ìiðêóâàíü, ç óðàõóâàííÿì (24) ìîæíà
ïîêàçàòè, ùî äëÿ äîâiëüíîãî p = 1, . . . , ñïðàâäæó¹òüñÿ îöiíêà

|∆f2p| ≤
∆

bℜb0,0

p−1∑
i=0

i∏
j=1

1

(µj + cos θ)
+

∆

bℜb0,0

p−1∑
i=0

i∏
j=1

1

(µj + cos θ)
×

×
2p−2i−1∑
ℓ=0

(
ℓ∏

k=1

1(
µ′k + cos θ

) + ℓ∏
k=1

1(
µ′′k + cos θ

)) . (53)

Çâàæàþ÷è íà çáiæíiñòü ðÿäiâ (15)�(17), äîõîäèìî âèñíîâêó, ùî

|∆fn| <
∆

bℜb0,0
S +

∆

bℜb0,0
S(S′ + S′′), n = 1, 2, . . . ,
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äå S, S′, S′′ � ñóìè ðÿäiâ (15), (16), (17) âiäïîâiäíî, à öå îçíà÷à¹, ùî çà
óìîâ òåîðåìè ÄÍÄ (1) ìà¹ âëàñòèâiñòü ôiãóðíî¨ àáñîëþòíî¨ ñòiéêîñòi äî
çáóðåíü. �
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Tamara Antonova, Olga Sus'

ON ABSOLUTE STABILITY TO PERTURBATIONS
FOR TWO-DIMENSIONAL CONTINUED FRACTIONS
WITH COMPLEX ELEMENTS

The paper deals with two-dimensional continued fractions whose
elements are belonging to angular set of right half-plane. Su�-
cient conditions of absolute stability to perturbations for these
two-dimensional continued fractions are established. Estimates of
absolutes errors for �gured approximants are obtained.
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ÓÄÊ 517.956

Âàñèëü Ãîðîäåöüêèé1, Îëüãà Ìàðòèíþê2, Òåòÿíà Òîäîðiêî3

ÏÐÎ ÎÄÍÅ ÓÇÀÃÀËÜÍÅÍÍß ÇÀÄÀ×I ÊÎØI ÄËß
ÅÂÎËÞÖIÉÍÈÕ ÑÈÍÃÓËßÐÍÈÕ ÐIÂÍßÍÜ
ÏÀÐÀÁÎËI×ÍÎÃÎ ÒÈÏÓ ÍÅÑÊIÍ×ÅÍÍÎÃÎ ÏÎÐßÄÊÓ

Âñòàíîâëåíî ðîçâ'ÿçíiñòü íåëîêàëüíî¨ áàãàòîòî÷êîâî¨ çà ÷àñîì
çàäà÷i äëÿ åâîëþöiéíèõ ðiâíÿíü iç ïñåâäîáåññåëåâèìè îïåðàòîðà-
ìè íåñêií÷åííîãî ïîðÿäêó ç ïî÷àòêîâîþ óìîâîþ, ÿêà ¹ åëåìåí-
òîì ïðîñòîðó óçàãàëüíåíèõ ôóíêöié òèïó ðîçïîäiëiâ ó âèïàäêó,
êîëè íåëîêàëüíà áàãàòîòî÷êîâà óìîâà ìiñòèòü ïñåâäîáåññåëåâi
îïåðàòîðè.

1. Âñòóï

Îäíèì iç ìîæëèâèõ óçàãàëüíåíü çàäà÷i Êîøi ¹ íåëîêàëüíà áàãàòîòî-
÷êîâà çà ÷àñîì çàäà÷à, êîëè óìîâà u(t, ·)|t=0 = g çàìiíþ¹òüñÿ óìîâîþ

m∑
k=0

αku(t, ·)|t=tk = g,

äå t0 = 0, {t1, . . . , tm} ⊂ (0, T ], {α0, α1, . . . , αm} ⊂ R, m ∈ N � ôiêñîâàíi
÷èñëà (ÿêùî α0 = 1, α1 = · · · = αm = 0, òî ìà¹ìî, î÷åâèäíî, çàäà÷ó Êî-
øi), ïðè öüîìó âêàçàíà óìîâà òðàêòó¹òüñÿ â êëàñè÷íîìó ðîçóìiííi àáî
â ñëàáêîìó ñåíñi, ÿêùî g � óçàãàëüíåíà ôóíêöiÿ. Íåëîêàëüíi çà ÷àñîì
çàäà÷i âiäíîñÿòüñÿ äî íåëîêàëüíèõ êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü iç ÷à-
ñòèííèìè ïîõiäíèìè. Òàêi çàäà÷i âèíèêàþòü ïðè ìîäåëþâàííi áàãàòüîõ
ïðîöåñiâ òà çàäà÷ ïðàêòèêè êðàéîâèìè çàäà÷àìè äëÿ ðiâíÿíü iç ÷àñòèí-
íèìè ïîõiäíèìè ç íåëîêàëüíèìè óìîâàìè (äèâ., íàïðèêëàä, [1, 2]).

Äîñëiäæåííÿì íåëîêàëüíèõ êðàéîâèõ çàäà÷ ó ðiçíèõ àñïåêòàõ çà-
éìàëîñÿ áàãàòî ìàòåìàòèêiâ, âèêîðèñòîâóþ÷è ïðè öüîìó ðiçíi ìåòîäè é
ïiäõîäè (äèâ., íàïðèêëàä, [3�10]). Îäåðæàíî âàæëèâi ðåçóëüòàòè ùîäî
ïîñòàíîâêè, êîðåêòíî¨ ðîçâ'ÿçíîñòi òà ïîáóäîâè ðîçâ'ÿçêiâ, âèâ÷åíî ïè-
òàííÿ çàëåæíîñòi õàðàêòåðó ðîçâ'ÿçíîñòi çàäà÷ âiä ïîâåäiíêè ñèìâîëiâ
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îïåðàöié, âñòàíîâëåíî óìîâè ðåãóëÿðíîñòi òà íåðåãóëÿðíîñòi êðàéîâèõ
óìîâ äëÿ âàæëèâèõ âèïàäêiâ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü.

Ó öié ðîáîòi äîñëiäæó¹òüñÿ íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà-
÷à äëÿ åâîëþöiéíîãî ðiâíÿííÿ ∂u/∂t+f(A)u(t) = 0, äå f(A) � ïñåâäîäè-

ôåðåíöiàëüíèé îïåðàòîð ½íåñêií÷åííîãî ïîðÿäêó� âèãëÿäó
∞∑
k=0

ckA
k, äå

A = F−1
Bν

[aFBν ], a = a(σ) � ñèìâîë îïåðàòîðà A, FBν , F
−1
Bν

� ïðÿìå òà
îáåðíåíå ïåðåòâîðåííÿ Áåññåëÿ; f(A) äi¹ â ëîêàëüíî îïóêëîìó ïðîñòîði,
ÿêèé ¹ ïðîåêòèâíîþ ãðàíèöåþ ïåâíèõ çëi÷åííî-íîðìîâàíèõ ïðîñòîðiâ.
Ïðè îáìåæåííÿõ íà ôóíêöi¨ f òà a, ÿêi óçàãàëüíþþòü âiäîìó óìîâó ½ïà-
ðàáîëi÷íîñòi� äëÿ ðiâíÿíü ïàðàáîëi÷íîãî òèïó, îïåðàòîð f(A) ïîäà¹òüñÿ
ó âèãëÿäi f(A) = F−1

Bν
[f(a)FBν ], òîáòî f(A) òàêîæ ¹ ïñåâäîäèôåðåíöi-

àëüíèì (ïñåâäîáåññåëåâèì) îïåðàòîðîì iç ñèìâîëîì f(a). Íåëîêàëüíà
áàãàòîòî÷êîâà çà ÷àñîì óìîâà äëÿ âêàçàíîãî ðiâíÿííÿ òàêîæ ìiñòèòü
ïñåâäîáåññåëåâi îïåðàòîðè Bk, k ∈ {1, . . . ,m}. Âñòàíîâëåíî âëàñòèâîñòi
ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó òàêî¨ çàäà÷i, äîâåäåíî ðîçâ'ÿçíiñòü çàäà-
÷i ó âèïàäêó, êîëè g ¹ åëåìåíòîì ïðîñòîðó îñíîâíèõ ôóíêöié àáî ïðî-
ñòîðó, òîïîëîãi÷íî ñïðÿæåíîãî ç íèì; çíàéäåíî àíàëiòè÷íå çîáðàæåííÿ
ðîçâ'ÿçêó. Çàçíà÷èìî, ùî â ïðàöÿõ [11, 12] äîñëiäæåíà íåëîêàëüíà áà-
ãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ çàçíà÷åíîãî ðiâíÿííÿ ó âèïàäêó, êîëè
âiäïîâiäíà óìîâà íå ìiñòèòü ïñåâäîáåññåëåâi îïåðàòîðè (òîáòî, Bk = I,
k ∈ {1, . . . ,m}).

2. Ïðîñòîðè îñíîâíèõ òà óçàãàëüíåíèõ ôóíêöié

Íåõàé γ � ôiêñîâàíå ÷èñëî ç ìíîæèíè (1,+∞) \ {2, 3, 4, . . . }, ν �
ôiêñîâàíå ÷èñëî ç ìíîæèíè {3/2, 5/2, 7/2, . . . }, p̃0 := 2ν + 1, γ̃0 := 1 +
[γ] + p̃0, M(x) := 1 + |x|, x ∈ R,

Φ := {φ ∈ C∞(R) : |Dk
xφ(x)| ≤ ck(1 + |x|)−(γ̃0+k), k ∈ Z+},

Φ = lim
p→∞

prΦp,

äå Φp, p ∈ Z+, � áàíàõiâ ïðîñòið âiäíîñíî íîðìè

∥φ∥p := sup
x∈R

{ p∑
k=0

M(x)γ̃0+k−ε0 |Dk
xφ(x)|

}
, φ ∈ Φp, p ∈ Z+,

äå 0 < ε < 1 � ôiêñîâàíèé ïàðàìåòð.

Ñèìâîëîì
◦
Φ ïîçíà÷èìî ñóêóïíiñòü óñiõ ïàðíèõ ôóíêöié ç ïðîñòîðó Φ

ç âiäïîâiäíîþ òîïîëîãi¹þ. Öåé ïðîñòið íàçèâàòèìåìî îñíîâíèì, à éîãî

åëåìåíòè � îñíîâíèìè ôóíêöiÿìè. Ó ïðîñòîði
◦
Φ âèçíà÷åíà îïåðàöiÿ
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óçàãàëüíåíîãî çñóâó àðãóìåíòó T ξx , ÿêà âiäïîâiäà¹ îïåðàòîðó Áåññåëÿ
Bν = d2/dx2 + (2ν + 1)x−1d/dx, ν > −1/2:

T ξxφ(x) = bν

π∫
0

φ(
√
x2 + ξ2 − 2xξ cosω) sin2ν ωdω, φ ∈

◦
Φ,

äå bν = Γ(ν + 1)/(Γ(1/2)Γ(ν + 1/2)). Öÿ îïåðàöiÿ ¹ íåñêií÷åííî äèôå-

ðåíöiéîâíîþ ó ïðîñòîði
◦
Φ [13]. Ñëiäóþ÷è [14], çãîðòêó äâîõ ôóíêöié ç

ïðîñòîðó
◦
Φ âèçíà÷èìî ôîðìóëîþ

(φ ∗ ψ)(x) =
∞∫
0

T ξxφ(x)ψ(ξ)ξ
2ν+1dξ.

Íà ôóíêöiÿõ ç ïðîñòîðó
◦
Φ âèçíà÷åíå ïåðåòâîðåííÿ Áåññåëÿ

FBν [φ](ξ) ≡ FB[φ](ξ) :=

∞∫
0

φ(x)jν(xξ)x
2ν+1dx, φ ∈

◦
Φ,

äå jν � íîðìîâàíà ôóíêöiÿ Áåññåëÿ. Ïðè öüîìó FB[φ] � ïàðíà, îáìå-
æåíà, íåïåðåðâíà íà R ôóíêöiÿ. Iíøi âëàñòèâîñòi ôóíêöié ç ïðîñòîðó
◦
Ψ = FB[

◦
Φ] íàâåäåíi â ïðàöi [13].

Ïåðåòâîðåííÿ Áåññåëÿ âçà¹ìíî îäíîçíà÷íî i íåïåðåðâíî âiäîáðàæà¹
◦
Φ íà

◦
Ψ [13], ïðè öüîìó F−1

B âèçíà÷à¹òüñÿ ôîðìóëîþ

F−1
B [ψ](x) = cν

∞∫
0

ψ(ξ)jν(xξ)ξ
2ν+1dξ, ψ ∈

◦
Ψ, cν = (22νΓ2(ν + 1))−1.

Ñèìâîëîì (
◦
Φ)′ ïîçíà÷èìî ïðîñòið óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóí-

êöiîíàëiâ, çàäàíèõ íà
◦
Φ, çi ñëàáêîþ çáiæíiñòþ. Åëåìåíòè ç (

◦
Φ)′ íàçèâà-

òèìåìî óçàãàëüíåíèìè ôóíêöiÿìè. Ó ïðîñòîði
◦
Φ âèçíà÷åíà îïåðàöiÿ óçà-

ãàëüíåíîãî çñóâó àðãóìåíòó, òîìó çãîðòêó óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (
◦
Φ)′

ç îñíîâíîþ ôóíêöi¹þ çàäàìî ôîðìóëîþ

(f ∗ φ)(x) = ⟨fξ, T ξxφ(x)⟩ ≡ ⟨fξ, T xξ φ(ξ)⟩, φ ∈
◦
Φ,

ïðè öüîìó f ∗φ ¹ íåñêií÷åííî äèôåðåíöiéîâíîþ íà R ôóíêöi¹þ, îñêiëüêè
îïåðàöiÿ óçàãàëüíåíîãî çñóâó àðãóìåíòà íåñêií÷åííî äèôåðåíöiéîâíà â

ïðîñòîði
◦
Φ [13] (òóò ⟨fξ, T ξxφ(x)⟩ ïîçíà÷à¹ äiþ ôóíêöiîíàëà f íà T ξxφ(x)

ÿê ôóíêöiþ àðãóìåíòà ξ).
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Îñêiëüêè F−1
B [φ] ∈

◦
Φ, ÿêùî φ ∈

◦
Ψ, òî ïåðåòâîðåííÿ Áåññåëÿ óçàãàëü-

íåíî¨ ôóíêöi¨ f ∈ (
◦
Φ)′ âèçíà÷èìî òàê:

⟨FB[f ], φ⟩ = ⟨f, F−1
B [φ]⟩, ∀φ ∈

◦
Ψ .

Iç âëàñòèâîñòåé ëiíiéíîñòi é íåïåðåðâíîñòi ôóíêöiîíàëà f òà ïåðåòâîðå-
ííÿ Áåññåëÿ (ïðÿìîãî òà îáåðíåíîãî) âèïëèâà¹ ëiíiéíiñòü i íåïåðåðâíiñòü

ôóíêöiîíàëà FB[f ], âèçíà÷åíîãî íà ïðîñòîði îñíîâíèõ ôóíêöié FB[
◦
Φ].

ßêùî f ∈ (
◦
Φ)′, f ∗ φ ∈

◦
Φ, ∀φ ∈

◦
Φ, òà iç ñïiââiäíîøåííÿ φj → 0 ïðè

j → ∞ çà òîïîëîãi¹þ ïðîñòîðó
◦
Φ âèïëèâà¹ ñïiââiäíîøåííÿ f ∗ φj → 0

ïðè j → ∞ çà òîïîëîãi¹þ ïðîñòîðó
◦
Φ, òî ôóíêöiîíàë f íàçèâà¹òüñÿ

çãîðòóâà÷åì ó ïðîñòîði
◦
Φ. Íàäàëi êëàñ óñiõ çãîðòóâà÷iâ ó ïðîñòîði

◦
Φ

ïîçíà÷àòèìåìî ñèìâîëîì (
◦
Φ∗)

′. Ó [15] äîâåäåíî, ùî ÿêùî f ∈ (
◦
Φ∗)

′,

òî äëÿ äîâiëüíî¨ ôóíêöi¨ φ ∈
◦
Φ ïðàâèëüíîþ ¹ ôîðìóëà FB[f ∗ φ] =

FB[f ] · FB[φ], ïðè öüîìó FB[f ] � ìóëüòèïëiêàòîð ó ïðîñòîði
◦
Φ.

Íåõàé a: R → [0,+∞) � íåïåðåðâíà, ïàðíà íà R ôóíêöiÿ, îäíîðiäíà
ïîðÿäêó γ, òîáòî a(λx) = λγa(x), λ > 0, ÿêà: 1) íåñêií÷åííî äèôåðåíöi-
éîâíà ïðè x ̸= 0; 2) ¨¨ ïîõiäíi çàäîâîëüíÿþòü óìîâó

∀k ∈ N ∃ck > 0 ∀x ∈ R \ {0} : |Dk
xa(x)| ≤ ck|x|γ−k;

3) iñíóþòü ñòàëi c′0, c̃0 > 0, δ̃ ≥ γ òàêi, ùî

c′0|x|γ ≤ a(x) ≤ c̃0(1 + |x|δ), c̃0 ≥ c′0, x ∈ R

(ïðèêëàäîì òàêî¨ ôóíêöi¨ ¹ ôóíêöiÿ a(x) = |x|γ).
Âèäiëèìî êëàñ íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié f(x) =

=
∞∑
k=0

ckx
k, x ∈ R, çà äîïîìîãîþ ÿêèõ ìîæíà áóäóâàòè ïñåâäîáåññåëå-

âi îïåðàòîðè íåñêií÷åííîãî ïîðÿäêó âèãëÿäó f(A) =

∞∑
k=0

ckA
k, äå A =

F−1
B [aFB] � ïñåâäîáåññåëåâèé îïåðàòîð, ïîáóäîâàíèé çà ôóíêöi¹þ-

ñèìâîëîì a. Ïðè öüîìó ââàæàòèìåìî, ùî îïåðàòîð f(A) âèçíà÷åíèé

êîðåêòíî â ïðîñòîði
◦
Φ, ÿêùî äëÿ êîæíî¨ îñíîâíî¨ ôóíêöi¨ φ ∈

◦
Φ ðÿä

(f(A)φ)(x) =

∞∑
k=0

ck(A
kφ)(x)

çîáðàæà¹ äåÿêó îñíîâíó ôóíêöiþ ç ïðîñòîðó
◦
Φ. Ñëiäóþ÷è [16], ïðèïó-

ñòèìî, ùî ôóíêöiÿ f äîïóñêà¹ àíàëiòè÷íå ïðîäîâæåííÿ ó âñþ êîìïëå-
êñíó ïëîùèíó i çàäîâîëüíÿ¹ óìîâè:
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à) ∀k ∈ Z+ ∃pk > 0 ∃bk > 0 ∀x ∈ R: |Dk
xf(x)| ≤ bk(1 + |x|)pk ;

á) p̃′0 <
[γ] + ν + 3/2−∆0

δ̃([γ] + ν + 3/2)
, äå ∆0 ∈ (0, 1) � ôiêñîâàíèé ïàðàìåòð,

p̃′0 = max{p0, p1, . . . , ps̃}, p0, p1, . . . , ps̃ � ñòàëi ç óìîâè à), s̃ = ν+3/2+[γ] ∈
N, δ̃ � ñòàëà ç óìîâè 3);

â) ∀ε > 0 ∃cε > 0 ∀z = x + iy ∈ C: |f(z)| ≤ cε(1 + |x|)p0 exp{ε|y|1/[δ̃]}
(p0 � ñòàëà ç óìîâè à), [δ̃] � öiëà ÷àñòèíà ÷èñëà δ̃);

ã) ∃β0 > 0 ∀x ∈ R: f(x) ≥ β0|x|.
Ó ïðàöi [16] âñòàíîâëåíî, ùî ïðè âèêîíàííi âêàçàíèõ óìîâ îïåðàòîð

f(A) âèçíà÷åíèé êîðåêòíî, ¹ ëiíiéíèì i íåïåðåðâíèì ó ïðîñòîði
◦
Φ, ïðè

öüîìó f(A) = F−1
B [f(a)FB].

Àáñòðàêòíi ôóíêöi¨. Íåõàé X � ëiíiéíèé òîïîëîãi÷íèé ïðîñòið, P
� äåÿêà ìíîæèíà ÷èñåë. Âiäîáðàæåííÿ P ∋ µ → φµ ∈ X íàçèâàþòü àá-
ñòðàêòíîþ ôóíêöi¹þ ïàðàìåòðà µ â ïðîñòîði X; (ïðî àáñòðàêòíi ôóíêöi¨
äèâ. [17]). Çîêðåìà, àáñòðàêòíà ôóíêöiÿ íàçèâà¹òüñÿ äèôåðåíöiéîâíîþ
ó òî÷öi µ0 ∈ P , ÿêùî â ïðîñòîði X iñíó¹ ãðàíèöÿ

dφµ
dµ

∣∣∣
µ=µ0

= lim
h→0

φµ0+h − φµ0
h

.

3. Íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à

Äëÿ åâîëþöiéíîãî ðiâíÿííÿ

du

dt
+ f(A)u = 0, (t, x) ∈ (0, T ]× R+ ≡ Ω, (1)

äå f(A) � îïåðàòîð, ïîáóäîâàíèé ó ï. 1, ðîçãëÿíåìî íåëîêàëüíó áàãàòî-
òî÷êîâó çà ÷àñîì çàäà÷ó

µu(t, ·)|t=0 −
m∑
k=1

µkBku(t, ·)|t=tk = φ, φ ∈
◦
Φ, (2)

äå m ∈ N, {µ, µ1, . . . , µm} ⊂ (0,+∞), {t1, . . . , tm} ⊂ (0, T ] � ôiêñîâà-
íi ïàðàìåòðè, t1 < t2 < · · · < tm ≤ T , B1, . . . , Bm � ïñåâäîáåññåëåâi
îïåðàòîðè, ïîáóäîâàíi çà ôóíêöiÿìè b1, . . . , bm âiäïîâiäíî, ÿêi çàäîâîëü-
íÿþòü óìîâè, àíàëîãi÷íi óìîâàì 1)-3) ç ï. 1, à ñàìå, bk: R → [0,∞),
k ∈ {1, . . . ,m}, � íåïåðåðâíi, ïàðíi íà R ôóíêöi¨, íåñêií÷åííî äèôåðåí-
öiéîâíi ïðè x ̸= 0, îäíîðiäíi ïîðÿäêó βk > 1 âiäïîâiäíî, β1 ≤ β2 ≤ · · · ≤
βm < γ (γ > 1 � ïîðÿäîê îäíîðiäíîñòi ôóíêöi¨ a) òàêi, ùî:

1′) ∀k ∈ {1, . . . ,m} ∀s ∈ N ∃dks > 0 ∀x ∈ R \ {0}: |Ds
xbk(x)| ≤

dks|x|βk−s;
2′) ∀k ∈ {1, . . . ,m} ∃αk, α̃k > 0 α̃k ≥ αk, ∀x ∈ R \ (−1, 1): αk|x|βk ≤

bk(x) ≤ α̃k|x|βk .
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Iç íàâåäåíèõ îáìåæåíü âèïëèâà¹, ùî ôóíêöi¨ b1, . . . , bm ¹ ìóëüòèïëi-

êàòîðàìè â ïðîñòîði
◦
Φ, à B1, . . . , Bm � ëiíiéíi íåïåðåðâíi îïåðàòîðè â

öüîìó ïðîñòîði. Ââàæà¹ìî òàêîæ, ùî

µ > Λ

m∑
k=1

µk, Λ = max{1, L1, . . . , Lm, α̃1, . . . , α̃m},

Lk =
λ̃k

β0c′0tk
, k ∈ {1, . . . ,m},

äå c′0 � ñòàëà ç óìîâè 3), à β0 � ñòàëà ç óìîâè 2) ç ï. 1.

Êëàñè÷íèé ðîçâ'ÿçîê u ∈ C1((0, T ],
◦
Φ) çàäà÷i (1), (2) øóêà¹ìî çà äî-

ïîìîãîþ ïåðåòâîðåííÿ Áåññåëÿ. Ó îáðàçàõ öüîãî ïåðåòâîðåííÿ âêàçàíà
çàäà÷à íàáóâà¹ âèãëÿäó

dv(t, σ)

dt
+ f(a(σ))v(t, σ) = 0, (3)

µv(t, σ)|t=0 −
m∑
k=1

µkbk(σ)v(t, σ)|t=tk = φ̃(σ), σ ∈ R, (4)

äå v(t, σ) = FB[u(t, x)](σ), φ̃(σ) = FB[φ](σ). Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿ-
ííÿ (3) ìà¹ âèãëÿä v(t, σ) = cexp{−tf(a(σ))}, äå c çíàõîäèìî ç óìîâè
(4):

c = φ̃(σ)
(
µ−

m∑
k=1

µkbk(σ) exp{−tkf(a(σ))}
)−1

, σ ∈ R.

Îòæå,

v(t, σ) = φ̃(σ) exp{−tf(a(σ))}
(
µ−

m∑
k=1

µkbk(σ) exp{−tkf(a(σ))}
)−1

.

Òîäi ðîçâ'ÿçîê çàäà÷i (3), (4) ìà¹ âèãëÿä:

u(t, x) = cν

∞∫
0

v(t, σ)jν(σx)σ
2ν+1dσ, (t, x) ∈ Ω.

ßêùî ââåñòè ïîçíà÷åííÿ G(t, x) := F−1
B [Q(t, σ)](x), äå

Q(t, σ) = exp{−tf(a(σ))}
(
µ−

m∑
k=1

µkbk(σ) exp{−tkf(a(σ))}
)−1

,

òî äëÿ ðîçâ'ÿçêó çàäà÷i (1), (2) äiñòà¹ìî çîáðàæåííÿ:

u(t, x) =

∞∫
0

T ξxG(t, x)φ(ξ)ξ
2ν+1dξ = G(t, x) ∗ φ(x), (t, x) ∈ Ω.
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Ñïðàâäi,

u(t, x) = cν

∞∫
0

Q(t, σ)
( ∞∫

0

φ(ξ)jν(σξ)ξ
2ν+1dξ

)
jν(σx)σ

2ν+1dσ.

Îñêiëüêè jν(σξ)jν(σx) = T ξxjν(σx) [14], òî

u(t, x) =

∞∫
0

(
cν

∞∫
0

Q(t, σ)T ξxjν(σx)σ
2ν+1dσ

)
φ(ξ)ξ2ν+1dξ =

=

∞∫
0

T ξxG(t, x)φ(ξ)ξ
2ν+1dξ = G(t, x) ∗ φ(x),

ùî é ïîòðiáíî áóëî äîâåñòè.
Çàóâàæèìî, ùî iç îáìåæåíü íà ôóíêöi¨ a, f , b1, . . . , bm âèïëèâàþòü

íåðiâíîñòi: ÿêùî σ ≥ 1, òî

bk(σ) exp{−tkf(a(σ))} ≤ bk(σ)

β0tka(σ)
≤ αk|σ|γ

β0tkc
′
0|σ|γ

=

=
α̃k

β0tkc
′
0

≡ Lk ≤ Λ, k ∈ {1, . . . ,m};

ÿêùî 0 < σ < 1, òî

bk(σ) exp{−tkf(a(σ))} ≤ bk(σ) ≤ α̃k|σ|βk ≤ α̃k ≤ Λ.

Îòæå,

µ−
m∑
k=1

µkbk(σ) exp{−tkf(a(σ))} > µ− Λ

m∑
k=1

µk > 0, σ ∈ (0,∞).

Ó òî÷öi σ = 0 ìà¹ìî

µ−
m∑
k=1

µkbk(0)e
−tkf(a(0)) = µ > 0.

Òîäi (
µ−

m∑
k=1

µkbk(σ) exp{−tkf(a(σ))}
)−1

> 0, σ ∈ [0,+∞),

ïðè öüîìó

µ−
m∑
k=1

µkbk(σ)e
−tkf(a(σ)) = µ

(
1− 1

µ

m∑
k=1

µkbk(σ)e
−tkf(a(σ))

)
,
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1

µ

m∑
k=1

µkbk(σ)e
−tkf(a(σ)) ≤ Λ

µ

m∑
k=1

µk < 1, σ ≥ 0.

Ñêîðèñòàâøèñü îñòàííüîþ íåðiâíiñòþ òà ïîëiíîìiàëüíîþ ôîðìóëîþ,
çíàéäåìî, ùî(

µ−
m∑
k=1

µkbk(σ)e
−tkf(a(σ))

)−1
=

1

µ

∞∑
r=0

µ−r
( m∑
k=1

µkbk(σ)e
−tkf(a(σ))

)r
=

=
∞∑
r=0

µ−(r+1)
∑

r1+···+rm=r

r!

r1! . . . rm!
(µ1b1(σ)e

−t1f(a(σ)))r1×

×(µmbm(σ)e
−tmf(a(σ)))rm =

∞∑
r=0

µ−(r+1)×

×
∑

r1+···+rm=r

r!µr11 . . . µrmm
r1! . . . rm!

br11 (σ) . . . brmm (σ)e−(t1r1+···+tmrm)f(a(σ)).

Çâiäñè äiñòà¹ìî çîáðàæåííÿ äëÿ ôóíêöi¨ G:

G(t, x) =

∞∑
r=0

1

µr+1

∑
r1+···+rm=r

r!µr11 . . . µrmm
r1! . . . rm!

G̃(λ+ t, x), (5)

äå

G̃(λ+ t, x) = cν

∞∫
0

br11 (σ) . . . brmm (σ)e−(λ+t)f(a(σ))jν(σx)σ
2ν+1dσ, (6)

λ := t1r1+ · · ·+ tmrm, G̃(t, x) � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi
äëÿ ðiâíÿííÿ (1), äëÿ ÿêîãî ïðàâèëüíèìè ¹ òàêi îöiíêè, îòðèìàíi â [18]:

|Ds
xG̃(t, x)| ≤ αst

−ωs/γ(1 + |x|)−(s+γ0), s ∈ N,

äå ωs = (δ̃p̃s + γ)ms, ms = ν + 3/2 + [γ] + s, δ̃ ≥ γ � ñòàëà ç óìîâè
3), p̃s = max{p1, . . . , pms}, p1, . . . , pms � ñòàëi ç óìîâè à), αs > 0 íå
çàëåæèòü âiä t. Ñêîðèñòàâøèñü âëàñòèâîñòÿìè ôóíêöié f , a, b1, . . . , bm,
âñòàíîâëþ¹ìî, ùî G(t, x) ¹ íåïåðåðâíî äèôåðåíöiéîâíîþ íà ïðîìiæêó
(0, T ]ôóíêöi¹þ (ïðè ôiêñîâàíîìó x ∈ R) i íåñêií÷åííî äèôåðåíöiéîâíîþ
ôóíêöi¹þ àðãóìåíòó x (ïðè ôiêñîâàíîìó t ∈ (0, T ]). Îöiíêè ôóíêöi¨ G
òà ¨¨ ïîõiäíèõ çà àðãóìåíòîì x (ç âèäiëåíîþ ïðè öüîìó çàëåæíiñòþ âiä
ïàðàìåòðà t) äàþòüñÿ â íàñòóïíîìó òâåðäæåííi.

Ëåìà 1. Äëÿ ôóíêöi¨ G(t, x) òà ¨¨ ïîõiäíèõ (çà çìiííîþ x) ïðàâèëü-
íèìè ¹ îöiíêè

|Ds
xG(t, x)| ≤ cst

−(s+q)/γ(1+ |x|)−(γ0+s), t ∈ (0, T ∗], T ∗ = min{1, T}, (7)
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x ∈ R, s ∈ Z+, γ0 = 2ν+2+[γ], q = ωα+(γ+ωα)α− [γ], α = ν+3/2+[γ],

ωα =

{
δ̃b̃α · α+ αγ, ÿêùî |σ| ≥ 1,
γ, ÿêùî |σ| < 1, σ ̸= 0,

b̃α = max{p1, . . . , pα}, äå p1, . . . , pα � ñòàëi ç óìîâè à), δ̃ ≥ γ � ñòàëà ç
óìîâè 3), ñòàëà cs > 0 íå çàëåæèòü âiä t.

Äîâåäåííÿ. Ïåðåäóñiì ðîçãëÿíåìî âèïàäîê s = 0 i âèêîðèñòà¹ìî
ìåòîäèêó îöiíþâàííÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ðiâ-
íÿííÿ (1) [19]. Îòæå, âðàõóâàâøè âèãëÿä íîðìîâàíî¨ ôóíêöi¨ Áåññåëÿ jν ,
ïîäàìî G(t, x), x ̸= 0, ó âèãëÿäi [19]:

G(t, x) = Λ1(t, x) + Λ2(t, x),

Λ1(t, x) = cn

n∑
j=0

dj
xn+j+1

J1,j(t, x), n = ν − 1/2,

J1,j(t, x) =

∞∫
0

Q1(t, σ)Q2(σ)σ
n−j+1 sin

(
xσ − nπ

2

)
dσ,

Λ2(t, x) = cn

n−1∑
j=1

d̃j
xn+j+1

J2,j(t, x),

J2,j(t, x) =

∞∫
0

Q1(t, σ)Q2(σ)σ
n−j+1 cos

(
xσ − nπ

2

)
dσ,

Q1(t, σ) = e−tf(a(σ)), Q2(σ) =
(
µ−

n∑
k=1

µkbk(σ)e
−tkf(a(σ))

)−1
.

Îöiíèìî, íàïðèêëàä, J1,j(t, x). Iíòåãðàë J1,j(t, x), x ̸= 0, çiíòåãðó¹ìî
÷àñòèíàìè mj ðàçiâ, äå mj = n − j + 2 + [γ], 0 ≤ j ≤ n, i ïîäàìî öåé
iíòåãðàë ó âèãëÿäi

J1,j(t, x) =
(−1)mj

xmj
lim
ε→+0

[ +∞∫
ε

D
mj
σ (Q1(t, σ)Q2(σ)σ

n−j+1)×

× sin
(
xσ − nπ

2
+mj

π

2

)
dσ +Φ(ε, x)

]
, x ̸= 0. (8)

Âðàõóâàâøè ôîðìóëó Ëåéáíiöà äèôåðåíöiþâàííÿ äîáóòêó äâîõ ôóí-
êöié, çíàéäåìî, ùî

D
mj
σ (Q1(t, σ)Q2(σ)σ

n−j+1) =

mj∑
l=0

C lmj
Dl
σ(Q1(t, σ)σ

n−j+1)D
mj−l
σ Q2(σ) =
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=

n−j+1∑
l=0

C lmj
Dl
σ(Q1(t, σ)σ

n−j+1)D
mj−l
σ Q2(σ).

Îöiíèìî |Dmj−l
σ Q2(σ)|. Äëÿ öüîãî çàóâàæèìî, ùî

D1
σQ2(σ) = Q2

2(σ)
m∑
k=1

µk(b
′
k(σ)− tkbk(σ)f

′(a(σ)))e−tkf(a(σ)) =

= −Q2
2(σ)D

1
σR(σ),

äå

R(σ) = µ−
m∑
k=1

µkbk(σ)e
−tkf(a(σ)).

Îòæå, äëÿ l ∈ Z+

Dl
σD

1
σQ2(σ) = −Dl

σ(Q
2
2(σ)D

1
σR(σ)) = −

l∑
s=0

C lsD
s
σQ

2
2(σ) ·Dl+1−s

σ R(σ).

Îñêiëüêè Q2
2(σ) = R−2(σ), òî äëÿ îöiíêè ïîõiäíî¨ Ds

σQ
2
2(σ) ñêîðèñòà¹-

ìîñÿ ôîðìóëîþ Ôàà äi Áðóíî äèôåðåíöiþâàííÿ ñêëàäíî¨ ôóíêöi¨ [12];
òîäi

|Ds
σQ

2
2(σ)| =

∣∣∣ s∑
j=1

dj

dRj
R−2

∑
j1+···+jν=j

j1+2j2+···+νjν=s

s!

j1! . . . jν !
×

×(D1
σR(σ))

j1
( 1

2!
D2
σR(σ)

)j2
. . .
( 1

ν!
Dν
σR(σ)

)jν ∣∣∣.
Äàëi, ñêîðèñòàâøèñü óìîâîþ 1′), ÿêó çàäîâîëüíÿþòü ôóíêöi¨ b1, . . . , bm,
íåðiâíiñòþ

1

|R2+j(σ)|
≤
(
µ− Λ

m∑
k=1

µk

)−(2+j)
≡ β̃j

òà íåðiâíîñòÿìè

|Ds
σQ1(t, σ)| ≤ cst

se−β0t|σ|
γ |σ|ωs−s, s ∈ N, (t, σ) ∈ Ω, (9)

äå β0 > 0, cs > 0 � ñòàëi, íå çàëåæíi âiä t (äèâ. [18]), áåçïîñåðåäíüî
âñòàíîâëþ¹ìî, ùî

|Ds
σQ

2
2(σ)| ≤ δs|σ|γ−s, |σ| < 1, σ ̸= 0,

|Ds
σQ

2
2(σ)| ≤ δ̃s|σ|(γ+ωs−1)s, |σ| ≥ 1.

Óðàõóâàâøè ôîðìóëó Ëåéáíiöà äèôåðåíöiþâàííÿ äîáóòêó äâîõ ôóí-
êöié, äiñòàíåìî, ùî

|Dl
σ(Q1(t, σ)σ

n−j+1)| ≤ |Dl
σQ1(t, σ)|σn−j+1 + · · ·+
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+(n− j + 1− l)|Q1(t, σ)|σn−j+1, σ > 0, 1 ≤ l ≤ n− j + 1. (10)

Ïðè îöiíöi äîäàíêiâ ó ñóìi (10) ñêîðèñòà¹ìîñÿ íåðiâíîñòÿìè (9); ó ðå-
çóëüòàòi äiñòàíåìî, ùî

|Dl
σ(Q1(t, σ)σ

n−j+1)| ≤ c̃lσ
n−j+1+γ−l + c̃σn−j+1−l.

ßêùî |σ| < 1, òî

χ(σ) := |Dmj
σ (Q1(t, σ)Q2(σ)σ

n−j+1)| ≤ |Q1(t, σ)σ
n−j+1| · |Dmj

σ Q2(σ)|+

+

n−j+1∑
l=1

C lm|Dl
σ(Q1(t, σ)σ

n−j+1)| · |Dmj−l
σ Q2(σ)| ≤ c(σα + σα̃ + σ

˜̃α),

äå α = n− j + 1 + γ −mj = −1 + γ − [γ] = {γ} − 1, α̃ = n− j + 1 + γ −
l+ γ −mj + l = γ + {γ} − 1 ≥ 0, ˜̃α = n− j + 1− l+ γ −mj + l = {γ} − 1,
mj = n− j + 2+ [γ]. Îñêiëüêè 0 < 1− {γ} < 1, òî ôóíêöiÿ σα + σα̃ + σ

˜̃α

iíòåãðîâíà â îêîëi íóëÿ. Îòæå, iíòåãðîâíîþ â îêîëi íóëÿ ¹ ôóíêöiÿ χ(σ).
Iç íàâåäåíèõ âèùå ìiðêóâàíü âèïëèâà¹ òàêîæ, ùî lim

ε→+0
Φ(ε, x) = 0 äëÿ

êîæíîãî x ̸= 0, äå Φ(ε, x) � ôóíêöiÿ ç ôîðìóëè (8).
Âèïàäîê σ ≥ 1 ðîçãëÿäà¹òüñÿ àíàëîãi÷íî, ïðè öüîìó ó âiäïîâiäíèõ

îöiíêàõ ôóíêöi¨ Q1(t, σ) ñëiä çáåðåãòè ìíîæíèê exp{−β0t|σ|γ} (äèâ. (9)),
ÿêèé çàáåçïå÷ó¹ iíòåãðîâíiñòü ôóíêöi¨ χ(σ) íà íåñêií÷åííîñòi. Ç (10), ç
óðàõóâàííÿì (9), âèïëèâà¹ íåðiâíiñòü

|Dl
σ(Q1(t, σ)σ

n−j+1)| ≤ cσn−j+1−l+ωle−β0t|σ|
γ
,

ç ÿêî¨ âèïëèâà¹ îöiíêà ôóíêöi¨ χ(σ):

χ(σ) ≤ cσn−j+1+ωmj+(γ+ωmj )mj−mje−β0t|σ|
γ ≤

≤ cσωα+(γ+ωα)α−[γ]−1e−β0tσ
γ
, α = ν +

3

2
+ [γ], σ ≥ 1.

Çàçíà÷èìî òàêîæ, ùî íà íåñêií÷åííîñòi ïîçàiíòåãðàëüíi âèðàçè ó
ôîðìóëi (8) ïåðåòâîðþþòüñÿ â íóëü, áî âîíè ìiñòÿòü ìíîæíèêîì ôóí-
êöiþ exp{−β0tσγ}. Ïðè öüîìó

+∞∫
1

χ(σ)dσ ≤
∞∫
0

σpαe−β0tσ
γ
dσ

t1/γσ=z
= ct−(pα+1)/γ

∞∫
0

zpαe−β0z
γ
dz =

= c1t
−(pα+1)/γ , pα = ωα + (γ + ωα)α− [γ]− 1.

Îñêiëüêè t ∈ (0, T ∗], òî ç îòðèìàíèõ ðåçóëüòàòiâ âèïëèâà¹ îöiíêà

|J1,j(t, x)| ≤
L̃jt

−(pα+1)/γ

|x|n−j+2+[γ]
, x ̸= 0.
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Òîäi

|Λ1(t, x)| ≤ cnt
−(pα+1)/γ

n∑
j=0

djL̃j |x|−(n+j+1)|x|−(n−j+2+[γ]) =

= c̃nt
−(pα+1)/γ |x|−(2ν+2+[γ]), x ̸= 0.

Àíàëîãi÷íî îöiíþ¹ìî |Λ2(t, x)|, x ̸= 0. Ó ðåçóëüòàòi ïðèéäåìî äî íå-
ðiâíîñòi

|G(t, x)| ≤ ct−(pα+1)/γ |x|−γ0 , x ̸= 0, γ0 = 2ν + 2 + [γ].

Ç iíøîãî áîêó,

|G(t, x)| ≤ c̃

∞∫
0

e−tf(a(σ))σ2ν+1dσ
σ=t−1/γy

= c̃t−(2ν+2)/γ×

×
∞∫
0

e−tf(t
−1a(y))y2ν+1dy ≤ c̃t−(2ν+2)/γ

∞∫
0

e−β0a(y)y2ν+1dy = ˜̃ct−(2ν+2)/γ .

Îñêiëüêè pα+1 ≥ 2ν+2, òî çâiäñè äiñòà¹ìî, ùî ó êîæíié òî÷öi x ∈ R
ñïðàâäæó¹òüñÿ íåðiâíiñòü

|G(t, x)| ≤ ct−q/γ(1 + |x|)−γ0 , t ∈ (0, T ∗],

ùî é ïîòðiáíî áóëî äîâåñòè.
Ó âèïàäêó s ∈ N ìà¹ìî, ùî

Ds
xG(t, x) = Ds

xΨ1(t, x) +Ds
xΨ2(t, x),

äå

Ds
xΨ1(t, x) = cn

n∑
j=0

dj

∞∫
0

Q̃j(t, σ)D
s
x(x

−(n+j+1)) sin
(
xσ − nπ

2

)
dσ,

Ds
xΨ2(t, x) = cn

n−1∑
j=1

d̃j

∞∫
0

Q̃j(t, σ)D
s
x(x

−(n+j+1)) cos
(
xσ − nπ

2

)
dσ,

Q̃j(t, σ) := Q1(t, σ)Q2(σ)σ
n−j+1.

Ñêîðèñòàâøèñü ôîðìóëîþ äèôåðåíöiþâàííÿ äîáóòêó äâîõ ôóíêöié,
çíàéäåìî, ùî

Ds
xΨ1(t, x) = cn

n∑
j=0

dj

s∑
l=0

C lsαlx
−(n+j+1)×
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×
∞∫
0

Q1(t, σ)Q2(σ)σ
n−j+1+s−l sin

(
xσ − nπ

2
+ (s− l)

π

2

)
dσ ≡

≡ cn

n∑
j=0

dj

s∑
l=0

C lsαlx
−(n+j+1+l)Γ1(t, x),

äå αl = (−1)l(n+ j + 1) . . . (n+ j + 1 + l),

Γ1(t, x) =

∞∫
0

Q1(t, σ)Q2(σ)σ
n−j+1+s−l sin

(
xσ − nπ

2
+ (s− l)

π

2

)
dσ.

Îöiíêà ôóíêöi¨ Γ1 çäiéñíþ¹òüñÿ çà ñõåìîþ, íàâåäåíîþ âèùå. Ó ðå-
çóëüòàòi äëÿ |Ds

xΨ1(t, x)| îòðèìà¹ìî îöiíêó âèãëÿäó (7). Òàêi æ îöiíêè
îòðèìóþòüñÿ äëÿ ôóíêöi¨ |Ds

xΨ2(t, x)|, à îòæå, i äëÿ ôóíêöi¨ |Ds
xG(t, x)|.

Ëåìó äîâåäåíî. �

Çàóâàæåííÿ 1. Iç îöiíîê (7) ïîõiäíèõ ôóíêöi¨ G âèïëèâà¹, ùî ïðè
êîæíîìó t ∈ (0, T ] ôóíêöiÿ G, ÿê ôóíêöiÿ àðãóìåíòó x, ¹ åëåìåíòîì

ïðîñòîðó
◦
Φ.

Ëåìà 2. Ïðàâèëüíèìè ¹ òâåðäæåííÿ.
1. Ôóíêöiÿ G(t, ·), t ∈ (0, T ], ÿê àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç

çíà÷åííÿìè â ïðîñòîði
◦
Φ, äèôåðåíöiéîâíà çà t.

2.
∂

∂t
(g ∗G(t, ·)) = g ∗ ∂G(t, ·)

∂t
, ∀g ∈ (

◦
Φ)′.

3. Ó ïðîñòîði (
◦
Φ)′ ñïðàâäæóþòüñÿ ãðàíè÷íi ñïiââiäíîøåííÿ:

à) µ lim
t→+0

G(t, ·)−
m∑
k=1

µk lim
t→tk

BkG(t, ·) = δ;

á) µ lim
t→+0

ω(t, ·)−
m∑
k=1

µk lim
t→tk

Bkω(t, ·) = g,

äå ω(t, x) = g ∗G(t, x), g ∈ (
◦
Φ∗)

′, (t, x) ∈ Ω.
4. Ôóíêöiÿ G(t, ·) çàäîâîëüíÿ¹ ðiâíÿííÿ (1).

Òâåðäæåííÿ ëåìè 2 äîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ àíàëîãi÷íèõ
òâåðäæåíü iç ïðàöi [12] (âèïàäîê Bk = I, k ∈ {1, . . . ,m}), òîìó äîâåäåìî
òóò, íàïðèêëàä, òâåðäæåííÿ 3 à).

Ñêîðèñòàâøèñü âëàñòèâiñòþ íåïåðåðâíîñòi ïåðåòâîðåííÿ Áåññåëÿ òà
ôóíêöi¨ G(t, ·), ÿê àáñòðàêòíî¨ ôóíêöi¨ ïàðàìåòðà t iç çíà÷åííÿìè â ïðî-
ñòîði

◦
Φ, ñïiââiäíîøåííÿ 3 à) çàìiíèìî ãðàíè÷íèì ñïiââiäíîøåííÿì

µ lim
t→+0

FB[G(t, ·)]−
m∑
k=1

µk lim
t→tk

FB[BkG(t, ·)] = FB[δ] (11)
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ó ïðîñòîði (
◦
Ψ)′. Óðàõóâàâøè çîáðàæåííÿ ôóíêöi¨ G òà îïåðàòîðiâ Bk,

k ∈ {1, . . . ,m}, ðiâíiñòü (11) ïîäàìî ó âèãëÿäi

µ lim
t→+0

Q(t, ·)−
m∑
k=1

µk lim
t→tk

bk(σ)Q(t, ·) = 1. (12)

Äëÿ äîâåäåííÿ (12) âiçüìåìî äîâiëüíó ôóíêöiþ ψ ∈ (
◦
Ψ)′ i, ñêîðè-

ñòàâøèñü òåîðåìîþ ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðàëà Ëåáåãà,
çíàéäåìî, ùî

µ lim
t→+0

⟨Q(t, ·), ψ⟩ −
m∑
k=1

µk lim
t→tk

⟨bk(·)Q(t, ·), ψ⟩ =

= µ lim
t→+0

∞∫
0

Q(t, σ)ψ(σ)σ2ν+1dσ−

−
m∑
k=1

µk lim
t→tk

∞∫
0

Q(t, σ)bk(σ)ψ(σ)σ
2ν+1dσ =

=

∞∫
0

[
µQ(0, σ)−

m∑
k=1

µkbk(σ)Q(tk, σ)
]
ψ(σ)σ2ν+1dσ =

=

∞∫
0

[ µ

µ−
m∑
k=1

µkbk(σ) exp{−tkf(a(σ))}
−

−
m∑
k=1

µk
bk(σ) exp{−tkf(a(σ))}

µ−
m∑
k=1

µkbk(σ) exp{−tkf(a(σ))}

]
ψ(σ)σ2ν+1dσ =

=

∞∫
0

ψ(σ)σ2ν+1dσ = ⟨1, ψ⟩

(òóò Q(t, ·) ðîçóìi¹ìî ÿê ðåãóëÿðíó óçàãàëüíåíó ôóíêöiþ ç ïðîñòîðó

(
◦
Ψ)′ ïðè êîæíîìó t > 0). Çâiäñè âæå âèïëèâà¹, ùî ñïiââiäíîøåííÿ (12)

âèêîíó¹òüñÿ â ïðîñòîði (
◦
Ψ)′, à îòæå, ïðàâèëüíèì ¹ ñïiââiäíîøåííÿ (11).

Iç òâåðäæåííÿ 3 á) ëåìè 2 âèïëèâà¹, ùî äëÿ ðiâíÿííÿ (1) íåëîêàëüíó
m-òî÷êîâó çà ÷àñîì çàäà÷ó ìîæíà ñòàâèòè òàê. Çíàéòè ôóíêöiþ u(t, ·) ∈
C1((0, T ],

◦
Φ), ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1) i çàäîâîëüíÿ¹ óìîâó

µu(t, ·)|t=0 −
m∑
k=1

µkBku(t, ·)|t=tk = g, g ∈ (
◦
Φ∗)

′, (13)
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ó òîìó ñåíñi, ùî

µ lim
t→+0

u(t, ·)−
m∑
k=1

µk lim
t→tk

Bku(t, ·) = g, g ∈ (
◦
Φ∗)

′,

äå ãðàíèöi ðîçãëÿäàþòüñÿ â ïðîñòîði (
◦
Φ)′ (ïàðàìåòðè µ, µ1, . . . , µm, t1,

. . . , tm çàäîâîëüíÿþòü óìîâè, ñôîðìóëüîâàíi âèùå). Ïðàâèëüíèì ¹ òàêå
òâåðäæåííÿ.

Òåîðåìà 1. Çàäà÷à (1), (13) ¹ ðîçâ'ÿçíîþ, ðîçâ'ÿçîê çîáðàæó¹òüñÿ ó

âèãëÿäi u(t, x) = g∗G(t, x), (t, x) ∈ Ω, ïðè öüîìó u(t, ·) ∈
◦
Φ ïðè êîæíîìó

t ∈ (0, T ].
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Gorodetskiy Vasyl, Martynyuk Olga, Todoriko Tetyana

ON A GENERALIZATION OF THE CAUCHY PROBLEM FOR
EVOLUTIONARY SINGULAR PARABOLIC TYPE
EQUATIONS OF INFINITY ORDER

We establish the solvability of a nonlocal multipoint for a time problem
for evolution equations with pseudobessel operators of in�nite order
with initial condition which is an element of the space of generalized
functions of distribution type in the case when the nonlocal multipoint
condition contains pseudobessel operators.
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ÃËÀÄÊIÑÒÜ ÎÁ'�ÌÍÎÃÎ ÏÎÒÅÍÖIÀËÓ ÄËß
ÂÈÐÎÄÆÅÍÈÕ

−→
2b-ÏÀÐÀÁÎËI×ÍÈÕ ÐIÂÍßÍÜ ÒÈÏÓ

ÊÎËÌÎÃÎÐÎÂÀ

Ðîçãëÿäà¹òüñÿ çàäà÷à Êîøi äëÿ âèðîäæåíîãî ðiâíÿííÿ òèïó
Êîëìîãîðîâà ç 2⃗b-ïàðàáîëi÷íîþ ÷àñòèíîþ çà îñíîâíèìè çìiííè-
ìè iç çàëåæíèìè ëèøå âiä ÷àñîâî¨ çìiííî¨ t êîåôiöi¹íòàìè. Ó
ïðîñòîðàõ Ãåëüäåðà çðîñòàþ÷èõ ïðè |x| → ∞ ôóíêöié âèâ÷àþ-
òüñÿ ïîêàçíèêè ãëàäêîñòi âiäïîâiäíîãî òàêié çàäà÷i îá'¹ìíîãî
ïîòåíöiàëó â çàëåæíîñòi âiä ãëàäêîñòi éîãî ãóñòèíè.

1. Âñòóï

Ðîçãëÿäàòèìåìî îäíîâèìiðíó ÷àñîâó çìiííó t i n-âèìiðíó ïðîñòîðîâó
çìiííó x, ÿêà ñêëàäà¹òüñÿ ç ãðóï çìiííèõ xj := (xj1, ..., xjnj ) ∈ Rnj ,
j ∈ {1, 2, 3}, äå n1 ≥ n2 ≥ n3 ≥ 0, n = n1 + n2 + n3.

Íåõàé b1, ..., bn1 � äåÿêi ÷èñëà ç N. Ïîçíà÷èìî ÷åðåç 2⃗b âåêòîð (2b1, ...,
2bn1), ÷åðåç b � íàéìåíøå ñïiëüíå êðàòíå ÷èñåë b1, ..., bn1 , ÷åðåç mj �
÷èñëî b/bj , j ∈ {1, ..., n1}. Îá'¹êòîì äîñëiäæåííÿ â öié ñòàòòi ¹ çàäà÷à
Êîøi âèãëÿäó

(
∂t −

n2∑
j=1

x1j∂x2j−
n3∑
j=1

x2j∂x3j−
∑

∥k1∥≤2b

ak1(t)∂
k1
x1

)
u(t, x) = f(t, x),

(t, x) ∈ Π(0,T ] := (0, T ]× Rn, (1)

u(t, x)|t=0 = 0, x ∈ Rn, (2)

äå ïîêëàäåíî ∥k1∥ :=
n1∑
j=1

mjk1j äëÿ ìóëüòèiíäåêñà k1 := (k11, ..., k1n1) ∈

Zn1
+ , T � äîäàòíå ÷èñëî. Ïðèïóñêà¹òüñÿ, ùî êîåôiöi¹íòè ak1 , k1 ∈ Zn1

+ ,
∥k1∥ ≤ 2b, ¹ íåïåðåðâíèìè êîìïëåêñíîçíà÷íèìè ôóíêöiÿìè íà [0, T ] i
òàêèìè, ùî äèôåðåíöiàëüíèé âèðàç ∂t −

∑
∥k1∥≤2b

ak1(t)∂
k1
x1 ðiâíîìiðíî 2⃗b-

ïàðàáîëi÷íèé íà [0, T ] × Rn1 , òîáòî iñíó¹ ñòàëà δ > 0 òàêà, ùî äëÿ âñiõ

1Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iì. ß.Ñ.Ïiäñòðèãà÷à

ÍÀÍ Óêðà¨íè, Ëüâiâ, vdron@ukr.net
2Íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò Óêðà¨íè ½Êè¨âñüêèé ïîëiòåõíi÷íèé ií-

ñòèòóò iìåíi Iãîðÿ Ñiêîðñüêîãî�, ivasyshen.sd@gmail.com
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t ∈ [0, T ] i σ1 ∈ Rn1 âèêîíó¹òüñÿ íåðiâíiñòü

Re
∑

∥k1∥=2b

ak1(t)(iσ1)
k1 ≤ −δ

n1∑
j=1

σ
2bj
1j .

Òóò i � óÿâíà îäèíèöÿ.
ßêùî n3 ≥ 1, òî ðiâíÿííÿ (1) âèðîäæó¹òüñÿ çà äâîìà ãðóïàìè çìií-

íèõ x2 i x3. Êîëè n3 = 0, à n2 ≥ 1, òî ó ðiâíÿííi (1) âiäñóòíÿ äðóãà ñóìà
i ¹ âèðîäæåííÿ çà îäíi¹þ ãðóïîþ çìiííèõ x2. Ó âèïàäêó n2 = n3 = 0
ðiâíÿííÿ (1) íå ìà¹ ïåðøèõ äâîõ ñóì i âîíî íåâèðîäæåíå.

Ðiâíÿííÿ (1) ç n2 > 0 ¹ âèðîäæåíèì ðiâíÿííÿì òèïó Êîëìîãîðîâà
ç 2⃗b-ïàðàáîëi÷íîþ ÷àñòèíîþ çà îñíîâíèìè çìiííèìè. Äëÿ íüîãî iñíó¹
ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi (ÔÐÇÊ) G, äåòàëüíi âëàñòè-
âîñòi ÿêîãî íàâåäåíî â [1]. Ôóíêöiÿ G ïîðîäæó¹ îá'¹ìíèé ïîòåíöiàë ç
ãóñòèíîþ f âèãëÿäó

u(t, x) :=

t∫
0

dτ

∫
Rn

G(t, x; τ, ξ)f(τ, ξ)dξ, (t, x) ∈ Π(0,T ]. (3)

Äëÿ âèïàäêó, êîëè ðiâíÿííÿ (1) 2-ãî ïîðÿäêó, òîáòî bj = 1, j ∈
{1, ..., n1}, â [1] äîñëiäæóâàëèñü âëàñòèâîñòi ôóíêöi¨ (3) â ïðèïóùåííi
ëîêàëüíî¨ ãåëüäåðîâîñòi é åêñïîíåíöiàëüíîãî çðîñòàííÿ ïðè |x| → ∞
ôóíêöi¨ f . Çâ'ÿçîê ãåëüäåðiâñüêèõ âëàñòèâîñòåé i ïîâåäiíêè ïðè |x| → ∞
ãóñòèíè f i ôóíêöi¨ u òà ¨¨ ïîõiäíèõ ç'ÿñîâóâàâñÿ â [2] äëÿ ðiâíÿííÿ (1)
2-ãî ïîðÿäêó, â [12] � äîâiëüíîãî ïîðÿäêó ïðè bj = b, j ∈ {1, ..., n1}. Ó [4]
íàâåäåíî àíàëîãi÷íi âëàñòèâîñòi (3) äëÿ ðiâíÿííÿ (1). Òóò ìè óòî÷íè-
ìî ãåëüäåðiâñüêi ïîêàçíèêè, ïðè ÿêèõ çáåðiãà¹òüñÿ âiäïîâiäíà ãëàäêiñòü
îá'¹ìíîãî ïîòåíöiàëó (3).

2. Îçíà÷åííÿ íîðì i ïðîñòîðiâ

Êîðèñòóâàòèìåìîñü òàêèìè ïîçíà÷åííÿìè: M := {1, 2, 3};

Ns :=
s∑
l=1

nl∑
j=1

(2b(l − 1) +mj)/(2b), s ∈ M , N := N3; Zl+ � ìíîæèíà âñiõ

l-âèìiðíèõ ìóëüòèiíäåêñiâ; kl := (kl1, ..., klnl
) � åëåìåíò ìíîæèíè Znl

+ ,
l ∈ M ; k := (k1, k2, k3) � åëåìåíò ìíîæèíè Zn+; |kl| := kl1 + ... + klnl

,

ÿêùî kl ∈ Znl
+ , l ∈ M ; Nkl :=

nl∑
j=1

(2b(l − 1) +mj)klj/(2b), kl ∈ Znl
+ , l ∈ M ;

qj := 2bj/(2bj − 1), j ∈ {1, ..., n1}; q′, q′′ � íàéáiëüøå i íàéìåíøå ç ÷è-
ñåë qj , j ∈ {1, ..., n1}; m′,m′′ � íàéáiëüøå i íàéìåíøå ç ÷èñåë mj , j ∈
{1, ..., n1}; x1j(t) := x1j , j ∈ {1, ..., n1}; x2j(t) := x2j + tx1j , j ∈ {1, ..., n2};
x3j(t) := x3j + tx2j + (t2/2)x1j , j ∈ {1, ..., n3}; xl(t) := (xl1(t), ..., xlnl

(t)),
l ∈M ;

X1(t) := (x1(t), x2(t), x3(t)); X2(t) := (ξ1, x2(t), x3(t));
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X2j(t) :=(ξ11, ..., ξ1n1 , ξ21, ..., ξ2,(j−1), x2j(t), ξ2,(j+1), ..., ξ2n2 ,

ξ31, ..., ξ3,(j−1), x3j(t), ξ3,(j+1), ..., ξ3n3);

X3(t) := (ξ1, ξ2, x3(t));

X3j(t) := (ξ11, ..., ξ1n1 , ξ21, ..., ξ2n2 , ξ31, ..., ξ3,(j−1),

x3j(t), ξ3,(j+1), ..., ξ3n3);

ρ(t, x, ξ) :=

3∑
l=1

nl∑
j=1

t1−lqj |xlj(t)− ξlj |qj ;

Ec(t, x; τ, ξ) := exp{−cρ(t − τ, x, ξ)}, ÿêùî c � äîäàòíà ñòàëà; [a, x] :=
3∑
l=1

nj∑
j=1

alj |xlj |qj , ÿêùî a = (a1, a2, a3) ∈ Rn, x = (x1, x2, x3) ∈ Rn; |xl| :=( nl∑
j=1

x2lj

)1/2
, xl ∈ Rnl , l ∈M ; ∂t, ∂y � îïåðàöi�� äèôåðåíöiþâàííÿ ïåðøîãî

ïîðÿäêó âiäïîâiäíî çà çìiííèìè t, y; ∂sy � îïåðàöiÿ äèôåðåíöiþâàííÿ

ïîðÿäêó s ≥ 0 çà çìiííîþ y; ∂klxl := ∂kl1xl1 ...∂
klnl
xlnl

, ÿêùî xl ∈ Rnl , kl ∈ Znl
+ ,

l ∈M ; ∆x′
x f(·, x, ·) := f(·, x, ·)− f(·, x′, ·);

d(x, ξ, α) :=

3∑
l=1

nl∑
j=1

|xlj − ξlj |αlj/(2b(l−1)+mj),

ÿêùî {x, ξ} ⊂ Rn, α = (α1, α2, α3) ∈ Rn, α1j ∈ [0,m′′], j ∈ {1, ..., n1},
α2j ∈ [0, 2b + mj ], j ∈ {1, ..., n2}, α3j ∈ [0, 4b + mj ], j ∈ {1, ..., n3};

d(x, ξ; γ) :=
3∑
l=1

nl∑
j=1

|xlj − ξlj |γ/(2b(l−1)+mj), ÿêùî {x, ξ} ⊂ Rn, γ > 0;

d(x, ξ) := d(x, ξ; 1); BR := {x ∈ Rn|d(x, 0) ≤ R}.
Çàóâàæèìî, ùî iñíóþòü äîäàòíi ÷èñëà c′, c′′ òàêi, ùî äëÿ äîâiëüíèõ

{x, ξ} ⊂ Rn i γ > 0:
c′(d(x, ξ))γ ≤ d(x, ξ; γ) ≤ c′′(d(x, ξ))γ .

Îäíàêîâî ïîçíà÷àþòüñÿ ðiçíi ñòàëi, ÿêùî ��õ âåëè÷èíè íàñ íå öiêàâ-
ëÿòü.

Äëÿ äîäàòíîãî ÷èñëà c0 i íàáîðó a := (a1, a2, a3), al := (al1, ..., alnl
),

l ∈ M , íåâiä'¹ìíèõ ÷èñåë alj , j ∈ {1, ..., nl}, l ∈ M , òàêèõ, ùî T <
min

l∈M,j∈{1,...,nl}
(c0/alj)

(2bj−1)/(2bj(l−1)+1), ðîçãëÿíåìî ôóíêöi�� [1]

klj(t, alj) := c0alj(c
2bj−1
0 − a

2bj−1
lj t2bj(l−1)+1)1−qj , j ∈ {1, ..., nl}, l ∈M ;

k(t) := (k11(t, a11), ..., k1n1(t, a1n1), k21(t, a21), ..., k2n2(t, a2n2), k31(t, a31),
..., k3n3(t, a3n3));
s1j(t) := k1j(t, a1j)+2qj−1θ(n2−j)tqjk2j(t, a2j)+2qj−2θ(n3−j)t2qjk3j(t, a3j),
j ∈ {1, ..., n1};
s2j(t) := 2qj−1k2j(t, a2j) + 4qj−1θ(n3 − j)tqjk3j(t, a3j), j ∈ {1, ..., n2};
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s3j(t) := 4qj−1k3j(t, a3j), j ∈ {1, ..., n3};
s(t) := (s11(t), ..., s1n1(t), s21(t), ..., s2n2(t), s31(t), ..., s3n3(t)), t ∈ [0, T ],
äå θ(τ) = 1 äëÿ τ ≥ 0 i θ(τ) = 0 äëÿ τ < 0. Ââåäåíi ôóíêöi¨ ìàþòü òàêi
âëàñòèâîñòi:
k(0) = a, alj ≤ klj(τ, alj) < klj(t, alj) < slj(t), 0 ≤ τ < t ≤ T,
j ∈ {1, ..., nl}, l ∈M ; (4)
klj(t− τ, klj(τ, alj)) ≤ klj(t, alj), 0 ≤ τ ≤ t ≤ T, j ∈ {1, ..., nl}, l ∈M ; (5)
−c0ρ(t, x, ξ) + [a, ξ] ≤ [k(t), X1(t)] ≤ [s(t), x], t ∈ (0, T ], {x, ξ} ⊂ Rn. (6)

Ëåãêî ïåðåêîíàòèñÿ, ùî ñïðàâäæóþòüñÿ ùå òàêi íåðiâíîñòi:
−c0ρ(t− τ, x, ξ) + [k(τ), ξ)] ≤ [k(t), X1(t− τ)] ≤ [s(t), x], 0 ≤ τ < t ≤ T,
{x, ξ} ⊂ Rn; (7)
−c0ρ(t− τ, x, ξ) + [k(τ), Xlj(t− τ)] ≤ [k(t), X1(t− τ)],
0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, j ∈ {1, ..., nl}, l ∈M . (8)

Îçíà÷èìî íîðìè i ïðîñòîðè ôóíêöié. Íåõàé α := (α1, α2, α3) ∈ Rn,
α1j ∈ (0,m′′], j ∈ {1, ..., n1}, α2j ∈ (mj , 2b + mj ], j ∈ {1, ..., n2}, α3j ∈
(2b + mj , 4b + mj ], j ∈ {1, ..., n3}, p1 ∈ {0, 1, ..., 2b}, {p2, p3} ⊂ {0, 1},
p := (p1, p2, p3). Âèêîðèñòîâóâàòèìåìî òàêi ãåëüäåðîâi ïðîñòîðè ôóíêöié
w : Π[0,T ] → C:

Ck(·) � ïðîñòið óñiõ íåïåðåðâíèõ ôóíêöié w, äëÿ ÿêèõ ñêií÷åííîþ ¹
íîðìà

||w||k(·) := sup
(t,x)∈Π[0,T ]

(|w(t, x)| exp{−[k(t), x]});

Cαk(·) � ïðîñòið óñiõ ôóíêöié w, äëÿ ÿêèõ ñêií÷åííîþ ¹ íîðìà
||w||αk(·) := ||w||k(·) + [w]αk(·),

äå [w]αk(·) := sup
{(t,x),(t,x′)}⊂Π[0,T ]

x̸=x′

|∆x′
x w(t,x)|
d(x,x′,α) (exp{[k(t), x]}+ exp{[k(t), x′]})−1;

Cp,αk(·) � ïðîñòið óñiõ ôóíêöié w, ÿêi ðàçîì çi ñâî��ìè ïîõiäíèìè ∂klxlw,
l ∈ M , ∥k1∥ ≤ p1, |k2| ≤ p2, |k3| ≤ p3 íàëåæàòü äî ïðîñòîðó Cαk(·), òîáòî
¹ ñêií÷åííîþ íîðìà

||w||p,αk(·) := ||w||αk(·) +
∑

0<∥k1∥≤p1
||∂k1x1w||

α
k(·) +

3∑
l=2

∑
0<|kl|≤pl

||∂klxlw||
α
k(·);

Cp,αs(·) � ïðîñòið, îçíà÷åííÿ ÿêîãî îäåðæó¹òüñÿ ç îçíà÷åííÿ ïðîñòîðó

Cp,αk(·) çàìiíîþ ôóíêöi�� k íà ôóíêöiþ s.

Çàóâàæèìî, ùî â [4] ðîçãëÿäàëèñÿ ïîäiáíi ãåëüäåðîâi ïðîñòîðè ç
αlj = αli, {j, i} ⊂ {1, ..., nl}, l ∈M .

3. Âiäîìîñòi ïðî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi

Â [1] âñòàíîâëåíî, ùî ÔÐÇÊ G äëÿ ðiâíÿííÿ (1) ìà¹ âèãëÿä

G(t, x; τ, ξ) = (t− τ)−NF−1
σ→y[Ṽ (t, τ, σ)](t, τ, y)|y=y(t−τ,x,ξ),
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0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn,

äå F−1 � îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ çà ïðîñòîðîâèìè çìiííèìè,

Ṽ (t, τ, σ) := exp{
∑

∥k1∥≤2b

i|k1|(t− τ)1−∥k1∥/(2b)
1∫

0

ak1(τ + (t− τ)β)×

×(σ′1 + βσ′2 +
β2

2
σ3)

k′1(σ′′1 + βσ′′2)
k′′1 (σ′′′1 )

k′′′1 dβ},

y(t, x, ξ) := (t−1/(2b1)(x11 − ξ11), ..., t
−1/(2bn1 )(x1n1 − ξ1n1), t

−1−1/(2b1)(x21+
+tx11 − ξ21), ..., t

−1−1/(2bn2 )(x2n2 + tx1n2 − ξ2n2), t
−2−1/(2b1)(x31 + tx21 +

t2

2 x11−ξ31), ..., t
−2−1/(2bn3 )(x3n3+tx2n3+

t2

2 x1n3−ξ3n3)), i òàêi âëàñòèâîñòi:
1) ôóíêöiÿ G(t, x; τ, ξ), 0 ≤ τ < t ≤ T , {x, ξ} ⊂ Rn, íåïåðåðâíà ïðè

(t, x) ̸= (τ, ξ) ðàçîì çi ñâî��ìè ïîõiäíèìè ∂kxG i ñïðàâäæóþòüñÿ îöiíêè

|∂kxG(t, x; τ, ξ)| ≤ Ck(t− τ)−N−Nk1
−Nk2

−Nk3Ec(t, x; τ, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, k ∈ Zn+, (9)

äå Ck i c � äåÿêi äîäàòíi ñòàëi;
2) äëÿ 0 ≤ τ < t ≤ T i x ∈ Rn ïðàâèëüíi ðiâíîñòi

∂kx

∫
Rn

G(t, x; τ, ξ)dξ = 0, k ∈ Zn+ \ {0};

∂k2x2∂
k3
x3

∫
Rn2+n3

G(t, x; τ, ξ)dξ2dξ3 = 0, (k2, k3) ∈ Zn2+n3
+ \ {0};

∂k3x3

∫
Rn3

G(t, x; τ, ξ)dξ3 = 0, k3 ∈ Zn3
+ \ {0}. (10)

Ñïðàâäæó¹òüñÿ òàêîæ òàêå òâåðäæåííÿ [4]: äëÿ äîâiëüíîãî γ ∈ (0, 1]
i äåÿêîãî c̄ ∈ (0, c), äå c � ñòàëà ç îöiíîê (9), ïðàâèëüíèìè ¹ îöiíêè

|∆x′
x ∂

k
xG(t, x; τ, ξ)|≤Ck(d(x, x′))γ(t−τ)−N−Nk1

−Nk2
−Nk3

−γ/(2b)Ec̄(t, x; τ, ξ),

(d(x, x′))2b ≤ t− τ, 0 ≤ τ < t ≤ T, {x, x′, ξ} ⊂ Rn, k ∈ Zn+. (11)

Çàóâàæåííÿ 1. Çi ñòðóêòóðè ðiâíÿííÿ (1) òà ÔÐÇÊ äëÿ íüîãî âè-
ïëèâà¹, ùî ôóíêöiÿ

∫
Rn3

G(t, x; τ, ξ)dξ3 ¹ ÔÐÇÊ äëÿ ðiâíÿííÿ (1), ÿêùî

â íüîãî âõîäÿòü òiëüêè ïåðøi äâi ãðóïè ïðîñòîðîâèõ çìiííèõ (n3 = 0),
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à
∫

Rn2+n3

G(t, x; τ, ξ)dξ2dξ3 � ÔÐÇÊ äëÿ íåâèðîäæåíîãî 2⃗b-ïàðàáîëi÷íîãî

ðiâíÿííÿ (n2 = n3 = 0), àäæå∫
Rn3

G(t, x; τ, ξ)dξ3=(t− τ)−N2F−1
(σ1,σ2)→(y1,y2)

[Ṽ (t, τ, (σ1, σ2, 0))](t, τ, y1, y2),

∫
Rn2+n3

G(t, x; τ, ξ)dξ2dξ3 = (t− τ)−N1F−1
σ1→y1 [Ṽ (t, τ, (σ1, 0, 0))](t, τ, y1),

äå y1 = y1(t− τ, x, ξ), y2 = y2(t− τ, x, ξ).

Çàóâàæåííÿ 1 âèêîðèñòîâó¹òüñÿ, çîêðåìà, äëÿ äîâåäåííÿ ðiâíîñòåé
(10).

Îñêiëüêè ó öié ñòàòòi ìè äîñëiäæó¹ìî ïîêàçíèêè ãëàäêîñòi îá'¹ìíîãî
ïîòåíöiàëó çà êîæíîþ ïðîñòîðîâîþ çìiííîþ îêðåìî, òî çàìiñòü ôîðìóë
(10) âèêîðèñòîâóâàòèìåìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 1. Äëÿ 0 ≤ τ < t ≤ T i x ∈ Rn ïðàâèëüíi ðiâíîñòi

∂
k2j
x2j

∫
R2

G(t, x; τ, ξ)dξ2jdξ3j = 0, k2j > 0, j ∈ {1, ..., n3};

∂
k2j
x2j

∫
R

G(t, x; τ, ξ)dξ2j = 0, k2j > 0, j ∈ {n3 + 1, ..., n2}; (12)

∂
k3j
x3j

∫
R

G(t, x; τ, ξ)dξ3j = 0, k3j > 0, j ∈ {1, ..., n3}.

Äîâåäåííÿ òâåðäæåííÿ 1 âèïëèâà¹ ç òèõ æå ìiðêóâàíü, ùî é ôîð-
ìóëè (10) òà çàóâàæåííÿ 1 íà ïiäñòàâi ñòðóêòóðè ðiâíÿííÿ (1) òà ÔÐÇÊ
äëÿ íüîãî.

Íàäàëi ñòàëó c0 ç îçíà÷åííÿ ôóíêöié kl(t, al), l ∈ M , áðàòèìåìî ç
iíòåðâàëó (0, c̄), äå c̄ � ñòàëà ç îöiíîê (11). Ïðàâà ÷àñòèíà íåðiâíîñòåé
(9) i (11) ìiñòèòü ôóíêöi�� Ec i ρ, ÿêi ìàþòü òàêi âëàñòèâîñòi [1, 4]:∫

Rn

(t− τ)−NEδ(t, x; τ, ξ)dξ = C, τ < t, {x, ξ} ⊂ Rn, δ > 0; (13)

∀R̄ > 0 : ρ(t, x, ξ) ≥ t−λRq
′
, t ∈ (0, T ], x ∈ BR̄, ξ ∈ Rn \B2R, (14)

äå R � äîñèòü âåëèêå ÷èñëî (R > R̄), λ = q′′− 1 ïðè t ∈ (0, 1], λ = 3q′− 1
ïðè t > 1;

(d(Xl(t− τ), ξ))βEc1(t, x; τ, ξ) ≤ C(t− τ)β/(2b)Ec2(t, x; τ, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, β > 0, l ∈M, (15)

ç äåÿêèì C > 0 i äîâiëüíèìè {c1, c2} ⊂ R òàêèìè, ùî 0 < c2 < c1.
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Òâåðäæåííÿ 2. Äëÿ äåÿêîãî C > 0 i äîâiëüíèõ {c1, c2} ⊂ R òàêèõ,
ùî 0 < c2 < c1, ïðàâèëüíà íåðiâíiñòü

(d(Xlj(t− τ), ξ))βEc1(t, x; τ, ξ) ≤ C(t− τ)β/(2b)Ec2(t, x; τ, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, β > 0, l ∈M ; (16)

Íåðiâíiñòü (16) âèïëèâà¹ ç íåðiâíîñòi (15).

4. Ôîðìóëè äëÿ ïîõiäíèõ âiä îá'¹ìíîãî ïîòåíöiàëó, ïîðî-
äæåíîãî ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1)

Ó [4] íàâåäåíî òàêi òâåðäæåííÿ.

Ëåìà 1. ßêùî f ∈ Ck(·), òî îá'¹ìíèé ïîòåíöiàë (3) ìà¹ íåïåðåðâíi
ïîõiäíi ∂k1x1u, ∥k1∥ < 2b, ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè

∂k1x1u(t, x) =

t∫
0

dτ

∫
Rn

∂k1x1G(t, x; τ, ξ)f(τ, ξ)dξ,

(t, x) ∈ Π(0,T ], ∥k1∥ < 2b. (17)

Ëåìà 2. Íåõàé f ∈ Ck(·) i çàäîâîëüíÿ¹òüñÿ òàêà óìîâà Ãåëüäåðà ç
β ∈ (0,m′′]:

∀R > 0 ∃C > 0 ∀(t, x) ∈ [0, T ]×BR : |∆x′
x f(t, x)| ≤ Cd(x, x′;β).

Òîäi îá'¹ìíèé ïîòåíöiàë (3) ìà¹ íåïåðåðâíi ïîõiäíi ∂k1x1u, ∥k1∥ = 2b, ÿêi
âèçíà÷àþòüñÿ ôîðìóëàìè

∂k1x1u(t, x) =

t∫
0

dτ

∫
Rn

∂k1x1G(t, x; τ, ξ)∆
X1(t−τ)
ξ f(τ, ξ)dξ,

(t, x) ∈ Π(0,T ], ∥k1∥ = 2b. (18)

Ïðè äîâåäåííi ëåìè 1 îòðèìó¹òüñÿ îöiíêà

|∂k1x1u(t, x)| ≤ Ct1−∥k1∥/(2b) exp{[s(t), x]}||f ||k(·),

(t, x) ∈ Π(0,T ], ∥k1∥ < 2b; (19)

ïðè âñòàíîâëåííi òâåðäæåííÿ ëåìè 2 � íåðiâíiñòü

|∂k1x1u(t, x)| ≤ C(t1−∥k1∥/(2b)+β/(2b) + t exp{[s(t), x]}||f ||k(·)),

(t, x) ∈ Π(0,T ], ∥k1∥ = 2b. (20)

Íàäàëi âèêîðèñòà¹ìî ìåòîäèêó äîâåäåíü ç [2, 12].
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Ëåìà 3. Íåõàé f ∈ Ck(·) i çàäîâîëüíÿ¹òüñÿ òàêà óìîâà Ãåëüäåðà
ç α = (α1, α2, α3) ∈ Rn, α1j = 0, j ∈ {1, ..., n1}, α2j ∈ (mj , 2b + mj ],
j ∈ {1, ..., n2}, α3j ∈ (2b+mj , 4b+mj ], j ∈ {1, ..., n3}:

∀R > 0 ∃C > 0 ∀(t, x) ∈ [0, T ]×BR : |∆x′
x f(t, x)| ≤ Cd(x, x′, α). (21)

Òîäi îá'¹ìíèé ïîòåíöiàë (3) ìà¹ íåïåðåðâíi ïîõiäíi ∂
klj
xlju, klj = 1, j ∈

{1, ..., nl}, l ∈ {2, 3}, ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè

∂
klj
xlju(t, x) =

t∫
0

dτ

∫
Rn

∂
klj
xljG(t, x; τ, ξ)∆

Xlj(t−τ)
ξ f(τ, ξ)dξ, (t, x) ∈ Π(0,T ],

klj = 1, j ∈ {1, ..., nl}, l ∈ {2, 3}. (22)

Êðiì òîãî, ñïðàâäæóþòüñÿ îöiíêè

|∂kljxlju(t, x)| ≤ C(t1−(2b(l−1)+mj)/(2b)+αlj/(2b) + t exp{[s(t), x]}||f ||k(·)),

(t, x) ∈ Π(0,T ], klj = 1, j ∈ {1, ..., nl}, l ∈ {2, 3}. (23)

Äîâåäåííÿ. Íåõàé klj = 1 ç äåÿêèìè j ∈ {1, ..., nl}, l ∈ {2, 3}. Äëÿ
äîâåäåííÿ ëåìè ïîêëàäåìî

Ilj(t, x; τ) :=

∫
Rn

G(t, x; τ, ξ)∆y
ξf(τ, ξ)|y=Xlj(t−τ)dξ,

K ′
klj

(t, x; τ) :=

∫
Rn

∂
klj
xljG(t, x; τ, ξ)∆

Xlj(t−τ)
ξ f(τ, ξ)dξ, 0 ≤ τ < t ≤ T, x ∈ Rn.

Äîâåäåìî, ùî

∂
klj
xlj Ilj(t, x; τ) = K ′

klj
(t, x; τ), 0 ≤ τ < t ≤ T, x ∈ Rn. (24)

Äëÿ öüîãî îöiíèìî ïiäiíòåãðàëüíó ôóíêöiþ ç K ′
klj
. Íåõàé R̄ > 0 i R > R̄.

Ïðè (t, x) ∈ (0, T ] × BR̄ i (τ, ξ) ∈ [0, t) × B2R íà ïiäñòàâi (9) òà (21), à
ïîòiì (16) ç c1 = c ç óðàõóâàííÿì òîãî, ùî α2j < α3j , ìà¹ìî

|∂kljxljG(t, x; τ, ξ)∆
Xlj(t−τ)
ξ f(τ, ξ)| ≤

≤ Cklj (t− τ)−N−(2b(l−1)+mj)/(2b)Ec(t, x; τ, ξ)d(ξ,Xlj(t− τ), α) ≤

≤ C(t− τ)−N−(2b(l−1)+mj)/(2b)+αlj/(2b)Ec2(t, x; τ, ξ). (25)

Âèêîðèñòîâóþ÷è íåðiâíîñòi (7)�(9) i (14), à òàêîæ òå, ùî f ∈ Ck(·),
äëÿ (t, x) ∈ (0, T ]×BR̄ i (τ, ξ) ∈ [0, t)× (Rn \B2R) îòðèìó¹ìî

|∂kljxljG(t, x; τ, ξ)∆
Xlj(t−τ)
ξ f(τ, ξ)| ≤ Cklj (t− τ)−N−(2b(l−1)+mj)/(2b)×
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×Ec(t, x; τ, ξ)(exp{[k(τ), ξ]}+ exp{[k(τ), Xlj(t− τ)]})||f ||k(·) ≤

≤ Cklj (t− τ)−N−(2b(l−1)+mj)/(2b)Ec−c0(t, x; τ, ξ) exp{[s(t), x]}||f ||k(·) ≤

≤ Cklj (t− τ)−N−(2b(l−1)+mj)/(2b) exp{−c− c0
2

(t− τ)−λRq
′}×

×E(c−c0)/2(t, x; τ, ξ) exp{[s(t), x]}||f ||k(·).

Î÷åâèäíî, ùî iñíó¹ òàêå c3 ∈ (0, c−c02 ), ùî

(t−τ)−(2b(l−1)+mj)/(2b)exp{−c− c0
2

(t−τ)−λRq′}≤C exp{−c3(t−τ)−λRq
′}.

Òîìó

|∂kljxljG(t, x; τ, ξ)∆
Xlj(t−τ)
ξ f(τ, ξ)| ≤

≤C(t−τ)−N exp{−c3(t−τ)−λRq
′}E(c−c0)/2(t, x; τ, ξ) exp{[s(t), x]}||f ||k(·),

(t, x) ∈ (0, T ]×BR̄, (τ, ξ) ∈ [0, t)× (Rn \B2R), (26)

à λ âèçíà÷åíå â (14).
ßêùî ïîäàòè K ′

klj
ó âèãëÿäi ñóìè iíòåãðàëiâ ïî B2R i ïî Rn \B2R, òî

íà ïiäñòàâi (25) i (26) ïåðøèé äîäàíîê îöiíèòüñÿ âèðàçîì

Jlj(t, x; τ) :=

∫
B2R

C(t− τ)−N−(2b(l−1)+mj)/(2b)+αlj/(2b)Ec2(t, x; τ, ξ)dξ,

0 ≤ τ < t ≤ T, x ∈ BR̄,

à äðóãèé � âèðàçîì

J ′
l (t, x; τ) :=

∫
Rn\B2R

C(t− τ)−N exp{−c3(t− τ)−λRq
′}×

×E(c−c0)/2(t, x; τ, ξ) exp{[s(t), x]}||f ||k(·)dξ, 0 ≤ τ < t ≤ T, x ∈ BR̄.

Âðàõîâóþ÷è ðiâíiñòü (13) i òå, ùî ïðè çàäàíèõ αlj âèêîíó¹òüñÿ íåðiâ-
íiñòü −(2b(l − 1) + mj)/(2b) + αlj/(2b) > −1, j ∈ {1, ..., nl}, l ∈ {2, 3},
äiñòà¹ìî çáiæíiñòü iíòåãðàëiâ Jlj i J ′

l òà ðiâíîìiðíó çáiæíiñòü iíòåãðàëà
K ′
klj

(t, x; τ) ñòîñîâíî x ∈ BR̄ ïðè ôiêñîâàíèõ t i τ . Íà ïiäñòàâi äîâiëüíîñòi

R̄ > 0 çâiäñè âèïëèâà¹ ðiâíiñòü (24). Êðiì òîãî, îñêiëüêè

Jlj(t, x; τ) ≤
∫
Rn

C(t− τ)−N−(2b(l−1)+mj)/(2b)+αlj/(2b)Ec2(t, x; τ, ξ)dξ =

= C(t− τ)−(2b(l−1)+mj)/(2b)+αlj/(2b),
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J ′
l (t, x; τ) ≤

∫
Rn

C(t− τ)−NE(c−c0)/2(t, x; τ, ξ)dξ exp{[s(t), x]}||f ||k(·) =

= C exp{[s(t), x]}||f ||k(·), 0 ≤ τ < t ≤ T, x ∈ Rn,

òî ìà¹ìî ùå òàêó îöiíêó:

|∂kljxlj Ilj(t, x; τ)|≤C((t− τ)−(2b(l−1)+mj)/(2b)+αlj/(2b)+exp{[s(t), x]}||f ||k(·)),

0 ≤ τ < t ≤ T, x ∈ Rn. (27)

Âèðàç ∂
klj
xlj Ilj(t, x; τ) ìîæíà çàïèñàòè ó âèãëÿäi

∂
klj
xlj Ilj(t, x; τ) = ∂

klj
xlj I(t, x; τ)− ∂

klj
xlj I

′
lj(t, x; τ),

äå

I(t, x; τ) :=

∫
Rn

G(t, x; τ, ξ)f(τ, ξ)dξ,

à

I ′lj(t, x; τ) :=

∫
Rn

G(t, x; τ, ξ)f(τ, y)|y=Xlj(t−τ)dξ, 0 ≤ τ < t ≤ T, x ∈ Rn.

Íà ïiäñòàâi âiäïîâiäíî�� ðiâíîñòi ç (12)

∂
klj
xlj I

′
lj(t, x; τ) = 0.

Îòæå,

∂
klj
xlj Ilj(t, x; τ) = ∂

klj
xlj I(t, x; τ), 0 ≤ τ < t ≤ T, x ∈ Rn. (28)

Îöiíêà (27), â ÿêié −(2b(l − 1) + mj)/(2b) +
αlj

2b > −1, òà ðiâíiñòü
(28) äîâîäÿòü ðiâíîìiðíó çáiæíiñòü ñòîñîâíî (t, x) ∈ (0, T ] × BR ïðè
äîâiëüíîìó R > 0 iíòåãðàëà

t∫
0

∂klxlI(t, x; τ)dτ.

Çâiäñè òà äîâiëüíîñòi R > 0 âèïëèâà¹ ðiâíiñòü

∂
klj
xlju(t, x) =

t∫
0

∂
klj
xlj I(t, x; τ)dτ, (t, x) ∈ Π(0,T ]. (29)

Ç äîâiëüíîñòi j ∈ {1, ..., nl}, l ∈ {2, 3}, âîíà ðàçîì ç (28) i (24) äîâîäèòü
ôîðìóëó (22).

Îöiíêà (23) âèïëèâà¹ ç (28), (29) òà îöiíêè (27). Ëåìó äîâåäåíî. �
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5. Îöiíêè îá'¹ìíîãî ïîòåíöiàëó â ãåëüäåðîâîìó ïðîñòîði

Òåîðåìà 1. ßêùî f ∈ Cαk(·), äå α = (α1, α2, α3) ∈ Rn, α1j := β, j ∈
{1, ..., n1}, α2j := β+mj, j ∈ {1, ..., n2}, α3j := β+2b+mj, j ∈ {1, ..., n3},
ç äåÿêèì β ∈ (0,m′′], òî u ∈ Cr,α

′

s(·) , äå α
′ := (β, β, β), r := (r1, r2, r3) :=

(2b, 1, 1), ñïðàâäæóþòüñÿ îöiíêè

||u||r,α
′

s(·) ≤ C||f ||αk(·) (30)

i ðiâíîñòi

lim
t→0

(
sup
x∈Rn

(|∂kxu(t, x)| exp{−[s(t), x]})
)
= 0,

∥k1∥
2b

+ |k2|+ |k3| ≤ 1. (31)

Äîâåäåííÿ. Ïåðø çà âñå çàóâàæèìî, ùî îñêiëüêè f ∈ Cαk(·) iç óêà-
çàíèìè α i β, òî ôóíêöiÿ f çàäîâîëüíÿ¹ óìîâè ëåì 1�3, çîêðåìà óìîâó
(21) ç α2j = β+mj , α3j = β+2b+mj . Òîìó äëÿ u ïðàâèëüíi òâåðäæåííÿ
öèõ ëåì.

Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê, êîëè ∥k1∥ < 2b. Íà ïiäñòàâi (19) ïðè
d(x, x′) ≥ t1/(2b) äëÿ äîâiëüíîãî γ ∈ (0, 1] îäåðæó¹ìî

|∆x′
x ∂

k1
x1u(t, x)| ≤ |∂k1x1u(t, x)|+ |∂k1x1u(t, x)|x=x′ | ≤

≤ Ct1−∥k1∥/(2b)(exp{[s(t), x]}+ exp{[s(t), x′]})||f ||k(·) ≤

≤ C(d(x, x′))γt1−(∥k1∥+γ)/(2b)(exp{[s(t), x]}+ exp{[s(t), x′]})||f ||k(·).

ßêùî d(x, x′) < t1/(2b), òî çà äîïîìîãîþ (7), (11), (13), (17) i íàëå-
æíîñòi f äî Cαk(·) ìà¹ìî

|∆x′
x ∂

k1
x1u(t, x)| ≤

t∫
0

dτ

∫
Rn

|∆x′
x ∂

k1
x1G(t, x; τ, ξ)||f(τ, ξ)|dξ ≤ C(d(x, x′))γ×

×
t∫

0

dτ

∫
Rn

(t− τ)−N−(∥k1∥+γ)/(2b)Ec̄(t, x; τ, ξ) exp{[k(τ), ξ]}dξ||f ||k(·) ≤

≤ C(d(x, x′))γ
t∫

0

(t− τ)−(∥k1∥+γ)/(2b)dτ exp{[s(t), x]}||f ||k(·) =

= C(d(x, x′))γt1−(∥k1∥+γ)/(2b) exp{[s(t), x]}||f ||k(·).

Ç öèõ îöiíîê òà (19) âèïëèâà¹, ùî u ∈ Cp,α
′′

s(·) , äå p = (p1, 0, 0), p1 < 2b,
α′′ = (γ, γ, γ), γ ∈ (0, 1], i

||u||p,α
′′

s(·) ≤ C||f ||k(·).
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Íåõàé òåïåð k ∈ Zn+ òàêå, ùî ∥k1∥
2b + |k2|+ |k3| = 1. Îöiíêè (20) i (23)

çà óìîâ òåîðåìè íà f íå ¹ òî÷íèìè. Òîìó îöiíèìî ∂klxlu çà äîïîìîãîþ
ôîðìóë (18) àáî (22), íàëåæíîñòi f äî Cαk(·), íåðiâíîñòåé (7)�(9) i (15)
àáî (16) òà ðiâíîñòi (13). Ìà¹ìî äëÿ ∥k1∥ = 2b

|∂k1x1u(t, x)| ≤ Ck1

t∫
0

dτ

∫
Rn

(t− τ)−N−Nk1Ec(t, x; τ, ξ)d(ξ,X1(t− τ), α)×

×(exp{[k(τ), ξ]}+ exp{[k(τ), X1(t− τ)]})dξ[f ]αk(·) ≤

≤ C

t∫
0

dτ

∫
Rn

(t− τ)−N−Nk1Ec−c0(t, x; τ, ξ)d(ξ,X1(t− τ), α)dξ×

× exp{[s(t), x]}[f ]αk(·) ≤

≤ C

t∫
0

dτ

∫
Rn

(t− τ)−N−Nk1
+β/(2b)Ec2(t, x; τ, ξ)dξ exp{[s(t), x]}[f ]αk(·) =

= C

t∫
0

(t− τ)−Nk1
+β/(2b)dτ exp{[s(t), x]}[f ]αk(·) =

= Ct1−Nk1
+β/(2b) exp{[s(t), x]}[f ]αk(·).

Ç óðàõóâàííÿì òîãî, ùî α2j < α3j , ìà¹ìî äëÿ òàêèõ k ∈ Zn+, ùî
|k1|+ |k2| = 1 (òîáòî òàêèõ l ∈ {2, 3} i j ∈ {1, ..., nl}, ùî klj = 1)

|∂kljxlju(t, x)| ≤ Ckl

t∫
0

dτ

∫
Rn

(t− τ)−N−NklEc(t, x; τ, ξ)d(ξ,Xlj(t− τ), α)×

×(exp{[k(τ), ξ]}+ exp{[k(τ), Xlj(t− τ)]})dξ[f ]αk(·) ≤

≤ C

t∫
0

dτ

∫
Rn

(t− τ)−N−NklEc−c0(t, x; τ, ξ)d(ξ,Xlj(t− τ), α)dξ×

× exp{[s(t), x]}[f ]αk(·) ≤

≤ C

t∫
0

dτ

∫
Rn

(t− τ)−N−Nkl
+αlj/(2b)Ec2(t, x; τ, ξ)dξ exp{[s(t), x]}[f ]αk(·) =

= C

t∫
0

(t− τ)−Nkl
+αlj/(2b)dτ exp{[s(t), x]}[f ]αk(·) =
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= Ct1−Nkl
+αlj/(2b) exp{[s(t), x]}[f ]αk(·).

ßêùî ∥k1∥
2b + |k2|+ |k3| = 1, β ∈ [0,m′′], α2j = β+mj , α3j = β+2b+mj ,

òî −Nk1 + β/(2b) = −1 + β/(2b), −Nkl + αlj/(2b) ≥ −1 + β/(2b), j ∈
{1, ..., nl}, l ∈ {2, 3}, i îòðèìó¹ìî òàêó îöiíêó:

|∂kxu(t, x)| ≤ Ctβ/(2b) exp{[s(t), x]}[f ]αk(·),

(t, x) ∈ Π(0,T ],
∥k1∥
2b

+ |k2|+ |k3| = 1. (32)

ßêùî d(x, x′) ≥ t1/(2b), òî ç (32) âiäðàçó ìà¹ìî

|∆x′
x ∂

kl
xl
u(t, x)| ≤ C(d(x, x′))β(exp{[s(t), x]}+ exp{[s(t), x′]})[f ]αk(·),

{(t, x), (t, x′)} ⊂ Π(0,T ], l ∈M,
∥k1∥
2b

+ |k2|+ |k3| = 1. (33)

Íåõàé òåïåð {(t, x), (t, x′)} ⊂ Π(0,T ] i d := d(x, x′) < t1/(2b).
Ïðè ∥k1∥ = 2b ç âèðàçó (18) i ïåðøî¨ ç ðiâíîñòåé (10)

|∆x′
x ∂

k1
x1u(t, x)| ≤

≤

∣∣∣∣∣∣∣
t−d2b∫
0

dτ

∫
Rn

∆x′
x ∂

k1
x1G(t, x; τ, ξ)f(τ, ξ)dξ

∣∣∣∣∣∣∣+

+

∣∣∣∣∣∣∣
t∫

t−d2b

dτ

∫
Rn

∂k1x1G(t, x; τ, ξ)∆
X1(t−τ)
ξ f(τ, ξ)dξ

∣∣∣∣∣∣∣+

+

∣∣∣∣∣∣∣
t∫

t−d2b

dτ

∫
Rn

∂k1x1G(t, x
′; τ, ξ)∆

X′
1(t−τ)

ξ f(τ, ξ)dξ

∣∣∣∣∣∣∣ =: P11 + P12 + P13,

äå X ′
1(t− τ) = X1(t− τ)|x=x′ .
Çà äîïîìîãîþ ïåðøî�� ðiâíîñòi ç (10), îöiíêè (11) i íàëåæíîñòi f äî

Cαk(·) ìà¹ìî

P11 ≤
t−d2b∫
0

dτ

∫
Rn

|∆x′
x ∂

k1
x1G(t, x; τ, ξ)||∆

X1(t−τ)
ξ f(τ, ξ)|dξ ≤

≤ Cdγ
t−d2b∫
0

dτ

∫
Rn

(t− τ)−N−Nk1
−γ/(2b)Ec̄(t, x; τ, ξ)d(ξ,X1(t− τ), α)×
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×(exp{[k(τ), ξ]}+ exp{[k(τ), X1(t− τ)]})dξ)[f ]αk(·).

Äàëi âèêîðèñòà¹ìî íåðiâíîñòi (4), (7) i (15) òà ðiâíiñòü (13). Îäåðæó-
¹ìî

P11 ≤ Cdγ
t−d2b∫
0

dτ

∫
Rn

(t−τ)−N−Nk1
−γ/(2b)d(ξ,X1(t− τ), α)Ec̄−c0(t, x; τ, ξ)dξ×

×exp{[s(t), x]}[f ]αk(·)≤Cd
γ

t−d2b∫
0

(t−τ)−Nk1
+(β−γ)/(2b)dτ exp{[s(t), x]}[f ]αk(·)=

= Cdγ
t−d2b∫
0

(t− τ)−1+(β−γ)/(2b)dτ exp{[s(t), x]}[f ]αk(·)

àáî ïðè γ ∈ (β, 1)

P11≤Cdγ(t− τ)(β−γ)/(2b)
∣∣∣t−d2b
0

exp{[s(t), x]}[f ]αk(·)=Cd
γ(dβ−γ − t(β−γ)/(2b))×

× exp{[s(t), x]}[f ]αk(·) ≤ C(d(x, x′))β exp{[s(t), x]}[f ]αk(·). (34)

Íà ïiäñòàâi (4), (7), (9), (13) i (15) òà íàëåæíîñòi f äî Cαk(·) ìà¹ìî

P12 ≤ C

t∫
t−d2b

dτ

∫
Rn

(t− τ)−N−Nk1Ec(t, x; τ, ξ)d(ξ,X1(t− τ), α)×

×(exp{[k(τ), ξ]}+exp{[k(τ), X1(t− τ)]})dξ[f ]αk(·) ≤

≤ C

t∫
t−d2b

(t− τ)−Nk1
+β/(2b)dτ exp{[s(t), x]}[f ]αk(·) =

= C

t∫
t−d2b

(t−τ)−1+β/(2b)dτ exp{[s(t), x]}[f ]αk(·) =

=C(t− τ)β/(2b)
∣∣∣t−d2b
t

exp{[s(t), x]}[f ]αk(·)=C(d(x, x
′))β exp{[s(t), x]}[f ]αk(·).

(35)

Àíàëîãi÷íî,

P13 ≤ C(d(x, x′))β exp{[s(t), x′]}[f ]αk(·). (36)
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ßêùî |k2| + |k3| = 1, òîáòî ïðè äåÿêîìó l ∈ {2, 3} i j ∈ {1, ..., nl}
klj = 1, òî ç âèðàçó (22) i ðiâíîñòåé (12) ìà¹ìî

|∆x′
x ∂

klj
xlju(t, x)| ≤

≤

∣∣∣∣∣∣∣
t−d2b∫
0

dτ

∫
Rn

∆x′
x ∂

klj
xljG(t, x; τ, ξ)f(τ, ξ)dξ

∣∣∣∣∣∣∣+

+

∣∣∣∣∣∣∣
t∫

t−d2b

dτ

∫
Rn

∂
klj
xljG(t, x; τ, ξ)∆

Xlj(t−τ)
ξ f(τ, ξ)dξ

∣∣∣∣∣∣∣+

+

∣∣∣∣∣∣∣
t∫

t−d2b

dτ

∫
Rn

∂
klj
xljG(t, x

′; τ, ξ)∆
X′

lj(t−τ)
ξ f(τ, ξ)dξ

∣∣∣∣∣∣∣ =: Pl1 + Pl2 + Pl3,

äå X ′
lj(t− τ) = Xlj(t− τ)|x=x′ , l ∈ {2, 3}.
Ïîäiáíî äî îöiíîê äëÿ P11, P12 i P13 (òiëüêè ç âèêîðèñòàííÿì, êðiì (4)

i (7), òàêîæ íåðiâíîñòåé (8), à çàìiñòü ïåðøî¨ ðiâíîñòi ç (10) âiäïîâiäíî¨
ðiâíîñòi ç (12)) îòðèìó¹ìî

Pl1 ≤ C(d(x, x′))β exp{[s(t), x]}[f ]αk(·), (37)

Pl2 ≤ C(d(x, x′))β exp{[s(t), x]}[f ]αk(·), (38)

Pl3 ≤ C(d(x, x′))β exp{[s(t), x′]}[f ]αk(·). (39)

Ç îöiíîê (33)�(39) âèïëèâà¹, ùî u ∈ Cr,α
′

s(·) , äå α
′ = (β, β, β), r =

(r1, r2, r3) = (2b, 1, 1) i ïðàâèëüíà îöiíêà (30). Ç îöiíîê (19) i (32) áåçïî-
ñåðåäíüî âèïëèâà¹ (31). �

Çàóâàæèìî, ùî â äîâåäåíié òåîðåìi âêàçàíî òî÷íiøi çíà÷åííÿ ïîêà-
çíèêiâ ãåëüäåðîâîñòi α ∈ Rn, íiæ ó ïîäiáíèõ ðåçóëüòàòàõ, óñòàíîâëåíèõ
â [4].
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Vitaly Dron', Stepan Ivasyshen

ON SMOOTHNESS OF VOLUME POTENTIAL FOR
DEGENERATE 2⃗b-PARABOLIC EQUATIONS OF
KOLMOGOROV TYPE

A Cauchy problem for degenerate equation of Kolmogorov type wi-
th 2⃗b-parabolic part with respect to main variables with dependent
on only time-variable t coe�cients is considered. In H�older spaces
of increased functions as |x| → ∞ åxponents of smoothness of a
volume potential which corresponding to the problem with respect to
smoothness of density are investigated.
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ÓÄÊ 517.95

Ìèêîëà Iâàí÷îâ1, Íàòàëiÿ Êiíàø 2

ÎÁÅÐÍÅÍÀ ÇÀÄÀ×À ÄËß ÄÂÎÂÈÌIÐÍÎÃÎ ÐIÂÍßÍÍß
ÒÅÏËÎÏÐÎÂIÄÍÎÑÒI Ç ÍÅÂIÄÎÌÈÌÈ
ÊÎÅÔIÖI�ÍÒÀÌÈ, ÇÀËÅÆÍÈÌÈ ÂIÄ ×ÀÑÎÂÎ� ÒÀ
ÏÐÎÑÒÎÐÎÂÈÕ ÇÌIÍÍÈÕ

Ó ðîáîòi ðîçãëÿíóòî îáåðíåíó çàäà÷ó äëÿ ðiâíÿííÿ òåïëîïðîâiä-
íîñòi ó ïðÿìîêóòíèêó. Íåâiäîìèìè ¹ äâà ñòàðøèõ êîåôiöi¹íòè,
ùî çàëåæàòü âiä ÷àñîâî¨ òà ðiçíèõ ïðîñòîðîâèõ çìiííèõ. Çà äî-
ïîìîãîþ ôóíêöi¨ Ãðiíà çàäà÷ó çâåäåíî äî ñèñòåìè iíòåãðàëüíèõ
ðiâíÿíü, äîñëiäæåííÿ ÿêî¨ ïðèâîäèòü äî óìîâ iñíóâàííÿ òà ¹äè-
íîñòi ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i.

1. Âñòóï

Ó êîåôiöi¹íòíèõ îáåðíåíèõ çàäà÷àõ äëÿ îäíîâèìiðíîãî ðiâíÿííÿ òå-
ïëîïðîâiäíîñòi íåâiäîìèìè ¹, çàçâè÷àé, àáî ôóíêöi¨, çàëåæíi âiä ÷àñîâî¨
çìiííî¨, àáî ôóíêöi¨ ïðîñòîðîâî¨ çìiííî¨. Çóñòði÷àþòüñÿ i çàäà÷i, â ÿêèõ
îäíî÷àñíî âèçíà÷àþòü äâà êîåôiöi¹íòè, ÿêi çàëåæàòü âiä ðiçíèõ çìií-
íèõ [1]- [6]. Ïðè ïåðåõîäi äî äâîâèìiðíîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi
âèíèêàþòü íîâi ìîæëèâîñòi, îêðiì òèõ, ÿêi áóëè â îäíîâèìiðíîìó âè-
ïàäêó: íåâiäîìi êîåôiöi¹íòè ìîæóòü çàëåæàòè i âiä ÷àñîâî¨, i âiä ïðîñòî-
ðîâî¨ çìiííèõ. Òàêèé âèïàäîê ðîçãëÿíóòî ó ðîáîòi � â ðiâíÿííÿ òåïëî-
ïðîâiäíîñòi âõîäÿòü äâà íåâiäîìi êîåôiöi¹íòè, ÿêi çàëåæàòü âiä ÷àñîâî¨
òà ðiçíèõ ïðîñòîðîâèõ çìiííèõ.

2. Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíi ïðèïóùåííÿ

Â îáëàñòi QT := {(x, y, t) : 0 < x < h, 0 < y < l, 0 < t < T} ðîç-
ãëÿíåìî îáåðíåíó çàäà÷ó äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç íåâiäîìèìè
êîåôiöi¹íòàìè (a(y, t), b(x, t)) :

ut = a(y, t)uxx + b(x, t)uyy + f(x, y, t), (x, y, t) ∈ QT , (1)

u(x, y, 0) = φ(x, y), (x, y) ∈ D, (2)

1Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,
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2Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,
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u(0, y, t) = µ11(y, t), u(h, y, t) = µ12(y, t), (y, t) ∈ [0, l]× [0, T ], (3)

u(x, 0, t) = µ21(x, t), u(x, l, t) = µ22(x, t), (x, t) ∈ [0, h]× [0, T ], (4)

a(y, t)ux(0, y, t) = µ31(y, t), (y, t) ∈ [0, l]× [0, T ], (5)

b(x, t)uy(x, 0, t) = µ32(x, t), (x, t) ∈ [0, h]× [0, T ], (6)

äå D := {(x, y) : 0 < x < h, 0 < y < l}.
Ïiä ðîçâ'ÿçêîì çàäà÷i (1)-(6) áóäåìî ðîçóìiòè òðiéêó ôóíêöié [7, c.75]

(a(y, t), b(x, t), u(x, y, t))

ç êëàñó

(C1,0([0, l]× [0, T ])× C1,0([0, h]× [0, T ])× C2,1(QT )),

ÿêà çàäîâîëüíÿ¹ óìîâè (1)-(6) ó çâè÷àéíîìó ðîçóìiííi.
Êðiì òîãî, ïðèïóñêà¹òüñÿ, ùî

a(y, t) > 0, (y, t) ∈ [0, l]× [0, T ],

b(x, t) > 0, (x, t) ∈ [0, h]× [0, T ].

Áóäåìî ââàæàòè âèêîíàíèìè òàêi ïðèïóùåííÿ:

(À1) φ ∈ C2(D), f ∈ C1,0(QT ),
µ1k ∈ C2,1([0, l]× [0, T ]), µ2k ∈ C2,1([0, h]× [0, T ]), k ∈ {1, 2},
µ31 ∈ C1,0([0, l]× [0, T ]), µ32 ∈ C1,0([0, h]× [0, T ]);

(À2) φx(x, y) > 0, φy(x, y) > 0, (x, y) ∈ D;
µ1ky(y, t) > 0, µ31(y, t) > 0, (y, t) ∈ [0, l]× [0, T ];
µ2kx(x, t) > 0, µ32(x, t) > 0, (x, t) ∈ [0, h]× [0, T ], k ∈ {1, 2};

(À3) óìîâè óçãîäæåííÿ íóëüîâîãî ïîðÿäêó [7].

3. Çâåäåííÿ çàäà÷i (1)-(6) äî ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü

Ïðèïóñòèìî òèì÷àñîâî, ùî ôóíêöi¨ a(y, t) > 0, (y, t) ∈ [0, l] × [0, T ],
b(x, t) > 0, (x, t) ∈ [0, h]× [0, T ] çàäàíi. Âiäîìî [7, c.486], ùî iñíó¹ ôóíêöiÿ
Ãðiíà êðàéîâèõ çàäà÷ äëÿ ðiâíÿííÿ (1). Ïîçíà÷èìî ¨¨ Gij(x, y, t, ξ, η, τ),
äå i, j = 1 ó âèïàäêó êðàéîâèõ óìîâ Äiðiõëå òà i, j = 2 ó âèïàäêó êðà-
éîâèõ óìîâ Íåéìàíà; i âiäïîâiäà¹ òèïó êðàéîâèõ óìîâ çà çìiííîþ x, j
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âiäïîâiäà¹ òèïó êðàéîâèõ óìîâ çà çìiííîþ y. Çàñòîñîâóþ÷è ñòàíäàðòíó
ïðîöåäóðó, çíàéäåìî çîáðàæåííÿ ðîçâ'ÿçêó çàäà÷i (1)-(6):

u(x, y, t) =

∫∫
D

G11(x, y, t, ξ, η, 0)φ(ξ, η)dξdη+

+

t∫
0

l∫
0

G11ξ(x, y, t, 0, η, τ)a(η, τ)µ11(η, τ)dηdτ−

−
t∫

0

l∫
0

G11ξ(x, y, t, h, η, τ)a(η, τ)µ12(η, τ)dηdτ+

+

t∫
0

h∫
0

G11η(x, y, t, ξ, 0, τ)b(ξ, τ)µ21(ξ, τ)dξdτ−

−
t∫

0

h∫
0

G11η(x, y, t, ξ, l, τ)b(ξ, τ)µ22(ξ, τ)dξdτ+

+

t∫
0

∫∫
D

G11(x, y, t, ξ, η, τ)f(ξ, η, τ)dξdηdτ, (x, y, t) ∈ QT .

(7)

Ïîçíà÷èìî v := ux, w := uy. Äèôåðåíöiþþ÷è ðiâíÿííÿ (1) çà çìií-
íèìè x i y òà âèêîðèñòîâóþ÷è óìîâè (2)-(4), îòðèìà¹ìî çàäà÷ó ñòîñîâíî
íåâiäîìèõ (v, w):

vt = a(y, t)vxx + b(x, t)vyy + bx(x, t)wy + fx(x, y, t), (x, y, t) ∈ QT , (8)

v(x, y, 0) = φx(x, y), (x, y) ∈ D, (9)
a(y, t)vx(0, y, t) = µ11t(y, t)− f(0, y, t)− b(0, t)µ11yy(y, t),

a(y, t)vx(h, y, t) = µ12t(y, t)− f(h, y, t)− b(h, t)µ12yy(y, t),

(y, t) ∈ [0, l]× [0, T ],

(10)

v(x, 0, t) = µ21x(x, t), v(x, l, t) = µ22x(x, t), (x, t) ∈ [0, h]× [0, T ], (11)

wt = a(y, t)wxx + b(x, t)wyy + ay(y, t)vx + fy(x, y, t), (x, y, t) ∈ QT , (12)

w(x, y, 0) = φy(x, y), (x, y) ∈ D, (13)
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w(0, y, t) = µ11y(y, t), w(h, y, t) = µ12y(y, t), (y, t) ∈ [0, l]× [0, T ], (14)
b(x, t)wy(x, 0, t) = µ21t(x, t)− f(x, 0, t)− a(0, t)µ21xx(x, t),

b(x, t)wy(x, l, t) = µ22t(x, t)− f(x, l, t)− a(l, t)µ22xx(x, t),

(x, t) ∈ [0, h]× [0, T ].

(15)

Çâåäåìî çàäà÷ó (8)-(15) äî ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü

v(x, y, t) = v0(x, y, t)+

+

t∫
0

∫∫
D

G21(x, y, t, ξ, η, τ)bξ(ξ, τ)wη(ξ, η, τ)dξdηdτ,
(16)

w(x, y, t) = w0(x, y, t)+

+

t∫
0

∫∫
D

G12(x, y, t, ξ, η, τ)aη(η, τ)vξ(ξ, η, τ)dξdηdτ,

(x, y, t) ∈ QT ,

(17)

äå

v0(x, y, t) =

∫∫
D

G21(x, y, t, ξ, η, 0)φξ(ξ, η)dξdη−

−
t∫

0

l∫
0

G21(x, y, t, 0, η, τ)
(
µ11τ (η, τ)− f(0, η, τ)− b(0, τ)µ11ηη(η, τ)

)
dηdτ+

+

t∫
0

l∫
0

G21(x, y, t, h, η, τ)
(
µ12τ (η, τ)− f(h, η, τ)− b(h, τ)µ12ηη(η, τ)

)
dηdτ+

+

t∫
0

h∫
0

G21η(x, y, t, ξ, 0, τ)b(ξ, τ)µ21ξ(ξ, τ)dξdτ−

−
t∫

0

h∫
0

G21η(x, y, t, ξ, l, τ)b(ξ, τ)µ22ξ(ξ, τ)dξdτ+

+

t∫
0

∫∫
D

G21(x, y, t, ξ, η, τ)fξ(ξ, η, τ)dξdηdτ, (x, y, t) ∈ QT , (18)
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w0(x, y, t) =

∫∫
D

G12(x, y, t, ξ, η, 0)φη(ξ, η)dξdη+

+

t∫
0

l∫
0

G12ξ(x, y, t, 0, η, τ)a(η, τ)µ11η(η, τ)dηdτ−

−
t∫

0

l∫
0

G12ξ(x, y, t, h, η, τ)a(η, τ)µ12η(η, τ)dηdτ−

−
t∫

0

h∫
0

G12(x, y, t, ξ, 0, τ)
(
µ21τ (ξ, τ)− f(ξ, 0, τ)− a(0, τ)µ21ξξ(ξ, τ)

)
dξdτ+

+

t∫
0

h∫
0

G12(x, y, t, ξ, l, τ)
(
µ22τ (ξ, τ)− f(ξ, l, τ)− a(l, τ)µ22ξξ(ξ, τ)

)
dξdτ+

+

t∫
0

∫∫
D

G12(x, y, t, ξ, η, τ)fη(ξ, η, τ)dξdηdτ, (x, y, t) ∈ QT . (19)

Ëåãêî áà÷èòè, ùî ôóíêöi¨ v0 òà w0 ¹, âiäïîâiäíî, ðîçâ'ÿçêàìè çàäà÷

v0t = a(y, t)v0xx + b(x, t)v0yy + fx(x, y, t), (x, y, t) ∈ QT ,

v0(x, y, 0) = φx(x, y), (x, y) ∈ D,

v0(x, 0, t) = µ21x(x, t), v0(x, l, t) = µ22x(x, t), (x, t) ∈ [0, h]× [0, T ],

a(y, t)v0x(0, y, t) = µ11t(y, t)− f(0, y, t)− b(0, t)µ11yy(y, t),

a(y, t)v0x(h, y, t) = µ12t(y, t)− f(h, y, t)− b(h, t)µ12yy(y, t),

(y, t) ∈ [0, l]× [0, T ],

(20)

òà

w0t = a(y, t)w0xx + b(x, t)w0yy + fy(x, y, t), (x, y, t) ∈ QT ,

w0(0, y, t) = µ11y(y, t), w0(h, y, t) = µ12y(y, t), (y, t) ∈ [0, l]× [0, T ],

w0(x, y, 0) = φy(x, y), (x, y) ∈ D,

b(x, t)w0y(x, 0, t) = µ21t(x, t)− f(x, 0, t)− a(0, t)µ21xx(x, t),

b(x, t)w0y(x, l, t) = µ22t(x, t)− f(x, l, t)− a(l, t)µ22xx(x, t), ,

(x, t) ∈ [0, h]× [0, T ]

(21)
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Iíòåãðóþ÷è ÷àñòèíàìè, íàäàìî ñèñòåìi (16), (17) òàêîãî âèãëÿäó:

v(x, y, t) = v0(x, y, t)−

−
t∫

0

∫∫
D

G21η(x, y, t, ξ, η, τ)bξ(ξ, τ)w(ξ, η, τ)dξdηdτ,
(22)

w(x, y, t) = w0(x, y, t)−

−
t∫

0

∫∫
D

G12ξ(x, y, t, ξ, η, τ)aη(η, τ)v(ξ, η, τ)dξdηdτ, (x, y, t) ∈ QT ,
(23)

Ïîäàìî óìîâè (5), (6) ó âèãëÿäi

a(y, t)v(0, y, t) = µ31(y, t), (y, t) ∈ [0, l]× [0, T ], (24)

b(x, t)w(x, 0, t) = µ32(x, t), (x, t) ∈ [0, h]× [0, T ], (25)

Çàóâàæóþ÷è, ùî

u(x, y, t) = µ11(y, t) +

x∫
0

v(ξ, y, t)dξ, (26)

çàìiñòü (1)-(6) îòðèìó¹ìî åêâiâàëåíòíó çàäà÷ó (22)-(25).

4. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-(6)

Îñêiëüêè çàäà÷à (1)-(6) åêâiâàëåíòíà ñèñòåìi ðiâíÿíü (22)-(25), òî
äîñòàòíüî âñòàíîâèòè iñíóâàííÿ ðîçâ'ÿçêó äàíî¨ ñèñòåìè.

Çíàéäåìî îöiíêè ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (22)-(25). Ç (18) òà ïðè-
ïóùåíü òåîðåìè âèïëèâà¹

v0(x, y, t) ≥
∫∫
D

G21(x, y, t, ξ, η, 0)φξ(ξ, η)dξdη+

+

t∫
0

h∫
0

G21η(x, y, t, ξ, 0, τ)b(ξ, τ)µ21ξ(ξ, τ)dξdτ−

−
t∫

0

h∫
0

G21η(x, y, t, ξ, l, τ)b(ξ, τ)µ22ξ(ξ, τ)dξdτ ≥

≥ min{min
D

φx(x, y), min
[0,h]×[0,T ]

µ21x(x, t), min
[0,h]×[0,T ]

µ22x(x, t)}

:=M1 > 0.
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Àíàëîãi÷íî îòðèìó¹ìî

w0(x, y, t) ≥
≥ min{min

D
φy(x, y), min

[0,l]×[0,T ]
µ11y(y, t), min

[0,l]×[0,T ]
µ12y(y, t)} :=M2 > 0.

Âñi iíøi iíòåãðàëè, ùî âõîäÿòü äî (22), (23), äîðiâíþþòü íóëþ ïðè t = 0.
Òîìó iñíó¹ òàêå ÷èñëî T0 ∈ (0, T ], ùî âèêîíóþòüñÿ íåðiâíîñòi

∣∣∣∣−
t∫

0

l∫
0

G21(x, y, t, 0, η, τ)(µ11τ (η, τ)− f(0, η, τ)− b(0, τ)µ11ηη(η, τ))dηdτ+

+

t∫
0

l∫
0

G21(x, y, t, h, η, τ)(µ12τ (η, τ)− f(h, η, τ)− b(h, τ)µ12ηη(η, τ))dηdτ+

+

t∫
0

∫∫
D

G21(x, y, t, ξ, η, τ)fξ(ξ, η, τ)dξdηdτ+

+

t∫
0

∫∫
D

G21η(x, y, t, ξ, η, τ)bξ(ξ, τ)w(ξ, η, τ)dξdηdτ

∣∣∣∣ ≤ M1

2
, (27)

∣∣∣∣−
t∫

0

h∫
0

G12(x, y, t, ξ, 0, τ)(µ21τ (ξ, τ)f(ξ, 0, τ)− a(0, τ)µ21ξξ(ξ, τ))dξdτ+

+

t∫
0

h∫
0

G12(x, y, t, ξ, l, τ)(µ22τ (ξ, τ)− f(ξ, l, τ)− a(l, τ)µ22ξξ(ξ, τ))dξdτ+

+

t∫
0

∫∫
D

G12(x, y, t, ξ, η, τ)fη(ξ, η, τ)dξdηdτ+

+

t∫
0

∫∫
D

G12ξ(x, y, t, ξ, η, τ)aη(η, τ)v(ξ, η, τ)dξdηdτ

∣∣∣∣ ≤ M2

2
, (28)

äå (x, y, t) ∈ QT0 . Òîäi ç (22), (23) âèïëèâàþòü îöiíêè

M1

2
≤ v(x, y, t) ≤

≤ M1

2
+ max{max

D
φx(x, y), max

[0,h]×[0,T ]
µ21x(x, t), max

[0,h]×[0,T ]
µ22x(x, t)},

(29)
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M2

2
≤ w(x, y, t) ≤

≤ M2

2
+ max{max

D
φy(x, y), max

[0,l]×[0,T ]
µ11y(y, t), max

[0,l]×[0,T ]
µ12y(y, t)},

(x, y, t) ∈ QT0 .

(30)

Âèêîðèñòîâóþ÷è ¨õ â (24), (25), âñòàíîâëþ¹ìî îöiíêè a(y, t) òà b(x, t) :

0 < A0 ≤ a(y, t) ≤ A1 <∞, (y, t) ∈ [0, l]× [0, T0],

0 < B0 ≤ b(x, t) ≤ B1 <∞, (x, t) ∈ [0, h]× [0, T0],
(31)

äå ñòàëi Ak, Bk, k ∈ {0, 1}, âèçíà÷àþòüñÿ âiäîìèìè âåëè÷èíàìè.
Ïåðåéäåìî äî îöiíîê ïîõiäíèõ ay(y, t), bx(x, t). Ç (24), (25) çíàõîäèìî

ay(y, t) =
µ31y(y, t)v(0, y, t)− µ31(y, t)vy(0, y, t)

v2(0, y, t)
,

(y, t) ∈ [0, l]× [0, T0],

(32)

bx(x, t) =
µ32x(x, t)w(x, 0, t)− µ32(x, t)wx(x, 0, t)

w2(x, 0, t)
,

(x, t) ∈ [0, h]× [0, T0].

(33)

Äèôåðåíöiþâàííÿì ðiâíÿíü (22), (23) çà çìiííèìè y òà x, âiäïîâiäíî,
îòðèìó¹ìî

vy(x, y, t) = v0y(x, y, t)−

−
t∫

0

∫∫
D

G21yη(x, y, t, ξ, η, τ)bξ(ξ, τ)w(ξ, η, τ)dξdηdτ,
(34)

wx(x, y, t) = w0x(x, y, t)−

−
t∫

0

∫∫
D

G12xξ(x, y, t, ξ, η, τ)aη(η, τ)v(ξ, η, τ)dξdηdτ, (x, y, t) ∈ QT .
(35)
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Ðîçãëÿíåìî iíòåãðàë ç (34) i ïîäàìî éîãî ó âèãëÿäi

t∫
0

∫∫
D

G21yη(x, y, t, ξ, η, τ)bξ(ξ, τ)w(ξ, η, τ)dξdηdτ =

=

t∫
0

∫∫
D

G21yη(x, y, t, ξ, η, τ)bξ(ξ, τ)(w(ξ, η, τ)− w(ξ, y, τ))dξdηdτ+

+

t∫
0

∫∫
D

G21yη(x, y, t, ξ, η, τ)bξ(ξ, τ)w(ξ, y, τ)dξdηdτ =

=

t∫
0

∫∫
D

G21yη(x, y, t, ξ, η, τ)bξ(ξ, τ)dξdηdτ

η∫
y

ws(ξ, s, τ)ds+

+

t∫
0

h∫
0

(
G21y(x, y, t, ξ, l, τ)−G21y(x, y, t, ξ, 0, τ)

)
bξ(ξ, τ)w(ξ, y, τ)dξdτ =

=

t∫
0

∫∫
D

G21yη(x, y, t, ξ, η, τ)bξ(ξ, τ)dξdηdτ

η∫
y

ws(ξ, s, τ)ds.

Àíàëîãi÷íî ìà¹ìî

t∫
0

∫∫
D

G12xξ(x, y, t, ξ, η, τ)aη(η, τ)v(ξ, η, τ)dξdηdτ =

=

t∫
0

∫∫
D

G12xξ(x, y, t, ξ, η, τ)aη(η, τ)dξdηdτ

ξ∫
x

vs(s, η, τ)ds.

Ïîçíà÷èìî

A2(t) := max
y∈[0,l]

|ay(y, t)|, V (t) := max{ max
(x,y)∈D

vx(x, y, t), max
(x,y)∈D

vy(x, y, t)},

B2(t) := max
x∈[0,h]

|bx(x, t)|,W (t) := max{ max
(x,y)∈D

wx(x, y, t), max
(x,y)∈D

wy(x, y, t)}.

Áåðó÷è äî óâàãè îöiíêè ôóíêöi¨ Ãðiíà [7, c.472]

|G12xξ(x, y, t, ξ, η, τ)| ≤ C1
1

(t− τ)2
exp

(
−C2|x− ξ|2

t− τ

)
,
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ç ðiâíÿíü (34), (35) çíàõîäèìî

|vy(x, y, t)| ≤ C3+

+ C4

t∫
0

∫∫
D

|G21yη(x, y, t, ξ, η, τ)||y − η||bξ(ξ, τ)|W (τ)dξdηdτ ≤

≤ C3 + C5

t∫
0

B2(τ)W (τ)dτ√
t− τ

,

(36)

|wx(x, y, t)| ≤ C6+

+ C7

t∫
0

∫∫
D

|G12xξ(x, y, t, ξ, η, τ)||x− ξ||aη(η, τ)|V (τ)dξdηdτ ≤

≤ C6 + C8

t∫
0

A2(τ)V (τ)dτ√
t− τ

.

(37)

Ç íåðiâííîñòåé (36), (37) âèïëèâà¹

V (t) ≤ C3 + C5

t∫
0

B2(τ)W (τ)dτ√
t− τ

, t ∈ [0, T0], (38)

W (t) ≤ C6 + C8

t∫
0

A2(τ)V (τ)dτ√
t− τ

, t ∈ [0, T0]. (39)

Áåðó÷è äî óâàãè (29), (30), ç (32), (33) âñòàíîâèìî îöiíêè

A2(t) ≤ C9 + C10V (t), B2(t) ≤ C11 + C12W (t), t ∈ [0, T0], (40)

i ïiäñòàâèìî ¨õ ó (38), (39). Ïiñëÿ çàñòîñóâàííÿ íåðiâíîñòi Êîøi áóäåìî
ìàòè

V (t) ≤ C13 + C14

t∫
0

W 2(τ)dτ√
t− τ

, t ∈ [0, T0], (41)

W (t) ≤ C15 + C16

t∫
0

V 2(τ)dτ√
t− τ

, t ∈ [0, T0]. (42)

Ïîçíà÷èìî V1(t) := V (t) +W (t). Çâåäåìî (41), (42) äî íåðiâíîñòi

V1(t) ≤ C17 + C18

t∫
0

V 2
1 (τ)dτ√
t− τ

, t ∈ [0, T0]. (43)
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Ïiäíîñÿ÷è äî êâàäðàòó îáèäâi ÷àñòèíè öi¹¨ íåðiâíîñòi, çàñòîñîâóþ÷è íå-
ðiâíîñòi Êîøi òà Ãåëüäåðà, îòðèìà¹ìî

t∫
0

V 2
1 (τ)dτ√
t− τ

≤ C19 + C20

t∫
0

V 4
1 (τ)dτ, t ∈ [0, T0],

ùî äà¹ çìîãó çâåñòè (43) äî âèãëÿäó

V1(t) ≤ C21 + C22

t∫
0

V 4
1 (τ)dτ, t ∈ [0, T0]. (44)

Àíàëîãi÷íî äî [7, c.126] çíàõîäèìî

V1(t) ≤M3 <∞, t ∈ [0, T1], (45)

äå ñòàëi T1 ∈ (0, T0],M3 âèçíà÷àþòüñÿ âiäîìèìè âåëè÷èíàìè. Çâiäñè òà
ç (40) âèïëèâàþòü òàêi îöiíêè:

|vy(x, y, t)| ≤M3, |wx(x, y, t)| ≤M3, (x, y, t) ∈ QT1 ,
|ay(y, t)| ≤ A3 <∞, (y, t) ∈ [0, l]× [0, T1],
|bx(x, t)| ≤ B3 <∞, (x, t) ∈ [0, h]× [0, T1],

(46)

äå ñòàëi A3, B3 âèçíà÷àþòüñÿ âèõiäíèìè äàíèìè.
Ïîçíà÷èìîN := {(a(y, t), b(x, t)) ∈ C([0, l]×[0, T1])×C([0, h]×[0, T1]) :

|(a(y, t)| ≤ A1, |(b(x, t)| ≤ B1}. Ïîäàìî ñèñòåìó ðiâíÿíü (24), (25) ó âè-
ãëÿäi

ω = Pω, (47)

äå
P := (P1, P2), ω := (a(y, t), b(x, t)),

P1(y, t) :=
µ31(y, t)

v(0, y, t)
, P2(x, t) :=

µ32(y, t)

w(x, 0, t)
,

à v(x, y, t), w(x, y, t) çíàõîäÿòüñÿ ÿê ðîçâ'ÿçîê ñèñòåìè (22), (23), ó ÿêó
ïiäñòàâëåíi ôiêñîâàíi ôóíêöi¨ (a(y, t), b(x, t)) ∈ N . Ç îöiíîê (31) âèïëè-
âà¹, ùî îïåðàòîð P ïåðåâîäèòü ìíîæèíó N â ñåáå. Îêðiì òîãî, ç îöiíîê
(46) ìà¹ìî, ùî ôóíêöi¨ a(y, t), b(x, t) çàäîâîëüíÿþòü óìîâó Ãåëüäåðà ç
äîâiëüíèì ôiêñîâàíèì ïîêàçíèêîì α ∈ (0, 1) :

|a(y1, t)− a(y2, t)| ≤M4|y1 − y2|α, ∀y1, y2 ∈ [0, l], t ∈ [0, T1],

|b(x1, t)− b(x2, t)| ≤M4|x1 − x2|α, ∀x1, x2 ∈ [0, h], t ∈ [0, T1]

çi ñòàëîþM4, ùî âèçíà÷à¹òüñÿ âèõiäíèìè äàíèìè çàäà÷i. Áåðó÷è äî óâà-
ãè îòðèìàíi íåðiâíîñòi òà [7], ðîáèìî âèñíîâîê, ùî îïåðàòîð P ¹ öiëêîì
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íåïåðåðâíèì íàN . Çàñòîñîâóþ÷è äî ðiâíÿííÿ (47) òåîðåìóØàóäåðà ïðî
íåðóõîìó òî÷êó öiëêîì íåïåðåðâíîãî îïåðàòîðà, âñòàíîâëþ¹ìî iñíóâàí-
íÿ íåïåðåðâíîãî ðîçâ'ÿçêó ðiâíÿííÿ (47). Âðàõîâóþ÷è (46), ç (22), (23),
(26) çíàõîäèìî ôóíêöiþ u(x, y, t), ÿêà ðàçîì çi çíàéäåíèìè äîäàòíèìè
ôóíêöiÿìè (a(y, t), b(x, t)) óòâîðþ¹ ðîçâ'ÿçîê çàäà÷i (1)-(6). Îòæå, äîâå-
äåíî òàêó òåîðåìó:

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (À1)-(À3). Òîäi ìîæíà âêà-
çàòè òàêå T1 ∈ (0, T ], ùî çàäà÷à (1)-(6) ìà¹ ðîçâ'ÿçîê (a(y, t), b(x, t),
u(x, y, t)) ç êëàñó C1,0([0, l]× [0, T1])×C1,0([0, h]× [0, T1])×C2,1(QT1), òà-
êèé, ùî a(y, t) > 0, (y, t) ∈ [0, l]× [0, T1], b(x, t) > 0, (x, t) ∈ [0, h]× [0, T1].

5. �äèíiñòü ðîçâ'ÿçêó çàäà÷i (1)-(6)

Òåîðåìà 2. Íåõàé âèêîíó¹òüñÿ ïðèïóùåííÿ
(A4) µ31(y, t) ̸= 0, (y, t) ∈ [0, l]× [0, T ], µ32(x, t) ̸= 0, (x, t) ∈ [0, h]× [0, T ].

Òîäi ðîçâ'ÿçîê (a, b, u) çàäà÷i (1)-(6) ¹äèíèé ó êëàñi ôóíêöié
C1,0([0, l]× [0, T ])× C1,0([0, h]× [0, T ])× C2,1(QT ).

Äîâåäåííÿ. Ïðèïóñòèìî, ùî çàäà÷à (1)-(6) ìà¹ äâà ðîçâ'ÿçêè
(ai(y, t), bi(x, t), ui(x, y, t)), i ∈ {1, 2} ç êëàñó C1,0([0, l]×[0, T ])×C1,0([0, h]×
[0, T ]) × C2,1(QT ). Ïîçíà÷èìî a := a1 − a2, b := b1 − b2, u := u1 − u2. Ç
(1)-(6) âèïëèâà¹, ùî òðiéêà ôóíêöié (a, b, u) ¹ ðîçâ'ÿçêîì çàäà÷i

ut = a1(y, t)uxx + b1(x, t)uyy+

+ a(y, t)u2xx(x, y, t) + b(x, t)u2yy(x, y, t), (x, y, t) ∈ QT ,
(48)

u(x, y, 0) = 0, (x, y) ∈ D, (49)

u(0, y, t) = u(h, y, t) = 0, (y, t) ∈ [0, l]× [0, T ], (50)

u(x, 0, t) = u(x, l, t) = 0, (x, t) ∈ [0, h]× [0, T ], (51)

a(y, t)u2x(0, y, t) = −a1(y, t)a2(y, t)
µ31(y, t)

ux(0, y, t), (y, t) ∈ [0, l]× [0, T ], (52)

b(x, t)u2y(x, 0, t) = −b1(x, t)b2(x, t)
µ32(x, t)

uy(x, 0, t), (x, t) ∈ [0, h]× [0, T ]. (53)

Ïîçíà÷èìî ÷åðåç G̃11(x, y, t, ξ, η, τ) ôóíêöiþ Ãðiíà çàäà÷i (48)-(51). Ââà-
æàþ÷è òèì÷àñîâî âiäîìèìè ôóíêöi¨ a(y, t), b(x, t), ç ¨¨ äîïîìîãîþ çíàõî-
äèìî ðîçâ'ÿçîê çàäà÷i (48)-(51):

u(x, y, t) =

t∫
0

∫∫
D

G̃11(x, y, t, ξ, η, τ)×

× (a(η, τ)u2ξξ(ξ, η, τ) + b(ξ, τ)u2ηη(ξ, η, τ))dξdηdτ.

(54)
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Ïiäñòàâèìî éîãî â óìîâè (52), (53):

a(y, t) = −a1(y, t)a2(y, t)
µ31(y, t)

t∫
0

∫∫
D

G̃11x(0, y, t, ξ, η, τ)(a(η, τ)u2ξξ(ξ, η, τ)+

+ b(ξ, τ)u2ηη(ξ, η, τ))dξdηdτ, (y, t) ∈ [0, l]× [0, T ], (55)

b(x, t) = −b1(x, t)b2(x, t)
µ32(x, t)

t∫
0

∫∫
D

G̃11y(x, 0, t, ξ, η, τ)(a(η, τ)u2ξξ(ξ, η, τ)+

+ b(ξ, τ)u2ηη(ξ, η, τ))dξdηdτ, (x, t) ∈ [0, h]× [0, T ]. (56)

Îòðèìàëè ñèñòåìó îäíîðiäíèõ iíòåãðàëüíèõ ðiâíÿíü Âîëüòåððà äðóãî-
ãî ðîäó ç iíòåãðîâíèìè ÿäðàìè. Çãiäíî ç âëàñòèâîñòÿìè òàêèõ ðiâíÿíü
ìà¹ìî a(y, t) ≡ 0, (y, t) ∈ [0, l] × [0, T ], b(x, t) ≡ 0, (x, t) ∈ [0, h] × [0, T ].
Âðàõîâóþ÷è öå â çàäà÷i (48)-(51), îòðèìó¹ìî u(x, y, t) ≡ 0, (x, y, t) ∈ QT .
Òåîðåìó äîâåäåíî. �

1. Ñàâàòååâ Å.Ã.Î çàäà÷å èäåíòèôèêàöèè êîýôôèöèåíòà â ïàðàáîëè÷åñêîì
óðàâíåíèè // Ñèá. ìàò. æóðí. � 1995. � 36, � 1. � Ñ. 177�185.

2. Ivantchov M.I. Determination simultanee de deux coe�cients aux variables
diverses dans une equation parabolique // Ìàò. ñòóäi¨ � 1998. � 10, � 2. �
Ñ. 173-187.

3. Iâàí÷îâ Ì.I. Îáåðíåíà çàäà÷à îäíî÷àñíîãî âèçíà÷åííÿ äâîõ êîåôiöi¹íòiâ
ó ïàðàáîëi÷íîìó ðiâíÿííi // Óêð. ìàò. æóðí. � 2000. � 52, � 3. � Ñ. 319-
325.

4. Áåçíîùåíêî Í.ß. Î ñóùåñòâîâàíèè ðåøåíèÿ çàäà÷ îïðåäåëåíèÿ êîýôôè-
öèåíòîâ ïðè ñòàðøèõ ïðîèçâîäíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé // Äèô-
ôåðåíö. óðàâí. � 1982. � 18, � 6. � Ñ. 996�1000.

5. Áåçíîùåíêî Í.ß. Äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷
îïðåäåëåíèÿ êîýôôèöèåíòîâ ïðè ñòàðøèõ ïðîèçâîäíûõ ïàðàáîëè÷åñêîãî
óðàâíåíèÿ // Äèôôåðåíö. óðàâí. � 1983. � 19, � 11. � Ñ. 1908�1915.

6. Hussein M.S., Lesnic D. Simultaneous determination of time and space-
dependent coe�cients in a parabolic equation // Communications in Nonli-
near Science and Numerical Simulation. � April 2016. � 33. � P. 194�217.

7. Ivanchov M. Inverse problems for equations of parabolic type. Mathematical
Studies. Monograph Series. Vol. 10. � Lviv : VNTL Publishers, 2003. � 240 p.

8. Ëàäûæåíñêàÿ Î.À., Ñîëîííèêîâ Â.À., Óðàëüöåâà Í.Í. Ëèíåéíûå è êâà-
çèëèíåéíûå óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà. � Ì. : Íàóêà, 1967. � 736 ñ.



Îáåðíåíà çàäà÷à äëÿ äâîâèìiðíîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi... 67

Mykola Ivanchov, Natalia Kinash

INVERSE PROBLEM FOR TWO-DIMENSIONAL HEAT
EQUATION WITH UNKNOWN TIME AND
SPACE-DEPENDENT COEFFICIENTS

The paper deals with the inverse problem for the heat equation in a
rectangle. The two elders coe�cients depending on time and spati-
al variables are unknown. Using the Green function, the problem is
reduced to the system integral equations, the study of which lead us to
the conditions of existence and the uniqueness of the solution of the
inverse problem.
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(êîëè, íàïðèêëàä, ïîðóøó¹òüñÿ óìîâà ðiâíîìiðíî¨ ïàðàáîëi÷íîñòi, êîå-
ôiöi¹íòè ðiâíÿíü ¹ íåîáìåæåíèìè â îêîëi äåÿêèõ òî÷îê ÷è íà íåñêií÷åí-
íîñòi, â ðiâíÿííÿ âõîäÿòü ïñåâäîäèôåðåíöiàëüíi âèðàçè, ïðàâi ÷àñòèíè
çàäà÷i ìàþòü ðiçíîãî ðîäó îñîáëèâîñòi òîùî). Äëÿ òàêèõ çàäà÷ äîñëiä-
æóâàëèñü ïèòàííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi, iíòåãðàëüíîãî çîáðàæåííÿ òà
âëàñòèâîñòåé ðîçâ'ÿçêiâ.

Îñíîâíèì ïîíÿòòÿì ó òåîði¨ çàäà÷i Êîøi ¹ ôóíäàìåíòàëüíèé ðîçâ'ÿ-
çîê çàäà÷i Êîøi (ÔÐÇÊ). Ïîâíîòà é òî÷íiñòü ðåçóëüòàòiâ äîñëiäæåí-
íÿ òàêî¨ çàäà÷i, ÿê âiäîìî, iñòîòíî çàëåæèòü âiä òîãî, íàñêiëüêè ïîâíî
é òî÷íî äîñëiäæåíèé ÔÐÇÊ. Òîìó îñíîâíi çóñèëëÿ áóëè ñïðÿìîâàíi, â
ïåðøó ÷åðãó, íà ïîáóäîâó òà âñòàíîâëåííÿ òî÷íèõ îöiíîê i âëàñòèâîñòåé
ÔÐÇÊ, à òàêîæ âèâ÷åííÿ âëàñòèâîñòåé âiäïîâiäíèõ iíòåãðàëiâ Ïóàññîíà
òà îá'¹ìíèõ ïîòåíöiàëiâ.

Äîñëiäæåííÿì îõîïëåíi, ãîëîâíî, òàêi êëàñè ðiâíÿíü i ñèñòåì ðiâ-
íÿíü:

1) ïàðàáîëi÷íi çà I. Ã.Ïåòðîâñüêèì òà
−→
2b-ïàðàáîëi÷íi (ïàðàáîëi÷íi çà

Ñ.Ä.Åéäåëüìàíîì) ñèñòåìè ç îáìåæåíèìè êîåôiöi¹íòàìè òà âèðîäæåí-
íÿìè íà ïî÷àòêîâié ãiïåðïëîùèíi (Ñ.Ä. Iâàñèøåí, Î. Ã. Âîçíÿê, I. Ï.Ìå-
äèíñüêèé [1�7]);

2) ïàðàáîëi÷íi çà I. Ã.Ïåòðîâñüêèì ðiâíÿííÿ i ñèñòåìè ç îïåðàòîðîì
Áåññåëÿ (Ñ.Ä. Iâàñèøåí, Â.Ï.Ëàâðåí÷óê, Ò.Ì.Áàëàáóøåíêî, Ë.Ì.Ìåëü-
íè÷óê [8�11]);

3) ïàðàáîëi÷íi çà I. Ã.Ïåòðîâñüêèì òà çà Ñ.Ä.Åéäåëüìàíîì ñèñòåìè
çi çðîñòàþ÷èìè çi çðîñòàííÿì ïðîñòîðîâèõ çìiííèõ êîåôiöi¹íòàìè çà âiä-
ñóòíîñòi òà íàÿâíîñòi âèðîäæåíü íà ïî÷àòêîâié ãiïåðëîùèíi (Ñ.Ä. Iâà-
ñèøåí, Ã. Ñ.Ïàñi÷íèê [12�14]);

4) êëàñè âèðîäæåíèõ ðiâíÿíü, ÿêi ¹ óçàãàëüíåííÿìè êëàñè÷íîãî ðiâ-
íÿííÿ äèôóçi¨ ç iíåðöi¹þ À.Ì.Êîëìîãîðîâà i ìiñòÿòü çà îñíîâíèìè çìií-
íèìè äèôåðåíöiàëüíi âèðàçè, ïàðàáîëi÷íi çà I. Ã.Ïåòðîâñüêèì òà çà
Ñ.Ä. Åéäåëüìàíîì (Ñ.Ä. Iâàñèøåí, Ë.Ì.Àíäðîñîâà, Î. Ã. Âîçíÿê,
Â.Ñ.Äðîíü, Â.Â.Ëàþê, Ã.Ñ.Ïàñi÷íèê, I. Ï.Ìåäèíñüêèé [15�32]);

5) ïàðàáîëi÷íi ðiâíÿííÿ, ÿêi ìiñòÿòü ïñåâäîäèôåðåíöiàëüíi âèðàçè
(Ñ.Ä.Åéäåëüìàí, ß.Ì.Äðiíü, Â. Â. Ãîðîäåöüêèé, Â.À.Ëiòîâ÷åíêî [33�
40]).

Äëÿ ïåðøèõ ÷îòèðüîõ êëàñiâ ðiâíÿíü i ñèñòåì ðiâíÿíü ðîçðîáëåíà
òåîðiÿ ¨õ ðîçâ'ÿçíîñòi çà çâè÷àéíèõ i âàãîâèõ ïî÷àòêîâèõ óìîâ òà áåç ïî-
÷àòêîâèõ óìîâ çàëåæíî âiä òîãî, ÷è âiäñóòíi, à ÿêùî ïðèñóòíi, òî ÿêîãî
õàðàêòåðó, âèðîäæåííÿ íà ïî÷àòêîâié ãiïåðïëîùèíi. Çîêðåìà, äëÿ îäíî-
ðiäíèõ ñëàáêî âèðîäæåíèõ ñèñòåì iç ïåðøîãî êëàñó, ñèñòåì iç äðóãîãî
êëàñó, à òàêîæ ðiâíÿíü iç ÷åòâåðòîãî êëàñó, êîåôiöi¹íòè ÿêèõ ìîæóòü
çàëåæàòè ëèøå âiä ÷àñîâî¨ çìiííî¨, i ðiâíÿíü iç öüîãî êëàñó äðóãîãî ïî-
ðÿäêó iç çàëåæíèìè âiä óñiõ çìiííèõ êîåôiöi¹íòàìè, çíàéäåíî íåîáõi-
äíi é äîñòàòíi óìîâè òîãî, ùî ñïåöiàëüíî ïîáóäîâàíi âàãîâi Lp-ïðîñòîðè
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ôóíêöié òà âiäïîâiäíi ïðîñòîðè óçàãàëüíåíèõ ìið ¹ ìíîæèíàìè ïî÷àòêî-
âèõ çíà÷åíü i ùî ðîçâ'ÿçêè çîáðàæóþòüñÿ ÷åðåç ¨õ ïî÷àòêîâi çíà÷åííÿ
ó âèãëÿäi iíòåãðàëiâ Ïóàññîíà. Îñòàííi ðåçóëüòàòè ¹ ïîøèðåííÿì âiäïî-
âiäíèõ êëàñè÷íèõ ðåçóëüòàòiâ òåîði¨ ãàðìîíi÷íèõ ôóíêöié íà ðîçâ'ÿçêè
âèùåâêàçàíèõ ðiâíÿíü i ñèñòåì ðiâíÿíü. Çàçíà÷èìî, ùî â ðàìêàõ ðîçðîá-
ëåíî¨ òåîði¨ äëÿ ñèñòåì ç ïåðøîãî êëàñó äîâåäåíî òåîðåìè ïðî àïðiîðíi
îöiíêè òà ïiäâèùåííÿ ãëàäêîñòi ðîçâ'ÿçêiâ, êîðåêòíó ðîçâ'ÿçíiñòü ëiíié-
íèõ ñèñòåì, à òàêîæ ëîêàëüíó ðîçâ'ÿçíiñòü êâàçiëiíiéíèõ ñèñòåì.

Ó ðàìêàõ äîñëiäæåíü ðiâíÿíü ç ÷åòâåðòîãî êëàñó, êîåôiöi¹íòè ÿêèõ
çàëåæàòü âiä óñiõ çìiííèõ, ïîáóäîâàíî òà âèâ÷åíî âëàñòèâîñòi äåùî îñ-
ëàáëåíîãî ïîðiâíÿíî ç êëàñè÷íèì L-ÔÐÇÊ, êîëè â ðiâíÿííi âèðàç, ùî
ìiñòèòü ïîõiäíó çà t i ïîõiäíi çà çìiííèìè ç ãðóï âèðîäæåííÿ, òëóìà-
÷èòüñÿ ÿê ïîõiäíi çà Ñ.Ëi. Äëÿ ðiâíÿíü äðóãîãî ïîðÿäêó ç îäíi¹þ ãðóïîþ
çìiííèõ âèðîäæåííÿ â [27,29,30] çíàéäåíî óìîâè íà êîåôiöi¹íòè, çà ÿêèõ
ïîáóäîâàíî êëàñè÷íèé ÔÐÇÊ, îäåðæàíî òî÷íi îöiíêè éîãî ïîõiäíèõ òà
¨õ ïðèðîñòiâ çà ïðîñòîðîâèìè çìiííèìè. Ïðè öüîìó âèêîðèñòàíî çàïðî-
ïîíîâàíó ðàíiøå àâòîðàìè ìîäèôiêàöiþ êëàñè÷íîãî ìåòîäó Ëåâi, ÿêà ¹
ôàêòè÷íî ïîåòàïíèì çàñòîñóâàííÿì ìåòîäó ïàðàìåòðèêñó Ëåâi.

Äëÿ âèïàäêó, êîëè ïî÷àòêîâi äàíi ¹ óçàãàëüíåíèìè ôóíêöiÿìè òèïó
óëüòðàðîçïîäiëiâ Æåâðå, äîâåäåíî òåîðåìè ïðî îäíîçíà÷íó ðîçâ'ÿçíiñòü
òà âëàñòèâîñòi ëîêàëiçàöi¨ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ åâîëþöiéíèõ ïàðà-
áîëi÷íèõ ðiâíÿíü, ïàðàáîëi÷íèõ çà Ã.�.Øèëîâèì òà çà I. Ã.Ïåòðîâñüêèì
ðiâíÿíü ç âèðîäæåííÿìè íà ïî÷àòêîâié ãiïåðøþùèíi é ïàðàáîëi÷íèõ
çà I. Ã.Ïåòðîâñüêèì ðiâíÿíü ç îïåðàòîðîì Áåññåëÿ (Â.Â. Ãîðîäåöüêèé,
I. Â.Æèòàðþê [41�43]), à òàêîæ âèðîäæåíèõ ðiâíÿíü òèïó À.Ì.Êîëìî-
ãîðîâà (Ñ.Ä. Iâàñèøåí, Ë.Ì.Àíäðîñîâà [44]).

Ó ïðàöÿõ [45, 46] Ñ.Ä. Iâàñèøåíà òà Â.À.Ëiòîâ÷åíêà îçíà÷åíî íîâi
øèðîêi êëàñè âèðîäæåíèõ ðiâíÿíü, ÿêi ¹ óçàãàëüíåííÿìè ðiâíÿíü iç ÷åò-
âåðòîãî êëàñó, òà ðîçðîáëåíî ìåòîäèêó äîñëiäæåííÿ çàäà÷i Êîøi äëÿ íèõ
ó âèïàäêó, êîëè ïî÷àòêîâi äàíi ìîæóòü áóòè óçàãàëüíåíèìè ôóíêöiÿìè
òèïó ðîçïîäiëiâ Æåâðå.

Çíà÷íà óâàãà ïðèäiëÿëàñü äîñëiäæåííÿì ðiâíÿíü iç ï'ÿòîãî êëàñó.
Äëÿ ðiâíîìiðíî ïàðàáîëi÷íèõ çà I. Ã.Ïåòðîâñüêèì ñèñòåì ïñåâäîäèôå-
ðåíöiàëüíèõ ðiâíÿíü ç íåãëàäêèìè ñèìâîëàìè ïîáóäîâàíî ÔÐÇÊ òà äî-
ñëiäæåíî éîãî âëàñòèâîñòi (Ñ.Ä.Åéäåëüìàí, ß.Ì.Äðiíü [33, 34]). Äëÿ
ðiâíÿííÿ äèôóçi¨ ç ïñåâäîäèôåðåíöiàëüíèì äîäàíêîì i äåÿêèõ ïàðàáî-
ëi÷íèõ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü ç íåîäíîðiäíèìè ñèìâîëàìè äî-
ñëiäæåíà àñèìïòîòè÷íà ïîâåäiíêà ÔÐÇÊ òà âñòàíîâëåíà ¹äèíiñòü ñëàá-
êèõ íåâiä'¹ìíèõ ðîçâ'ÿçêiâ çàäà÷i Êîøi (Ñ.Ä.Åéäåëüìàí, Ð.ß.Äðiíü
[35, 36])

Â.Â. Ãîðîäåöüêèì [37,38] ðîçãëÿíóòî çàäà÷ó Êîøi äëÿ ïàðàáîëi÷íèõ
ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü ó âèïàäêó, êîëè ïî÷àòêîâi äàíi ¹ óçà-
ãàëüíåíèìè ïåðiîäè÷íèìè ôóíêöiÿìè, îçíà÷åíî êëàñ ïñåâäîäèôåðåíöi-
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àëüíèõ îïåðàòîðiâ, ÿêèé ìiñòèòü îïåðàòîðè äðîáîâîãî äèôåðåíöiþâàííÿ
â ïðîñòîði óçàãàëüíåíèõ ïåðiîäè÷íèõ ôóíêöié, i ç éîãî äîïîìîãîþ � âiä-
ïîâiäíèé êëàñ ïàðàáîëi÷íèõ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü. Äëÿ òàêèõ
ðiâíÿíü óñòàíîâëåíî îäíîçíà÷íó ðîçâ'ÿçíiñòü çàäà÷i Êîøi òà âèâ÷åíî ïè-
òàííÿ ïðî ãðàíè÷íi çíà÷åííÿ ðîçâ'ÿçêiâ. Ðîçãëÿíóòî òàêîæ çàäà÷à Êîøi
â áàíàõîâèõ ïðîñòîðàõ ïåðiîäè÷íèõ ôóíêöié. Ðÿä âàæëèâèõ ðåçóëüòàòiâ
Â.Â. Ãîðîäåöüêîãî ñòîñóþòüñÿ çàãàëüíîãî âèãëÿäó âñiõ ãëàäêèõ ðîçâ'ÿç-
êiâ ñïåöiàëüíèõ êëàñiâ ïàðàáîëi÷íèõ ðiâíÿíü, ÿêi ìiñòÿòü îïåðàòîðè äðî-
áîâîãî äèôåðåíöiþâàííÿ. Îïèñàíî ìíîæèíè ïî÷àòêîâèõ çíà÷åíü òàêèõ
ðîçâ'ÿçêiâ, óñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ âêàçà-
íèõ ðiâíÿíü ç ïî÷àòêîâèìè äàíèìè â ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié
ñêií÷åííîãî òà íåñêií÷åííîãî ïîðÿäêiâ.

Â.À.Ëiòîâ÷åíêîì [39, 40] îçíà÷åíî êëàñ ïàðàáîëi÷íèõ ïñåâäîäèôå-
ðåíöiàëüíèõ ñèñòåì ðiâíÿíü ç îïóêëèìè öiëèìè àíàëiòè÷íèìè ñèìâîëà-
ìè, ÿêèé îõîïëþ¹

−→
2B-ïàðàáîëi÷íi ñèñòåìè ðiâíÿíü iç ÷àñòèííèìè ïî-

õiäíèìè ç êîåôiöi¹íòàìè, íå çàëåæíèìè âiä ïðîñòîðîâî¨ çìiííî¨. Äëÿ
ñèñòåì ç òàêîãî êëàñó âñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi ó
âèïàäêó óçàãàëüíåíèõ ïî÷àòêîâèõ ôóíêöié òèïó óëüòðàðîçïîäiëiâ Æåâ-
ðå òà îïèñàíî âñi ãðàíè÷íi çíà÷åííÿ ãëàäêèõ ðîçâ'ÿçêiâ, ÿêi ìàþòü õà-
ðàêòåðíi äëÿ ¨õ ôóíäàìåíòàëüíèõ ìàòðèöü ðîçâ'ÿçêiâ âëàñòèâîñòi.

Êðiì âèùåíàâåäåíèõ ïðîâîäèëèñü é iíøi äîñëiäæåííÿ.

Òàê, îêðåìi ïèòàííÿ ÿêiñíî¨ òåîði¨ ðîçâ'ÿçêiâ ïàðàáîëi÷íèõ òà åëiïòè-
÷íèõ ñèñòåì âèâ÷àëè Ñ.Ä.Åéäåëüìàí i Ë.Ì. Iâàñèøèí. Ïåðøèé àâòîð
äîñëiäæóâàâ âëàñòèâîñòi äîäàòíèõ ñëàáêèõ ðîçâ'ÿçêiâ ïàðàáîëi÷íèõ çà
I. Ã.Ïåòðîâñüêèì ñèñòåì äèâåðãåíòíî¨ ñòðóêòóðè. Äðóãà àâòîðêà âñòàíî-
âèëà ñïåöiàëüíi L1-îöiíêè êëàñè÷íèõ ðîçâ'ÿçêiâ çàãàëüíèõ ïàðàáîëi÷íèõ
ó ñåíñi I. Ã.Ïåòðîâñüêîãî ñèñòåì i äåÿêèõ åëiïòè÷íèõ ñèñòåì çi ñòðóêòó-
ðîþ ëiíåàðèçîâàíî¨ ñòàöiîíàðíî¨ ñèñòåìè Íàâ'¹�Ñòîêñà. Òàêi îöiíêè öi-
êàâi é ñàìi ïî ñîái, é ñâî¨ìè çìiñòîâíèìè çàñòîñóâàííÿìè â ÿêiñíié òåîði¨
äîäàòíèõ ðîçâ'ÿçêiâ.

Âèâ÷àëèñü òàêîæ ïèòàííÿ ñòàáiëiçàöi¨ ðîçâ'ÿçêiâ. Â.Â. Ãîðîäåöüêèì
çíàéäåíî óìîâè ñëàáêî¨ ñòàáiëiçàöi¨ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ äåÿêèõ
ïàðàáîëi÷íèõ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü ç íåãëàäêèìè ñèìâîëàìè,
à Ñ.Ä.Åéäåëüìàíîì � óìîâè, çà ÿêèõ ñòàáiëiçóþòüñÿ îáìåæåíi ðîçâ'ÿçêè
êðàéîâèõ çàäà÷ äëÿ ñèñòåìè ðiâíÿíü òåïëî- i ìàñîîáìiíó, ïðè öüîìó äàíî
ïîâíèé îïèñ ÿäåð Ïóàññîíà öèõ çàäà÷.

Ì. I.Ìàòié÷óêîì äîâåäåíî òåîðåìó ïðî êîðåêòíó ðîçâ'ÿçíiñòü i ïî-
áóäîâàíî ìàòðèöþ �ðiíà ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ ç îïåðàòîðîì
Áåññåëÿ â ðiâíÿííÿõ i êðàéîâèõ óìîâàõ, ïðè öüîìó äîñëiäæåíî âëàñòè-
âîñòi ÿäåð Ïóàññîíà âiäïîâiäíèõ ìîäåëüíèõ çàäà÷.

Çàóâàæèìî, ùî áiëüøiñòü âèùåíàçâàíèõ ðåçóëüòàòiâ óâiéøëè ïîâ-
íiñòþ àáî ÷àñòêîâî äî ìîíîãðàôié [38, 47�50], à îãëÿäè ðåçóëüòàòiâ ç
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îêðåìèõ ïèòàíü ìiñòÿòüñÿ â ñòàòòÿõ [51�54].
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Stepan Ivasyshen, Ihor Medynsky, Halyna Pasichnyk

PARABOLIC EQUATIONS WITH DIFFERENT
SINGULARITIES AND DEGENERATIONS

A brief overview of the main results which obtained by research
workers of Chernivtsi Branch of Pidstryhach Institute for Applied
Problems of Mechanics and Mathematics of National Academy of
Science of Ukraine is given. The results relate to wide classes of
equations of the parabolic type with di�erent degenerations and si-
ngularities. These results were obtained through research that carried
out during 1988�2016 under the direction of professor S.D. Ivasyshen
and professor B.Yo. Ptashnyk.
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Âîëîäèìèð Iëüêiâ1

ÍÅËÎÊÀËÜÍÀ ÇÀÄÀ×À ÄËß ÃIÏÅÐÁÎËI×ÍÈÕ
ÐIÂÍßÍÜ Ç ÂÈÙÈÌÈ ÏÎÕIÄÍÈÌÈ Â ÓÌÎÂÀÕ

Äîñëiäæåíî çàäà÷ó ç íåëîêàëüíèìè äâîòî÷êîâèìè óìîâàìè çà
÷àñîâîþ êîîðäèíàòîþ äëÿ ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõi-
äíèìè çi ñòàëèìè êîåôiöi¹íòàìè. Çíàéäåíî íåîáõiäíi i äîñòà-
òíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó öi¹¨ çàäà÷i ó êëàñi ïåðiîäè÷íèõ çà
ïðîñòîðîâèìè çìiííèìè ôóíêöié. Âèâ÷åíî àñèìïòîòè÷íi âëà-
ñòèâîñòi ðîçâ'ÿçêó òà âñòàíîâëåíî ôðåäãîëüìîâiñòü çàäà÷i òà
içîìîðôiçì îïåðàòîðà íåëîêàëüíèõ óìîâ.

1. Âñòóï

Íåëîêàëüíi óìîâè (çîêðåìà, áàãàòîòî÷êîâi òà iíòåãðàëüíi) äëÿ ðiâ-
íÿíü iç ÷àñòèííèìè ïîõiäíèìè ÷àñòî çóñòði÷àþòüñÿ ó ìàòåìàòè÷íèõ ìî-
äåëÿõ áàãàòüîõ ôiçè÷íèõ, áiîëîãi÷íèõ i òåõíi÷íèõ ïðîöåñiâ.

Çàäà÷i ç íåëîêàëüíèìè óìîâàìè, âçàãàëi, ¹ íåêîðåêòíèìè çà Àäàìà-
ðîì i ïîâ'ÿçàíi ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ, â ÿêié ïðîÿâëÿþòüñÿ
äiîôàíòîâi âëàñòèâîñòi ïàðàìåòðiâ çàäà÷i. Ìåòðè÷íèé ïiäõiä äî âèâ÷åí-
íÿ íåëîêàëüíèõ çàäà÷ ó ñîáîë¹âñüêèõ (òà iíøèõ) øêàëàõ ïåðiîäè÷íèõ,
ìàéæå ïåðiîäè÷íèõ ôóíêöié çàñòîñîâàíî ó ðîáîòàõ [1, 2].

Ðåçóëüòàòè âèâ÷åííÿ çàäà÷ ç íåëîêàëüíèìè óìîâàìè äëÿ ðiâíÿíü iç
÷àñòèííèìè ïîõiäíèìè îïóáëiêîâàíî ó áàãàòüîõ ðîáîòàõ, çîêðåìà [3�17].

Ïðèêëàäàìè íåëîêàëüíèõ çàäà÷ äëÿ ãiïåðáîëi÷íîãî ðiâíÿííÿ

∂u

∂t
+
∂u

∂x
= 0

¹ íåêîðåêòíà çàäà÷à ç iíòåãðàëüíîþ óìîâîþ∫ T

0
u(t, x) dt = φ(x),

äå T � iððàöiîíàëüíå ÷èñëî, ó øêàëi ïðîñòîðiâ Ñîáîë¹âà ôóíêöié ïåðiî-
äè÷íèõ çà çìiííîþ x. Óçàãàëüíåíèé ðîçâ'ÿçîê ó âèãëÿäi ðÿäó

u(t, x) =
∑
k∈Z

ikφk
1− e−ikT

eik(x−t)

1Íàöiîíàëüíèé óíiâåðñèòåò
”
Ëüâiâñüêà ïîëiòåõíiêà“, ilkivv@i.ua
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òàêî¨ çàäà÷i äëÿ äåÿêèõ çíà÷åíü T íå íàëåæèòü äî øêàëè ïðîñòîðiâ Ñî-
áîë¹âà äëÿ äîâiëüíî¨ ôóíêöi¨ φ ç öi¹¨ øêàëè, ÿêà íå ¹ òðèãîíîìåòðè÷íèì
ìíîãî÷ëåíîì, îñêiëüêè ïîñëiäîâíiñòü

∣∣1−e−ikT ∣∣ ìîæå ÿê çàâãîäíî øâèä-
êî íàáëèæàòèñÿ äî íóëÿ.

Çàäà÷à ñòà¹ êîðåêòíîþ ó ñîáîë¹âñüêié øêàëi, ÿêùî âèêîðèñòàòè òàêó
iíòåãðàëüíó óìîâó: ∫ T

0
tu(t, x) dt = φ(x).

Âîíà ìà¹ ðîçâ'ÿçîê ó âèãëÿäi ðÿäó

u(t, x) =
∑
k∈Z

k2φk
1 + (ikT − 1)e−ikT

eik(x−t),

ó ÿêîìó äëÿ âñiõ T > 0 íîðìè äiëüíèêiâ íå ìåíøi |k|T/2, ÿêùî |k| ≥ 4/T .
Êîðåêòíîþ ¹ òàêîæ äâîòî÷êîâà çàäà÷à ç óìîâîþ

∂u

∂t

∣∣∣
t=0

+ u|t=T = φ(x),

ùî ìiñòèòü ïîõiäíó çà çìiííîþ t, ÿê i ðiâíÿííÿ (∂/∂t)u + (∂/∂x)u = 0,
îñêiëüêè ¨¨ ðîçâ'ÿçîê

u(t, x) =
∑
k∈Z

φk
e−ikT − ik

eik(x−t)

äëÿ âñiõ t íàëåæèòü ïðîñòîðó Ñîáîë¹âà, ÿêùî φ íàëåæèòü ïðîñòîðó
Ñîáîë¹âà.

Ç iíøîãî áîêó, äâîòî÷êîâà çàäà÷à ç óìîâîþ

u|t=0 + u|t=T = φ(x)

¹ çíîâó íåêîðåêòíîþ çâàæàþ÷è íà ¨¨ ðîçâ'ÿçîê

u(t, x) =
∑
k∈Z

φk
1 + e−ikT

eik(x−t),

â ÿêîìó ïðèñóòíi ìàëi çíàìåííèêè 1 + e−ikT , òîìó ¨õ ïîñëiäîâíiñòü ìà¹
íóëü òî÷êîþ ñêóï÷åííÿ.

Ó öié ðîáîòi äëÿ ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè ðîçãëÿäà-
¹òüñÿ êðàéîâà çàäà÷à ç íåëîêàëüíèìè äâîòî÷êîâèìè óìîâàìè íà ÷àñî-
âîìó ïðîìiæêó, ÿêi ìiñòÿòü ïîõiäíi ïîðÿäêó íå íèæ÷îãî, íiæ ó ñèñòåìi.
Âèâ÷à¹òüñÿ çàëåæíiñòü ðîçâ'ÿçíîñòi çàäà÷i âiä äîâæèíè öüîãî ïðîìiæ-
êó òà ¨¨ êîðåêòíiñòü ó ñîáîë¹âñüêié øêàëi ïåðiîäè÷íèõ çà ïðîñòîðîâèìè
çìiííèìè ôóíêöié, à òàêîæ äîñëiäæóþòüñÿ âëàñòèâîñòi ôðåäãîëüìîâî-
ñòi òà içîìîðôíîñòi. Ðåçóëüòàòè äîïîâíþþòü òâåðäæåííÿ ðîáiò [14�16].
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2. Ïîñòàíîâêà çàäà÷i

Ó öüîìó ïóíêòi ââåäåíî îáëàñòü, ó ÿêié ðîçãëÿäà¹òüñÿ çàäà÷à, ñèñòå-
ìó ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè n-ãî ïîðÿäêó òà íåëîêàëüíi äâî-
òî÷êîâi óìîâè ç âèùèìè ïîõiäíèìè ïîðÿäêó n + l, äå l ≥ 0, ïðîñòîðè
ïåðiîäè÷íèõ âåêòîð-ôóíêöié i äàíî îçíà÷åííÿ ðîçâ'ÿçêó.

Íåõàé Qp = [0, T ]× Ωp �öèëiíäð, Ωp � p-âèìiðíèé òîð (R/2πZ)p, äå
p ∈ N, 0 < T0 ≤ T ≤ T1 < +∞, i íåõàé t ∈ [0, T ], x = (x1, . . . , xp) ∈ Ωp,
∂t = ∂/∂t, ∂xj = ∂/∂xj , ∂x = (∂x1 , . . . , ∂xp) òà ∂

s
x = ∂s1x1 · · · ∂

sp
xp äëÿ s =

(s1, . . . , sp) ∈ Zp+.
Â îáëàñòi Qp äëÿ n ≥ 2 ðîçãëÿäà¹òüñÿ çàäà÷à äëÿ ñèñòåìè äèôåðåí-

öiàëüíèõ ðiâíÿíü

Ln(∂t, ∂x)u ≡ ∂nt u+

n∑
j=1

Aj(∂x)∂
n−j
t u = 0 (1)

ç íåëîêàëüíîþ çà çìiííîþ t âåêòîðíîþ óìîâîþ

l+n∑
j=0

B0j(∂x)∂
l+n−j
t u

∣∣
t=0

+
l+n∑
j=1

Bj(∂x)∂
l+n−j
t u

∣∣
t=T

= φ, (2)

äå äèôåðåíöiàëüíi âèðàçè

Aj(∂x) =
∑
|s|≤j

Ajs∂
s
x, B0j(∂x) =

∑
|s|≤j

Bs
0j∂

s
x, Bj(∂x) =

∑
|s|≤j

Bs
j∂

s
x

ìàþòü êîìïëåêñíi ìàòðè÷íi ïîðÿäêó m êîåôiöi¹íòè Ajs i ìàòðè÷íi êîå-
ôiöi¹íòè Bs

0j , B
s
j ðîçìiðó nm×m. Ïðàâó ÷àñòèíó φ = φ(x) = (φ1, . . . , φn)

â óìîâi (2) i øóêàíèé ðîçâ'ÿçîê u = u(t, x) = (u1, . . . , um) çàäà÷i (1), (2)
ââàæà¹ìî 2π-ïåðiîäè÷íèìè çà çìiííîþ x âåêòîðàìè ðîçìiðó nm i m.

Íåõàé k̃ =
√

1 + k21 + · · ·+ k2p, à µj = µj(k)� âñi êîðåíi ðiâíÿííÿ

det
n∑
j=0

Aj(ik)λ
n−j ≡ detLn(ik̃µ, ik) = 0, (3)

äå A0(ik) = Im (Im � îäèíè÷íà ìàòðèöÿ ïîðÿäêó m); ïîçíà÷èìî

λj = λj(k) = ik̃µj(k), j = 1, . . . , nm. (4)

Ïðèïóñêà¹ìî iñíóâàííÿ äîäàòíèõ ÷èñåë K ≥ 1, R ≥ 1, µ0, µ−, µ+ òàêèõ,
ùî êîðåíi µj ó ðàçi k̃ ≥ K çàäîâîëüíÿþòü òàêi íåðiâíîñòi:∣∣eλj(k)T ∣∣ ≤ R, |µα(k)− µβ(k)| ≥ µ0, µ− ≤ |µj(k)| ≤ µ+. (5)
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Çîêðåìà, ÷èñëà R = R(⃗a), µ0 = µ0(⃗a) òà µ+ = µ+(⃗a) iñíóþòü äëÿ ñòðîãî
ãiïåðáîëi÷íî¨ ñèñòåìè (òóò µ0 � ñòàëà ãiïåðáîëi÷íîñòi) òà äëÿ äîâiëüíîãî
âåêòîðà a⃗, ñêëàäåíîãî ç óñiõ êîåôiöi¹íòiâ ñèñòåìè (1).

Ç óìîâè (5) âèïëèâà¹, ùî êîðåíi µj(k)�ïðîñòi òà âiäìiííi âiä íóëÿ
äëÿ ìíîæèíè âåêòîðiâ k, ÿêi íå íàëåæàòü êóëi {k ∈ Zp : k̃ < K}.

Íåõàé H�ïðîñòið m-âèìiðíèõ âåêòîðiâ, êîìïîíåíòè ÿêèõ ¹ òðèãî-
íîìåòðè÷íèìè 2π-ïåðiîäè÷íèìè ìíîãî÷ëåíàìè (ïðîñòið îñíîâíèõ ôóí-
êöié), à H′ � ñïðÿæåíèé ç íèì ïðîñòið óçàãàëüíåíèõ 2π-ïåðiîäè÷íèõ
âåêòîð-ôóíêöié (ôîðìàëüíèõ òðèãîíîìåòðè÷íèõ ðÿäiâ).

Íåõàé Hq = Hq(Ω
p)�ïðîñòið Ñîáîë¹âà 2π-ïåðiîäè÷íèõ çà x1, . . . , xp

âåêòîð-ôóíêöié v(x) =
∑

k∈Zp vke
ik·x, vk ∈ Cm, ùî óòâîðåíèé ïîïîâíå-

ííÿì ïðîñòîðó H çà íîðìîþ ∥v;Hq∥ =
(∑

k∈Zp k̃2q∥vk∥2
)1/2

, äå ∥ · ∥�
åâêëiäîâà íîðìà, k · x = k1x1 + · · · + kpxp. Âêëþ÷åííÿ H ⊂ Hq ⊂ H′

ïðîñòîðiâ ¹ íåïåðåðâíèìè äëÿ âñiõ ÷èñåë q ∈ R.
Ïîçíà÷èìî Hn+l

q = Hn+l
q (Qp)� áàíàõiâ ïðîñòið ôóíêöié u = u(t, x)

òàêèõ, ùî ∂jt u ∈ C([0, T ];Hq−j) äëÿ j = 1, . . . , n + l òà ââåäåìî íîðìó

∥u;Hn+l
q ∥ =

(∑n+l
j=0maxt∈[0,T ] ∥∂

j
t u(t, ·);Hq−j∥2

)1/2.
Îçíà÷åííÿ 1. Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1), (2) íàçèâà¹-

òüñÿ åëåìåíò u ∈ Cn+l([0, T ];H′), ÿêèé çàäîâîëüíÿ¹ íà (0, T ) ñèñòåìó
äèôåðåíöiàëüíèõ ðiâíÿíü (1) i íåëîêàëüíi óìîâè (2) ó ïðîñòîði H′.

Îçíà÷åííÿ 2. Ðîçâ'ÿçêîì çàäà÷i (1), (2) íàçèâà¹òüñÿ òàêèé ¨¨ óçà-
ãàëüíåíèé ðîçâ'ÿçîê, ÿêèé íàëåæèòü äî ïðîñòîðó Hn+l

q .

Ç îçíà÷åííÿ 9 âèïëèâà¹, ùî íåîáõiäíîþ óìîâîþ iñíóâàííÿ ðîçâ'ÿçêó
çàäà÷i (1), (2) ¹ óìîâà íàëåæíîñòi âåêòîðiâ φ1, . . . , φn (êîìïîíåíò âåêòî-
ðà φ) äî ïðîñòîðó Hq−n−l.

Çàäà÷à (1), (2), âçàãàëi, ¹ íåêîðåêòíîþ çà Àäàìàðîì [1, 2] ó øêàëi
{Hq}q∈R (ÿê i â iíøèõ øêàëàõ, ïîâ'ÿçàíèõ ç ïðîñòîðîì H′).

ßêùî æ ñïðàâäæó¹òüñÿ óìîâà (5), òî çàäà÷à êîðåêòíà ó öié øêàëi,
ùî i äîâåäåíî ó ðîáîòi.

3. Ðîçâ'ÿçêè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

Ó öüîìó ïóíêòi ðîçãëÿíóòî çàäà÷i ç íåëîêàëüíèìè óìîâàìè äëÿ ñè-
ñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêi ìiñòÿòü âåêòîðíèé ïàðà-
ìåòð k, ùî ïîâ'ÿçàíi iç çàäà÷åþ (1), (2).

Îñêiëüêè ðîçâ'ÿçîê çàäà÷i (1), (2) ìà¹ âèãëÿä

u =
∑
k∈Zp

uk(t)e
ik·x, (6)
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òî ôóíêöiÿ uk = uk(t) ¹ ðîçâ'ÿçêîì çàäà÷i

Ln

( d
dt
, ik
)
uk = 0, (7)

B00u
(l+n)
k (0) +

l+n∑
j=1

[
B0j(ik)u

(l+n−j)
k (0) +Bj(ik)u

(l+n−j)
k (T )

]
= φ̂k, (8)

òóò φ̂k �êîåôiöi¹íòè Ôóð'¹ âåêòîð-ôóíêöi¨ φ.
Äëÿ âèçíà÷åííÿ ôóíêöié uk, k ∈ Zp, çðîáèìî çàìiíó

vk ≡ vk(t) = col(vjk)j=1,...,n = col
(
(ik̃)n+1−ju

(j−1)
k

)n
j=1

(9)

i çàïðîâàäèìî nm-ìàòðèöþ L(k), äå

L(k) = col
((

0 I(n−1)m

)
,
(−An+1−j(ik)

(ik̃)n+1−j

)n
j=1

)
, (10)

ç âëàñíèìè çíà÷åííÿìè µ1, . . . , µnm i ðiâíîìiðíî îáìåæåíîþ íîðìîþ

∥L(k)∥2 ≤ (n− 1)m+A2(K1), A2(K1) =

n∑
j=1

∑
|s|≤j

K
2(|s|−j)
1 ∥Ajs∥2, (11)

ó ðàçi k̃ ≥ K1 ≥ K (ôóíêöiÿ A(K1) ìîíîòîííî ñïàäà¹ äî ãðàíè÷íîãî

çíà÷åííÿ A0 ≡ A(∞) =
(∑n

j=1

∑
|s|=j ∥Ajs∥2

)1/2
).

Òîäi vk �ðîçâ'ÿçîê äâîòî÷êîâî¨ çàäà÷i äëÿ ñèñòåìè ïåðøîãî ïîðÿäêó

v′k = ik̃L(k)vk,

v
(l+1)
k (0) + ik̃B−1

0

l+1∑
j=1

[
B∗
j (k)Z

−1
k v

(l+1−j)
k (0) +

+Bj(k)Z
−1
k v

(l+1−j)
k (T )

]
= ik̃B−1

0 φ̂k ≡ φ̂∗
k,

(12)

äå B∗
l+1(k) =

(
B∗
l+n(k) . . . B

∗
l+1(k)

)
, Bl+1(k) =

(
B0,l+n(ik) . . . B0,l+1(ik)

)
,

B∗
j (k) =

(
0nm×(n−1)m B∗

j (k)
)
, Bj(k) =

(
0nm×(n−1)m Bj(ik)

)
ó ðàçi l > 0

äëÿ iíøèõ çíà÷åíü j, à B0 =
(
I⊤m(1) . . . I

⊤
m(n − 1) B00

)
. Ìàòðèöi B∗

j (k)

âèçíà÷àþòüñÿ ôîðìóëàìè B∗
j (k) = B0j(ik) − (ik̃)jI⊤m(n − j) äëÿ j =

1, . . . , n− 1 òà B∗
j (k) = B0j(ik) äëÿ j = n, . . . , l+ n, à ïðÿìîêóòíi ìàòðè-

öi Im(j) ñêëàäàþòüñÿ ç m ðÿäêiâ òà óòâîðþþòü ãîðèçîíòàëüíå ðîçáèòòÿ
îäèíè÷íî¨ ìàòðèöi Inm, òîáòî Inm = col

(
Im(1), . . . , Im(n)

)
. Äëÿ n = 1

ìà¹ìî B0 = B00 i B∗
j (k) = B0j(ik), äå j = 1, . . . , l + 1.

Äëÿ îöiíþâàííÿ ðîçâ'ÿçêó vk = vk(t), ÿêèé ìiñòèòü ôóíêöi¨ âiä L(k),
äîöiëüíî ïîäàòè îñòàííi ó ñïåöiàëüíié ôîðìi [2]. Íåõàé ìàòðèöÿ L(k)
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ìà¹ ïðîñòi âëàñíi çíà÷åííÿ µ1 = µ1(k), . . . , µnm = µnm(k) i ôóíêöiÿ
S : C → C âèçíà÷åíà â îêîëi öèõ çíà÷åíü, C ∈ Cnm �äîâiëüíèé âåêòîð,
òîäi

S
(
L(k)

)
C = Rk

(
C
)
W−⊤(k)

 S(µ1)
. . .

S(µnm)

 , (13)

äå W−⊤(k)� îáåðíåíà äî òðàíñïîíîâàíî¨ W⊤(k) ìàòðèöi Âàíäåðìîíäà
W (k) =

(
µi−1
j

)
i,j=1,...,nm

, Rk(C) =
(
C L(k)C . . . Lnm−1(k)C

)
�ìàòðèöÿ

êåðîâàíîñòi (äèâ. [17, ñ. 135] òà [18, ñ. 123]) ëiíiéíî¨ íåîäíîðiäíî¨ ñèñòåìè
v′k = L(k)vk + Chk, â ÿêié hk = hk(t)� ñêàëÿðíå êåðóâàííÿ.

Òåîðåìà 1. Äëÿ äîâiëüíîãî K1 ≥ K i äëÿ äîâiëüíî¨ ìàòðèöi F ç
nm ñòîâïöÿìè ôóíêöiÿ S

(
L(k)

)
ç ìàòðè÷íèì àðãóìåíòîì L(k) äëÿ

C ∈ Cnm i k̃ ≥ K1 ñïðàâäæó¹ îöiíêè∥∥FS(L(k)C)∥∥ ≤ µnm
∥∥FRk(C)

∥∥ max
j=1,...,nm

∣∣S(µj)∣∣,∥∥S(L(k))∥∥ ≤ µnmR1(K1) max
j=1,...,nm

∣∣S(µj)∣∣, (14)

äå µ =
(
(1 + µ+)/µ0

)nm−1 i R2
1(K1) =

∑nm
j=1

(
(n− 1)m+A2(K1)

)j−1.

Äîâåäåííÿ. Iç ôîðìóëè (13) âèïëèâà¹ îöiíêà∥∥FS(L(k))C∥∥ ≤ (nm)1/2
∥∥FRk(C)

∥∥∥∥W−⊤(k)
∥∥ max
j=1,...,nm

∣∣S(µj)∣∣,
à ç ôîðìóëè (11) � íåðiâíiñòü

∥∥Rk(C)
∥∥2 = nm∑

j=1

∥∥Lj−1(k)C
∥∥2 ≤ ∥C∥2

nm∑
j=1

∥∥L(k)∥∥2j−2 ≤ R2
1(K1)∥C∥2.

Òåïåð îöiíêè (14) ¹ íàñëiäêîì íåðiâíîñòi ∥W−⊤(k)∥ ≤ µ
√
nmµ. Âîíà ¹

ðåçóëüòàòîì çàñòîñóâàííÿ òàêèõ äâîõ ôîðìóë :

∥W−1(k)∥2 ≤ nm ∥W−1(k)∥2∞, ∥W−1(k)∥∞ ≤ max
α=1,...,nm

nm∏
j=1,j ̸=α

1 + |µj |
|µα − µj |

iç ðîáîòè [21, p. 108, 109, 417]. �

Íà îñíîâi ôîðìóë (5) i (14), äå S(z) = (ik̃z)j−l−1eik̃zt, îòðèìó¹ìî
îöiíêó äëÿ ðîçâ'ÿçêó vk = Ek(t)Ck ñèñòåìè v′k = ik̃L(k)vk:

∥Fv(j)k (t)∥ ≤ µnmR

(k̃µ−)l−j+1

∥∥FRk(Ck)
∥∥, k ≥ K1, 0 ≤ j ≤ l + 1, (15)

äå t ∈ [0, T ], à Ck ∈ Cnm.



Íåëîêàëüíà ãiïåðáîëi÷íà çàäà÷à ç âèùèìè ïîõiäíèìè 83

Ðîçâ'ÿçêè ñèñòåìè (7) i ñèñòåìè ç ôîðìóëè (12) ïîâ'ÿçóþòü çãiäíî çi
çàìiíîþ (9) ñïiââiäíîøåííÿ

(ik̃)q−ju
(j)
k (t) =

{
(ik̃)q−nvj+1,k(t), j = 0, 1, . . . , n− 1,

(ik̃)q−j−1v
(j−n+1)
nk (t), j = n, . . . , n+ l,

òîìó, ïîñèëàþ÷èñü íà òåîðåìó 1, ìà¹ìî

∥∥u(j)k (t)
∥∥ ≤ k̃j−n−l−1µnmR

µl+1
−

∥∥Im(j+1)Rk(Ck)
∥∥, j = 0, 1, . . . , n− 1,

∥∥u(j)k (t)
∥∥ ≤ k̃j−n−l−1 µnmR

µl+n−j−

∥∥Im(n)Rk(Ck)
∥∥, j = n, . . . , n+ l.

(16)

4. Äîñëiäæåííÿ óçàãàëüíåíèõ ðîçâ'ÿçêiâ

Ó öüîìó ïóíêòi ââåäåíî ïîçíà÷åííÿ, ñôîðìóëüîâàíî òà äîâåäåíî òå-
îðåìó ïðî ¹äèíiñòü i òåîðåìó ïðî iñíóâàííÿ óçàãàëüíåíèõ ðîçâ'ÿçêiâ çà-
äà÷i (1), (2), çîêðåìà, ïîäàíî çîáðàæåííÿ öèõ ðîçâ'ÿçêiâ.

Âèêîðèñòà¹ìî ôóíäàìåíòàëüíó ìàòðèöþ Ek òà õàðàêòåðèñòè÷íó ìà-
òðèöþ Mk, ïîêëàäàþ÷è

Ek≡Ek(t)=
(
ik̃L(k)

)−l−1
eik̃L(k)t), k̃ ≥ K, Ek=e

ik̃L(k)t), k̃ < K,

Mk = E
(l+1)
k (0) + ik̃B−1

0

l+1∑
j=1

[
B∗
j (k)Z

−1
k E

(l+1−j)
k (0) +

+Bj(k)Z
−1
k E

(l+1−j)
k (T )

]
.

(17)

Ââåäåìî ïðîåêòîðè Pk = M−
k Mk òà Qk = MkM

−
k , ùî äiþòü ó ïðîñòîði

Cnm, äå M−
k �ïñåâäîîáåðíåíà [19, p. 428] äî Mk ìàòðèöÿ (äëÿ íåâè-

ðîäæåíî¨ ìàòðèöi Mk ìà¹ìî M−
k = M−1

k i Pk = Qk = Inm), à òàêîæ
ïðîåêòîðè P òà Q, ùî äiþòü íà ôóíêöi¨ ψ =

∑
k∈Zp ψ̂ke

ik·x, äå ψ̂k ∈ Cnm,
çà ïðàâèëàìè

Pψ =
∑
k∈Zp

Pkψ̂ke
ik·x, Qψ =

∑
k∈Zp

Qkψ̂ke
ik·x. (18)

Òåîðåìà 2. Ðîçâ'ÿçîê çàäà÷i (12) iñíó¹ òîäi i òiëüêè òîäi, êîëè
(Inm −Qk)φ̂

∗
k = 0; âií ìà¹ âèãëÿä

vk = Ek(t)M
−
k φ̂

∗
k + Ek(t)(Inm − Pk)Uk, (19)

äå Uk � äîâiëüíèé âåêòîð ç ïðîñòîðó Cnm.



84 Â. Ñ. Iëüêiâ

Äîâåäåííÿ. Ó ðàçi MkCk = φ̂∗
k çàãàëüíèé ðîçâ'ÿçîê vk = Ek(t)Ck

ñèñòåìè v′k = ik̃L(k)vk çàäîâîëüíÿ¹ íåëîêàëüíó óìîâó (12), òîáòî ¹ øó-
êàíèì ðîçâ'ÿçêîì.

Îñêiëüêè MkCk − φ̂∗
k = MkCk − Qkφ̂

∗
k + (Qk − Inm)φ̂

∗
k, òî, íà îñíîâi

ôîðìóëè
(Inm −QHk )Mk =MH

k (Inm −Qk) = 0, (20)

ÿêà âèïëèâà¹ [20, ñ. 123] ç âëàñòèâîñòåé QkMk = Mk i QHk = Qk, äå
ìàòðèöÿ QHk åðìiòîâî ñïðÿæåíà ç Qk, îòðèìó¹ìî ðiâíiñòü

∥MkCk − φ̂∗
k∥2 = ∥MkCk −Qkφ̂

∗
k∥2 + ∥(Inm −Qk)φ̂

∗
k∥2.

ßêùî (Inm−Qk)φ̂∗
k ̸= 0, òî ∥MkCk− φ̂∗

k∥2 ≥ ∥(Inm−Qk)φ̂∗
k∥2 > 0 äëÿ

äîâiëüíîãî âåêòîðà Ck, çîêðåìà MkCk ̸= φ̂∗
k, òîáòî ðîçâ'ÿçîê çàäà÷i (12)

íå iñíó¹.
Ó ïðîòèëåæíîìó âèïàäêó, ñèñòåìà MkCk = φ̂∗

k åêâiâàëåíòíà çi ñè-
ñòåìîþ MkCk = Qkφ̂

∗
k +Mk(Inm − Pk)Uk, ÿêà ìà¹ [19, ñ. 436] çàãàëüíèé

ðîçâ'ÿçîê
Ck =M−

k φ̂
∗
k + (Inm − Pk)Uk,

äå (Inm − Pk)Uk �ÿäðî ìàòðèöi Mk.
Çâiäñè âèïëèâà¹ (19). Òåîðåìó äîâåäåíî. �
Âñòàíîâèìî òåîðåìó iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1),

(2), ÿêà ñïðàâäæó¹òüñÿ äëÿ äîâiëüíîãî âåêòîðà êîåôiöi¹íòiâ a⃗.

Òåîðåìà 3. Óçàãàëüíåíèé ðîçâ'ÿçîê u çàäà÷i (1), (2) iñíó¹ òîäi i
òiëüêè òîäi, êîëè ñïðàâäæó¹òüñÿ óìîâà (I−Q)

∑
k∈Zp φ̃∗

ke
ik·x = 0. Éîãî

çîáðàæó¹ ôîðìóëà u = Im(1)
∑

k∈Zp(ik̃)−nv∗ke
ik·x, ÿêùî

v =
∑
k∈Zp

vke
ik·x =

∑
k∈Zp

Ek(t)M
−
k φ̂

∗
ke
ik·x+

∑
k∈Zp

Ek(t)
(
(I −P )U

)
k
eik·x, (21)

äå U =
∑

k∈Zp Uke
ik·x� äîâiëüíèé âåêòîð, n êîìïîíåíò ÿêîãî íàëå-

æàòü äî ïðîñòîðó H′, âåêòîðè
(
(I − P )U

)
k
= (Inm − Pk)Uk ¹ êîåôi-

öi¹íòàìè Ôóð'¹ ôóíêöi¨ (I − P )U , à I � îäèíè÷íèé îïåðàòîð.

Äîâåäåííÿ. Îñêiëüêè ðîçâ'ÿçîê çàäà÷i (1), (2) ìà¹ âèãëÿä (6), òî
ôóíêöiÿ vk = vk(t) ¹ ðîçâ'ÿçêîì çàäà÷i (12) i v1k = Im(1)vk = (ik̃)nuk çà
ôîðìóëîþ (9), òîáòî uk = (ik̃)−nIm(1)vk.

Âèêîðèñòàâøè ôîðìóëó (19) çäîáóäåìî ðiâíiñòü (21). Ïiäñòàíîâêà
ñïiââiäíîøåííÿ ìiæ uk i vk ó ôîðìóëó (6) çàâåðøó¹ äîâåäåííÿ. �

Äëÿ äîâiëüíî¨ ïiäìíîæèíè Z ⊂ Zp ââåäåìî ó ïðîñòîði óçàãàëüíåíèõ
2π-ïåðiîäè÷íèõ âåêòîð-ôóíêöié ïðîåêòîð Π(Z), çíà÷åííÿ ÿêîãî íà åëå-
ìåíòi ψ=

∑
k∈Zp ψ̂ke

ik·x, äå ψ̂k ∈ Cm, äà¹ ôîðìóëà Π(Z)ψ=
∑

k∈Z ψ̂ke
ik·x.

ßêùî Z � ñêií÷åííà ìíîæèíà, òî Π(Z)φ ¹ âåêòîðíèì òðèãîíîìåòðè-
÷íèì ìíîãî÷ëåíîì äëÿ ïåðiîäè÷íî¨ óçàãàëüíåíî¨ âåêòîð-ôóíêöi¨ φ.



Íåëîêàëüíà ãiïåðáîëi÷íà çàäà÷à ç âèùèìè ïîõiäíèìè 85

Íåõàé K0 ≡ K0(T ) = {k ∈ Zp : detMk = 0}, à K̄0 = Zp \ K0 �äîïîâ-
íåííÿ ìíîæèíè K0, òîäi ôîðìóëó (21) ïåðåïèøåìî ó âèãëÿäi

v ≡ Π(K0)v +Π(K̄0)v =
∑
k∈K0

Ek(t)
(
M−
k φ̂

∗
k + (Inm − Pk)Uk

)
eik·x+

+
∑
k∈K̄0

Ek(t)M
−1
k φ̂∗

ke
ik·x, (22)

ç ÿêîãî âèïëèâàþòü òàêi î÷åâèäíi íàñëiäêè.

Íàñëiäîê 1. ßäðî çàäà÷i (1), (2) ó ïðîñòîði Cn([0, T ];H′) ñêëàäà¹-
òüñÿ ç òàêèõ åëåìåíòiâ:

u = Im(1)
∑
k∈K0

Ek(t)(Inm − Pk)Uke
ik·x, (23)

äå Uk � äîâiëüíi âåêòîðè iç Cnm.

Íàñëiäîê 2. Çàäà÷à (1), (2) ¹ ôðåäãîëüìîâîþ òîäi i ëèøå òîäi, êîëè
ìíîæèíà K0 � ñêií÷åííà. Ó öüîìó âèïàäêó ÿäðî çàäà÷i ìà¹ ñêií÷åííó
ðîçìiðíiñòü, ÿêà äîðiâíþ¹

∑
k∈K0

rank (Inm − Pk), äå rank (Inm − Pk)�
ðàíã ìàðèöi Inm − Pk.

Íàñëiäîê 3. ßêùî K0 = ∅, òîáòî detMk ̸= 0 äëÿ âñiõ k ∈ Zp, òî
óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1), (2)� ¹äèíèé i ìà¹ âèãëÿä

u = Im(1)
∑
k∈Zp

(ik̃)−nEk(t)M
−1
k φ̂∗

ke
ik·x; (24)

íàâïàêè, ç ¹äèíîñòi âèïëèâà¹, ùî K0 �ïîðîæíÿ ìíîæèíà.

5. Êîðåêòíiñòü ðîçâ'ÿçíîñòi çàäà÷i (1), (2)

Âñòàíîâèìî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2) i
âëàñòèâîñòi ôðåäãîëüìîâîñòi òà içîìîðôíîñòi.

Ââåäåìî ôóíêöi¨ βj i β∗j çà ôîðìóëàìè

β2j (y) =
∑
|s|≤j

∥Bs
j∥2y2(|s|−j), j = 1, . . . , l,

β2l+1(y) =

l+n∑
j=l+1

∑
|s|≤j

∥Bs
j∥2y2(|s|−j),

β∗2j (y) =
∑
|s|≤j

∥Bs
0j∥2y2(|s|−j) +

{
0, j > n− 1,

m, j ≤ n− 1,
j = 1, . . . , l,

β∗2l+1(y) =

l+n∑
j=l+1

∑
|s|≤j

∥Bs
0j∥2y2(|s|−j) +

{
0, l ≥ n− 1,

(n− l − 1)m, l < n− 1,
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âèáåðåìî ñòàëó K1 = max(K, K̃), äå K̃ �íåâiä'¹ìíèé êîðiíü ðiâíÿííÿ

K̃ = 2µµ̃nmRR1(K̃)β(K̃),

äå β(y) =
∑l+1

j=1

(
βj(y) + β∗j (y)

)
i µ̃ = max

(
µ−l−1
− ,

∑l
j=0 µ

−j
−
)
.

Ïîçíà÷èìî ìíîæèíó K1 =
{
k ∈ Zp : k̃ ≥ K1

}
, òîäi äëÿ ðîçâ'ÿçêó

u =
∑

k∈Zp Ek(t)Ck îòðèìó¹ìî îöiíêó

∥Π(K1)u;H
n+l
q ∥2 =

∑
k∈K1

k̃2(q−n)
n+l∑
j=0

max
t∈[T0,T1]

∥k̃n−ju(j)k (t)∥2 ≤

≤ (µµ̃nmR)2
∑
k∈K1

k̃2(q−n−l−1)
n∑
j=1

∥Im(j)Rk(Ck)∥2+

+ (µµ̃nmR)2
∑
k∈K1

k̃2(q−n−l−1)∥Im(n)Rk(Ck)∥.

Îñêiëüêè äëÿ åâêëiäîâî¨ íîðìè äëÿ âñiõ j = 1, . . . , n ìà¹ìî

∥Im(j)Rk(Ck)∥2 ≤
n∑
j=1

∥Im(j)Rk(Ck)∥2 = ∥Rk(Ck)∥2 ≤ R2
1(K1)∥Ck∥2,

òî ñïðàâäæó¹òüñÿ íåðiâíiñòü

∥Π(K1)u;H
n+l
q ∥2 ≤ 2

(
µµ̃nmRR1(K1)

)2 ∑
k∈K1

∥k̃q−n−l−1Ck∥2. (25)

Îñòàííÿ ôîðìóëà äà¹ îöiíêó íîðìè ó ïðîñòîði Hn
q ïðîåêöi¨ Π(K1)u

ðîçâ'ÿçêó ëèøå äëÿ âèïàäêó çáiæíîñòi ðÿäó ó ïðàâié ÷àñòèíi íåðiâíîñòi.
Äàëi äîñëiäæó¹òüñÿ öå ïèòàííÿ.

Ââåäåìî ïîçíà÷åííÿ äëÿ âèêëþ÷íî¨ ìíîæèíè çàäà÷i

T0 =
∪
k∈K̄1

{
T ∈ [T0, T1] : detMk = 0

}
. (26)

Òåîðåìà 4. Íåõàé âèêîíó¹òüñÿ óìîâà òåîðåìè 3, âåêòîð a⃗ êîå-
ôiöi¹íòiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ (1) çàäîâîëüíÿ¹ óìîâè (5) i φj ∈
Hq−n−l äëÿ j = 1, . . . , n. Òîäi iñíóþòü ðîçâ'ÿçêè u çàäà÷i (1), (2) ó ïðî-
ñòîði Hn+l

q ; âîíè âiäðiçíÿþòüñÿ ëèøå ñêií÷åííîâèìiðíèìè ïðîåêöiÿìè
(òðèãîíîìåòðè÷íèìè ìíîãî÷ëåíàìè) Π(K̄1)u öèõ ðîçâ'ÿçêiâ i

∥Π(K1)u;H
n+l
q ∥2 ≤ 8n3m3

(
µµ̃RR1(K1)∥B−1

0 ∥
)2 n∑

j=1

∥Π(K1)φj ;Hq−n−l∥2.

(27)
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Ìíîæèíà T0 � ñêií÷åííà i äëÿ êîæíîãî çíà÷åííÿ T ∈ [T0, T1]\T0 ðîçâ'ÿ-
çîê çàäà÷i (1), (2)� ¹äèíèé òà ìà¹ âèãëÿä (24), à äëÿ êîæíîãî T ∈ T0 �
¹äèíèé ç òî÷íiñòþ äî ÿäðà (23) çà óìîâè (I −Q)

∑
k∈Zp φ̃∗

ke
ik·x = 0 òà

ìà¹ âèãëÿä

u = Im(1)
∑
k∈K0

(ik̃)−nEk(t)(M
−
k φ̂

∗
k + (Inm − Pk)Uk)e

ik·x+

+ Im(1)
∑

k∈Zp\K0

(ik̃)−nEk(t)M
−1
k φ̂∗

ke
ik·x.

Äîâåäåííÿ. Iñíóâàííÿ óçàãàëüíåíèõ ðîçâ'ÿçêiâ çàäà÷i (1), (2) äà¹
òåîðåìà 3. Íà îñíîâi ôîðìóëè (23) âñòàíîâèìî îöiíêó (27), ÿêà é äîâî-
äèòü iñíóâàííÿ ðîçâ'ÿçêó ç ïðîñòîðó Hn

q .
Ó ðiâíÿííi MkCk = φ̂∗

k äëÿ âèçíà÷åííÿ âåêòîðà Ck ìàòðèöÿ Mk ìà¹
çà óìîâè k̃ ≥ K òàêó ñòðóêòóðó: Mk = Inm +H(k), äå

H(k) = (ik̃)−1
l+1∑
j=1

(B∗
j (k)Z

−1
k

(ik̃)j−1
L−j(k) +

Bj(k)Z
−1
k

(ik̃)j−1
L−j(k)eik̃L(k)T

)
. (28)

Ç ôîðìóë (14), (28) ìà¹ìî îöiíêó

∥H(k)Ck∥ ≤ µµ̃nmRR1(K1)
∥Ck∥
k̃

l+1∑
j=1

∥B∗
j (k)Z

−1
k ∥+ ∥Bj(k)Z

−1
k ∥

k̃j−1
.

Ïðîäîâæóþ÷è îöiíþâàííÿ îòðèìó¹ìî íåðiâíîñòi

∥∥∥Bl+1(k)Z
−1
k

(ik̃)l

∥∥∥ ≤
( l+n∑
j=l+1

∥∥ ∑
|s|≤j

Bs
j (ik)

s
∥∥2k̃−2j

)1/2
≤

≤
( l+n∑
j=l+1

∑
|s|≤j

∥Bs
j∥2K

2(|s|−j)
1

)1/2
= βl+1(K1),

∥∥∥Bj(k)Z
−1
k ∥

(ik̃)j−1

∥∥∥ ≤
(∥∥ ∑

|s|≤j

Bs
j (ik)

s
∥∥2k̃−2j

)1/2
≤

≤
( ∑

|s|≤j

∥Bs
0j∥2K

2(|s|−j)
1

)1/2
= βj(K1), j = 1, . . . , l, l ≥ 1,

à òàêîæ íåðiâíîñòi∥∥∥B∗
j (k)Z

−1
k ∥

(ik̃)j−1

∥∥∥ ≤ β∗j (K1), j = 1, . . . , l + 1.
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Âðàõîâóþ÷è îñòàííi îöiíêè äëÿ ìàòðèöi H(k) íà ìíîæèíi K1, îòðè-
ìó¹ìî îöiíêó ∥H(k)∥ ≤ µµ̃nmRR1(K1)β(K1)/k̃ ≤ 1/2.

Îòæå, ìàòðèöÿ Mk �íåâèðîäæåíà, Ck =M−1
k φ̂∗

k ≡ ik̃M−1
k B−1

0 φ̂k i

∥M−1
k ∥ ≤ ∥Inm∥+

∥H(k)∥
1− ∥H(k)∥

≤ ∥Inm∥+ 1, ∥Ck∥ ≤ 2k̃
√
nm∥B−1

0 ∥∥φ̂k∥.

Ñêií÷åííiñòü ìíîæèíè (26) âèïëèâà¹ çi ñêií÷åííîñòi ìíîæèíè{
T ∈ [T0, T1] : detMk = 0

}
íóëiâ öiëî¨ ôóíêöi¨ detMk ≡ detMk(T ) íà

ñêií÷åííîìó âiäðiçêó [T0, T1], äå k ∈ K̄1, òà ñêií÷åííîñòi ìíîæèíè K̄1,
÷èñëî åëåìåíòiâ ÿêî¨ íå ïåðåâèùó¹ ÷èñëà (1 + 2K1)

p.
ßêùî T ∈ [T0, T1] \ T0, òî K0 = ∅ i âiäïîâiäíå òâåðäæåííÿ òåîðåìè

âèïëèâà¹ ç íàñëiäêó 3. Îñòàíí¹ òâåðäæåííÿ îòðèìó¹ìî ç òåîðåìè 3 òà
íàñëiäêó 1. Òåîðåìó äîâåäåíî. �

Íàñëiäîê 4. Çàäà÷à (1), (2) ¹ ôðåäãîëüìîâîþ äëÿ âñiõ T ∈ [T0, T1],
äå T0, T1 � äîâiëüíi äîäàòíi ÷èñëà i T0 < T1.

Òâåðäæåííÿ öüîãî íàñëiäêó âèïëèâà¹ ç íàñëiäêó 2 òåîðåìè 3 òà iç
äîâåäåííÿ òåîðåìè 4.

Òàêîæ òåîðåìà 4 ìiñòèòü iíøèé âàæëèâèé íàñëiäîê.

Íàñëiäîê 5. Äëÿ âñiõ ÷èñåë T ∈ [T0, T1] \ T0 îïåðàòîð íåëîêàëü-
íèõ óìîâ (2) çàäà÷i (1), (2) ¹ ái¹êòèâíèì íåïåðåðâíèì âiäîáðàæåííÿì
(içîìîðôiçìîì) u → φ ç ïiäïðîñòîðó ðîçâ'ÿçêiâ ñèñòåìè (1) ïðîñòîðó
Hn+l
q íà ïðîñòið âåêòîð-ôóíêöié

(
Hq−n−l

)n.
6. Âèñíîâêè

Âñòàíîâëåíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi çàäà÷i ç íåëîêàëüíèìè
óìîâàìè äëÿ ñèñòåì ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ãiïåðáîëi÷íîãî òè-
ïó ó ïðîñòîði óçàãàëüíåíèõ ôóíêöié òà ó øêàëi ñîáîë¹âñüêèõ ïðîñòîðiâ
ïåðiîäè÷íèõ çà ïðîñòîðîâèìè çìiííèìè âåêòîð-ôóíêöié.

Öÿ çàäà÷à ¹ íåêîðåêòíîþ çà Àäàìàðîì ëèøå äëÿ ñêií÷åííî¨ êiëüêîñòi
çíà÷åíü T ∈ [T0, T1] i êîðåêòíà äëÿ âñiõ iíøèõ çíà÷åíü.

Äîñëiäæåíî õàðàêòåð çàëåæíîñòi íîðìè ðîçâ'ÿçêó âiä ïàðàìåòðiâ çà-
äà÷i, ðîçãëÿíóòî ïèòàííÿ ôðåäãîëüìîâîñòi çàäà÷i òà âñòàíîâëåíî âèãëÿä
åëåìåíòiâ ¨¨ ÿäðà.

Âñòàíîâëåíî ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (1), (2) äëÿ âñiõ (çà âèíÿòêîì
ñêií÷åííî¨ êiëüêîñòi) çíà÷åíü T ∈ [T0, T1] â óìîâàõ (2) òà ¨¨ êîðåêòíiñòü
ó øêàëi ñîáîë¹âñüêèõ ïðîñòîðiâ; ïðè öüîìó ãëàäêiñòü ïðàâèõ ÷àñòèí ó
íåîáõiäíèõ óìîâàõ iñíóâàííÿ òàêà æ, ÿê ó äîñòàòíiõ óìîâàõ, òîáòî äî-
âåäåíî âëàñòèâiñòü içîìîðôiçìó îïåðàòîðà íåëîêàëüíèõ óìîâ (2).
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Volodymyr Ilkiv

NONLOCAL PROBLEM FOR HYPERBOLIC EQUATIONS
WITH HIGHER DERIVATIVES IN CONDITIONS

The paper is devoted to investigation of the problem with nonlocal
two point conditions on time coordinate for a system of partial di-
�erential equations with constant coe�cients. Necessary and su�ci-
ent conditions for the existence of the solution of this problem in the
class of periodic functions for the spatial variables are found. The
study of asymptotic properties of solution and fredholmovity of the
problem was proved, also isomorphism property of the nonlocal condi-
tions operator established.
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Ïåòðî Êàëåíþê1, ßðîñëàâ Áàðàíåöüêèé2, Ëþáîâ Êîëÿñà 3

ÍÅËÎÊÀËÜÍÀ ÊÐÀÉÎÂÀ ÇÀÄÀ×À ÄËß ÎÏÅÐÀÒÎÐÀ
ÄÈÔÅÐÅÍÖIÞÂÀÍÍß ÏÀÐÍÎÃÎ ÏÎÐßÄÊÓ

Äîñëiäæåíî ñïåêòðàëüíi âëàñòèâîñòi íåñàìîñïðÿæåíî¨ çàäà÷i,
ïîðîäæåíî¨ íåëîêàëüíèìè óìîâàìè äëÿ îïåðàòîðà äèôåðåíöiþ-
âàííÿ ïîðÿäêó 2n. Âèâ÷åíî âèïàäêè ðåãóëÿðíèõ òà íåðåãóëÿðíèõ
çà Áiðêãîôîì äâîòî÷êîâèõ êðàéîâèõ óìîâ. Ïîáóäîâàíî ñèñòåìó
êîðåíåâèõ ôóíêöié çàäà÷i òà åëåìåíòè áiîðòîãîíàëüíî¨ ñèñòå-
ìè. Âñòàíîâëåíî óìîâè, ïðè âèêîíàííi ÿêèõ öi ñèñòåìè ¹ ïîâ-
íèìè òà óòâîðþþòü áàçèñ Ðiññà.

1. Âñòóï

Ó ðîáîòi âèâ÷àþòüñÿ ñïåêòðàëüíi âëàñòèâîñòi êðàéîâî¨ çàäà÷i

(−1)n y(2n) (x) = f (x) , x ∈ (0, 1) ,

y(mj) (0) + (−1)(mj) y(mj) (1) = 0, j = 1, . . . , n,

y(mn+j) (0)− (−1)(mn+j) y(mn+j) (1)+

+
2n−1∑
q=0

bp,q

(
y(q) (0) + (−1)(q) y(q) (1− x)

)
= 0,

äå bp,q ∈ R, q = 0, 1, . . . , 2n− 1, p = 1, . . . , n, mj < 2n, j = 1, . . . , 2n.
Âëàñòèâîñòi ïîâíîòè òà áàçèñíîñòi (óìîâíî¨, áåçóìîâíî¨, çà Ðiññîì)

ñèñòåìè êîðåíåâèõ ôóíêöié êðàéîâèõ çàäà÷ ¹ âàæëèâèìè ïðè ïîáóäî-
âi ðîçâ'ÿçêiâ áàãàòüîõ çàäà÷ ìåòîäîì Ôóð'¹ àáî éîãî àíàëîãàìè. Äëÿ
âèïàäêó çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü íà ñêií÷åííîìó iíòåðâàëi
áàçèñíiñòü çà Ðiññîì äëÿ êðàéîâèõ çàäà÷, ïîðîäæåíèõ ðåãóëÿðíèìè çà
Áiðêãîôîì êðàéîâèìè óìîâàìè, âñòàíîâëåíî â ïðàöÿõ [1, 2].

Ó âèïàäêó, êîëè êðàéîâi óìîâè ¹ ðåãóëÿðíèìè, àëå íå ïîñèëåíî ðå-
ãóëÿðíèìè, â ðîáîòi [3] áóëî âñòàíîâëåíî, ùî ñèñòåìà êîðåíåâèõ ïiäïðî-
ñòîðiâ, ÿêi âiäïîâiäàþòü êðàòíèì âëàñíèì çíà÷åííÿì êðàéîâî¨ çàäà÷i,
óòâîðþ¹ áàçèñ Ðiññà â ïðîñòîði L2(0, 1). Ó ïðàöÿõ [4, 5, 6] áóëî çàïðî-
ïîíîâàíî ïîíÿòòÿ ïðèâåäåíî¨ ñèñòåìè êîðåíåâèõ ôóíêöié çàäà÷i, ÿêà

1ÍÓ
”
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2ÍÓ
”
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3ÍÓ
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óòâîðþ¹ áàçèñ Ðiññà â ïðîñòîði L2(0, 1), à òàêîæ ïîíÿòòÿ ñóòò¹âî íåñà-
ìîñïðÿæåíîãî îïåðàòîðà (îïåðàòîðà, ñèñòåìà êîðåíåâèõ ôóíêöié ÿêîãî
ìiñòèòü íåñêií÷åííå ÷èñëî ïðè¹äíàíèõ) i âèâ÷åíî âëàñòèâîñòi òàêèõ îïå-
ðàòîðiâ.

Çàäà÷i ç íåðåãóëÿðíèìè çà Áiðêãîôîì óìîâàìè âèâ÷àëèñü â ðîáî-
òàõ [7, 8, 9]. Âëàñòèâîñòi çàäà÷, äëÿ ÿêèõ ñèñòåìè êîðåíåâèõ ôóíêöié ¹
ñóìîâàíi ìåòîäîì Àáåëÿ, àíàëiçóâàëèñü ó ïðàöÿõ [10, 11].

Ó ðîáîòàõ [12, 13] âèâ÷àëèñü ñïåêòðàëüíi âëàñòèâîñòi çàäà÷ ç óìî-
âàìè ïåðiîäè÷íîñòi òà ïåðiîäè÷íèìè êîåôiöi¹íòàìè. Çàäà÷i ç iíòåãðàëü-
íèìè òà iíòåãðî�äèôåðåíöiàëüíèìè êðàéîâèìè óìîâàìè ðîçãëÿäàëèñü
â ïóáëiêàöiÿõ [14, 15, 16]. Ó ðîáîòi [17] âèâ÷àëèñü êðàéîâi çàäà÷i ç äè-
ñèïàòèâíèìè óìîâàìè. Ó ðîáîòi [18] äîñëiäæóâàëèñü ïðîáëåìè îöiíêè
øâèäêîñòi çáiæíîñòi òà ðiâíîçáiæíîñòi ç òðèãîíîìåòðè÷íèì ðÿäîì Ôóð'¹
ðîçâèíåíü â ðÿä çà ñèñòåìîþ êîðåíåâèõ ôóíêöié íåëîêàëüíî¨ çàäà÷i äëÿ
äèôåðåíöiàëüíîãî ðiâíÿííÿ íà ñêií÷åíîìó iíòåðâàëi. Âëàñòèâîñòi ñóò-
ò¹âî íåñàìîñïðÿæåíèõ îïåðàòîðiâ, âèçíà÷åíèõ â àáñòðàêòíîìó ñåïàðà-
áåëüíîìó ãiëüáåðòîâîìó ïðîñòîði, âèâ÷àëèñü ó ïðàöi [19].

2. Îñíîâíi ïîçíà÷åííÿ

Íåõàé W 2n
2 (0, 1) ≡

≡
{
y ∈ L2 (0, 1) : y

(m) ∈ C [0, 1] , y(2n) ∈ L2 (0, 1) ,m = 0, 1, . . . , 2n− 1
}
,

(
y, u;W 2n

2 (0, 1)
)
≡

2n∑
k=0

(
y(k), u(k);L2 (0, 1)

)
,

∥∥y;W 2n
2 (0, 1)

∥∥2 ≡ (y, y;W 2n
2 (0, 1)

)
,

W ∗(0, 1) � ïðîñòið ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íàä W 2n
2 (0, 1), I :

L2 (0, 1) → L2 (0, 1) � îïåðàòîð iíâîëþöi¨, Iy(x) ≡ y(1−x), p0 ≡ 1
2 (E + I),

p1 ≡ 1
2(E − I) � îðòîïðîåêòîðè ïðîñòîðó L2(0, 1),

Hj = {y ∈ L2 (0, 1) : y = pjy} ,Kj ≡ {eicx + (−1)jeic(1−x), c ∈ R}, j = 0, 1,

W ∗
s (0, 1) =

{
ℓ ∈W ∗ (0, 1) : ℓy = 0, y ∈ K1−s} , s = 0, 1, B (L2 (0, 1)) � àë-

ãåáðà ëiíiéíèõ îáìåæåíèõ îïåðàòîðiâ A : L2 (0, 1) → L2 (0, 1).
Ôóíêöiþ iç ïðîñòîðóH0 (H1) áóäåìî íàçèâàòè ñèìåòðè÷íîþ (àíòèñè-

ìåòðè÷íîþ) âiäïîâiäíî. Êðàéîâó óìîâó áóäåìî íàçèâàòè ñèìåòðè÷íîþ,
ÿêùî äî ÿäðà âiäïîâiäíîãî ôóíêöiîíàëó íàëåæèòü äîâiëüíà ôóíêöiÿ iç
K1(K0). Íàïðèêëàä, óìîâà y (0)+ y (1) = 0 ¹ ñèìåòðè÷íîþ. Àíàëîãi÷íî,
àíòèñèìåòðè÷íîþ ¹ óìîâà y (0)− y (1) = 0.
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3. Ñàìîñïðÿæåíà êðàéîâà çàäà÷à

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

(−1)n y(2n) (x) = f (x) , x ∈ (0, 1), (1)

l0jy ≡ y(mj) (0) + (−1)mj y(mj) (1) = 0, (2)

l0n+jy ≡ y(mn+j) (0)− (−1)mn+j y(mn+j) (1) = 0, (3)

äå mn < mn−1 < . . . < m1, m2n < m2n−1 < . . . < mn+1, j = 1, . . . , n.
Êðàéîâi óìîâè (2), (3) âèáðàíi òàêèì ÷èíîì, ùî

l0j ∈W ∗
0 (0, 1) , l0n+j ∈W ∗

1 (0, 1) , j = 1, . . . , , n. (4)

Íåõàé L0 : L2 (0, 1) → L2 (0, 1) � îïåðàòîð çàäà÷i (1)�(3), L0y (x) ≡
(−1)n y(2n) (x), D (L0) ≡

{
y ∈W 2n

2 (0, 1) : l0qy = 0, q = 1, . . . , 2n
}
.

Ðîçãëÿíåìî ñïåêòðàëüíi âëàñòèâîñòi îïåðàòîðà L0. Êîðåíi ρj õàðà-
êòåðèñòè÷íîãî ðiâíÿííÿ (−1)n ρ2n = λ, ÿêå âiäïîâiäà¹ äèôåðåíöiàëüíî-
ìó ðiâíÿííþ L0y (x) = λy (x), âèçíà÷à¹ìî ñïiââiäíîøåííÿìè ρj = ωjρ,
|arg ρ| ≤ π

2n , (ωj)
2n = (−1)n, ω1 = i, ωj = ω1 exp i

π
n (j − 1), j = 2, . . . , n.

Ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ ðiâíÿííÿ L0y (x) = 0 âèçíà÷èìî
ñïiââiäíîøåííÿìè

yj (x, ρ) ≡ 1
2

(
ewjρx + ewjρ(1−x)

)
∈ H0, j = 1, . . . , n, (5)

yn+j (x, ρ) ≡ 1
2

(
ewjρx − ewjρ(1−x)

)
∈ H1, j = 1, . . . , n, (6)

Ïiäñòàâëÿþ÷è çàãàëüíèé ðîçâ'ÿçîê öüîãî ðiâíÿííÿ

y (x, ρ) ≡
2n∑
p=1

Cpyp (x, ρ) , Cp ∈ R, p = 1, . . . , 2n, (7)

ó êðàéîâi óìîâè (2), (3), îòðèìà¹ìî ðiâíÿííÿ äëÿ âèçíà÷åííÿ âëàñíèõ
çíà÷åíü îïåðàòîðà L0

∆(ρ) ≡ det
(
l0ryq

)
r,q=1,...,2n

= 0. (8)

Iç ïðèïóùåíü (4) òà âêëþ÷åíü (5), (6) îòðèìó¹ìî, ùî

l0n+jyr (x, ρ) = 0, l0jyn+r (x, ρ) = 0, j, r = 1, . . . , n.

Òîìó ∆(ρ) = ∆0(ρ)∆1(ρ), äå ∆s (ρ) ≡ det
(
l0sn+jysn+r

)
j,r=1,...,n

, s = 0, 1.

Íåõàé M ≡ {0, 1, . . . , 2n− 1} , M0 ≡ {m1,m2, . . . ,mn} , M1 ≡ {mn+1,
mn+2, . . . ,m2n} . Âèçíà÷èìî ïðèïóùåííÿ, çà ÿêèõ êðàéîâi óìîâè (2), (3)
¹ ñàìîñïðÿæåíèìè.
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Íåõàé äëÿ êîæíîãî m ∈M0 ∪M1 âèêîíó¹òüñÿ îäíå iç ïðèïóùåíü

A1 : m ∈M0 ∩M1 ⇒ 2n−m− 1 /∈M0 ∪M1;

A2 : m ∈M0,m /∈M1 ⇒ 2n−m− 1 ∈M1;

A3 : m ∈M1,m /∈M0 ⇒ 2n−m− 1 ∈M0.

Ïðèïóùåííÿ A1� A3 ¹ äîñòàòíiìè óìîâàìè äëÿ ñàìîñïðÿæåíîñòi îïå-
ðàòîðà L0. Ñïðàâäi,

1. ÿêùî mj ∈ M0
∩
M1, òî y(mj)(0) = y(mj)(1) = 0, òîìó ïðè p = mj

ðiâíà íóëþ ðiçíèöÿ

y(2n−mj−1)y(mj)
∣∣∣x=1

x=0
=

= y(2n−mj−1) (1) y(mj) (1)− y(2n−mj−1) (0) y(mj) (0) = 0, j = 1, . . . , n,

ó âèðàçi
∑2n−1

p=0 (−1)n y(2n−p−1)y(p)
∣∣x=1

x=0
;

2. ÿêùî mj ∈M0\M1, 2n− 1−mj ∈M1, òîäi

y(mj) (0) = (−1)mj+1 y(mj) (1) ,

y(2n−1−mj) (0) = (−1)2n−1−mj y(2n−1−mj) (1) , j = 1, . . . , n,

òîìó ïðè p = mj ðiâíà íóëþ ðiçíèöÿ

y(2n−mj−1)y(mj)
∣∣∣x=1

x=0
=

= y(2n−mj−1) (1) y(mj) (1)− y(2n−mj−1) (0) y(mj) (0) = 0, j = 1, . . . , n,

ó âèðàçi
∑2n−1

p=0 (−1)n y(2n−p−1)y(p)
∣∣x=1

x=0
;

3. àíàëîãi÷íî, ó âèïàäêó, êîëè mn+j ∈ M1\M0, 2n− 1−mn+j ∈ M0,
ìà¹ìî

y(mn+j) (0) = (−1)mn+j y(mn+j) (1) ,

y(2n−1−mn+j) (0) = (−1)2n−mn+j y(2n−1−mn+j) (1) ,

y(2n−mn+j−1)y(mn+j)
∣∣∣x=1

x=0
= y(2n−mn+j−1) (1) y(mn+j) (1)−

−y(2n−mn+j−1) (0) y(mn+j) (0) = 0, j = 1, . . . , n.

Ïðèïóùåííÿ A4. Êðàéîâi óìîâè (2), (3) ¹ ñèëüíî ðåãóëÿðíèìè çà
Áiðêãîôîì [20, ñ. 67, 99].

Çàóâàæåííÿ 1. ßê âiäîìî [22], iç ñàìîñïðÿæåíîñòi óìîâ (3), (4)
âèïëèâà¹ ðåãóëÿðíiñòü öèõ óìîâ.
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Íàäàëi ââàæà¹ìî, ùî ïðèïóùåííÿ A1 − A4 âèêîíóþòüñÿ. Òîìó îïå-
ðàòîð L0 ¹ ñàìîñïðÿæåíèì òà êîðåíi ðiâíÿííÿ (8) ëåæàòü íà ïiâîñi
Imρ = 0,Reρ ≥ 0. Äëÿ êîæíîãî s ∈ {0, 1} çàíóìåðó¹ìî ÷èñëà ρs,k,
k = 1, 2, . . . ó ïîðÿäêó çðîñòàííÿ ρs,1 < ρs,2 < . . .. Îòæå, îïåðàòîð L0

ìà¹ âëàñíi çíà÷åííÿ λs,k = (ρs,k)
2n , s = 0, 1, k = 1, 2, . . ..

Ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ

(−1)n y(2n) = λs,ky.

âèçíà÷èìî ñïiââiäíîøåííÿìè

yj (x, ρs,k) ≡ 1
2

(
ewjρs,kx + ewjρs,k(1−x)

)
∈ H0, (9)

yn+j (x, ρs,k) ≡ 1
2

(
ewjρs,kx − ewjρs,k(1−x)

)
∈ H1,

j = 1, 2, . . . , n, k = 1, 2, . . . , s = 0, 1.
(10)

Íåõàé β0 = m2 +m3 + . . . +mn, β1 = mn+2 +mn+3 + . . . +m2n. Çà
åëåìåíòàìè ñèñòåì (9), (10) âèçíà÷èìî âëàñíi ôóíêöi¨ îïåðàòîðà L0

vs,k (x, L0) ≡ (ρs,k)
−βs θs,k×

× det


ysn+1 (x, ρs,k) . . . ysn+n (x, ρs,k)
lsn+2ysn+1 . . . lsn+2ysn+n

...
...

...
lsn+nysn+1 . . . lsn+nysn+n

 , s = 0, 1, k ≥ 1, (11)

íîðìîâàíi â L2(0, 1) óìîâîþ ∥vs,k(x, L0);L2(0, 1)∥ = 1. Âðàõîâóþ÷è, ùî
Reωj < 0, j = 2, . . . , n, ç ôîðìóëè (11) îòðèìà¹ìî:∥∥∥vs,k (x, L0)− θs,k (ρs,k)

−βs ∆s
1,1ysn+1 (x, ρs,k) ;L2 (0, 1)

∥∥∥→ 0,

k → ∞,
(12)

äå ∆s
p,q = det

(
ω
msn+j
r

)j ̸=p,r ̸=q
r,j=2,n

, s = 0, 1, q = 2, . . . , n, p = 1, . . . , n. ßêùî
λ0 = 0 ¹ âëàñíèì çíà÷åííÿì îïåðàòîðà L0 êðàòíîñòi s ∈ {0, 1} , òî âiäïî-
âiäíi âëàñíi ôóíêöi¨ ïîçíà÷èìî ÷åðåç vs,0(x, L0), ∥vs,0(x, L0);L2(0, 1)∥ =
1. Ðîçãëÿíåìî ïiäñèñòåìè âëàñíèõ ôóíêöié òà âëàñíèõ çíà÷åíü îïåðàòî-
ðà L0: Vs(L0) ≡ {vs,m(x, L0),m ≥ 0}, σs(L0) ≡ {λs,m,m ≥ 0}, s = 0, 1.

Iç ðiâíîñòi (11) âèïëèâà¹ ùî Vs (L0) ⊂ Hs, s = 0, 1.

Òîìó, âðàõîâóþ÷è ñàìîñïðÿæåíiñòü îïåðàòîðà L0 â ïðîñòîði L2 (0, 1),
îòðèìà¹ìî íàñòóïíå òâåðäæåííÿ

Ëåìà 1. Ïiäïðîñòîðè Hs ⊂ L2 (0, 1) ¹ iíâàðiàíòíèìè äëÿ îïåðàòîðà
L0, s = 0, 1.
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Âèáåðåìî äîâiëüíå âëàñíå çíà÷åííÿ λ0,k ∈ σ0 (L0) òà ðîçãëÿíåìî ôóí-
êöi¨

yn+j (x, ρ0,k) ≡
1

2

(
ewjρ0,kx − ewjρ0,k(1−x)

)
∈ H1, j = 1, . . . , n, k = 1, 2, . . . .

Ôóíêöiþ y0,n+p (x, ρ0,k) âèçíà÷èìî ÿê äåòåðìiíàíò ìàòðèöi ïîðÿäêó n,
p-èé ðÿäîê ÿêî¨ ñêëàäà¹òüñÿ ç ôóíêöié yn+1 (x, ρ0,k) , yn+2 (x, ρ0,k) , . . . ,
y2n (x, ρ0,k) . Åëåìåíòè s-ãî ðÿäêà ñêëàäåíi ç ÷èñåë ω

mn+s

j (1− (−1)mn+s ×
×eωjρ0,k) , s, j = 1, . . . , n, j ̸= p.

Íåõàé

∆1 (ρ0,k) = det [(ωr)
mn+j (1− (−)mn+j eωrρ0,k)]|r=1,n,j=1,n, ,

∆1
p,q (ρ0,k) = det [(ωr)

mn+j (1− (−)mn+j eωrρ0,k)]|j ̸=p,r ̸=q
r=1,n,j=1,n,

,

k = 1, . . . , p, q = 1, . . . , n,

y1,n+p (x, ρ0,k) = (∆p,1 (ρ0,k))
−1 y0,n+p (x, ρ0,k) ,

p = 1, . . . , n, k = 1, . . . .
(13)

Ïiäñòàâëÿþ÷è âèðàç (13) ó êðàéîâi óìîâè (2), (3), ïåðåêîíó¹ìîñÿ, ùî

ljy1,n+p (x, ρ0,k) = 0,

ln+py1,n+p (x, ρ0,k) = (ρ0,k)
mn+p (∆p,1 (ρ0,k))

−1∆1 (ρ0,k) ,
(14)

j = 1, . . . , n, p = 1, . . . , n, j ̸= n+ p, k = 1, 2, . . . .

Âðàõîâóþ÷è, ùî ∆p,q (ρ0,k) → ∆1
p,q, ∆

1 (ρ0,k) → ∆1, ïðè k → ∞,
îòðèìà¹ìî, ùî

0 < K1 ≤ c0,k,p ≡ |ln+py1,n+p (x, ρ0,k)| (ρ0,k)−mn+p ≤ K2,
p = 1, . . . , n, k = 1, 2, . . . .

(15)

Àíàëîãi÷íî, äëÿ äîâiëüíîãî âëàñíîãî çíà÷åííÿ λ1,k ∈ σ1 (L0) ðîçãëÿ-
íåìî ñèñòåìè ôóíêöié

yj (x, ρ1,k) ≡
1

2

(
ewjρ1,kx + ewjρ1,k(1−x)

)
∈ H0, j = 1, . . . , n. (16)

Ôóíêöiþ y0,j (x, ρ1,k) âèçíà÷èìî ÿê äåòåðìiíàíò ìàòðèöi ïîðÿäêó n, j-èé
ðÿäîê ÿêî¨ ñêëàäà¹òüñÿ ç ôóíêöié y1 (x, ρ1,k) , y2 (x, ρ1,k) , . . . , yn (x, ρ1,k) .
Åëåìåíòè s-ãî ðÿäêà ñêëàäåíi ç ÷èñåë ωmn+s

q (1− (−1)mn+s eωqρ0,k) , s, q =
1, . . . , n, s ̸= j.

Íåõàé

∆0 (ρ1,k) = det [(ωr)
ms (1 + (−1)ms eωrρ1,k)]|r=1,n,s=1,n, , k = 1, 2, . . . ,

∆0
j,q (ρ1,k) = det [(ωs)

mr (1 + (−1)mr eωrρ1,k)]|s ̸=q,r ̸=j
s=1,n,r=1,n,

,
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j, q = 1, . . . , n, k = 1, 2, . . . ,

∆0
j,q = det [(ωs)

mr ]|s̸=q,r ̸=j
s=1,n,r=1,n,

, j, q = 1, . . . , n, k = 1, 2, . . . ,

y1,j (x, ρ1,k) ≡ (∆j,1 (ρ1,k))
−1 y0,j (x, ρ1,k) ,

j = 1, . . . , n, k = 1, 2, . . . .
(17)

Ïiäñòàâëÿþ÷è âèðàç (17) ó êðàéîâi óìîâè (2), (3), ïåðåêîíó¹ìîñÿ, ùî

lsy1,j (x, ρ1,k) = 0,

ljy1,j (x, ρ1,k) = (ρ1,k)
mj ∆0 (ρ1,k) (∆j,1 (ρ1,k))

−1 ,
j, s = 1, . . . , n, j ̸= s, k = 1, 2, . . . .

(18)

Ïðèéìàþ÷è äî óâàãè îáìåæåíiñòü ÷èñåë∆0 (ρ1,k), ôóíêöié yr (x, ρ1,k)
òà âðàõîâóþ÷è, ùî ∆0

j,q (ρ1,k) → ∆0
j,q, (k → ∞), îòðèìà¹ìî îöiíêè

∥y1,j (x, ρ1,k) ;L2 (0, 1)∥ ≤ K3,

K4 ≤ c1,k,j ≡ |ljy1,j | (ρ1,k)−mj ≤ K5,
0 < K3, K4, K5 <∞, j = 1, . . . , n, k = 1, . . . .

(19)

4. Íåñàìîñïðÿæåíi êðàéîâi çàäà÷i

Äëÿ ðiâíÿííÿ (1) ðîçãëÿíåìî êðàéîâó çàäà÷ó ç óìîâàìè

l1jy ≡ l0jy = 0, j = 1, . . . , 2n, j ̸= n+ p, (20)

l1n+py = l0n+py + lq,by = 0, (21)

lq,by ≡ b
(
y(q) (0) + (−1)(q) y(q) (1)

)
, b ∈ R, q ∈M. (22)

Íåõàé Lp,q,b � îïåðàòîð çàäà÷i (1), (20)�(22), Lp,q,by ≡ (−1)n y(2n) (x) , y ∈
D (Lp,q,b) , D(Lp,q,b) ≡

{
y ∈W 2n

2 (0, 1) : l1jy = 0, j = 1, . . . , 2n
}
, V (Lp,q,b) �

ñèñòåìà âëàñíèõ ôóíêöié îïåðàòîðà Lp,q,b, p = 1, . . . , n, b ∈ R, q ∈M.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ ïðèïóùåííÿ A1 −A4. Òîäi
1) äëÿ äîâiëüíèõ p = 1, . . . , n, 0 ≤ q ≤ 2n− 1, b ∈ R, âëàñíi çíà÷åííÿ

îïåðàòîðiâ L0 òà Lp,q,b ñïiâïàäàþòü,
2) ñèñòåìà V (Lp,q,b) âëàñíèõ ôóíêöié îïåðàòîðà Lp,q,b ¹ ïîâíîþ â

ïðîñòîði L2 (0, 1) ,

3) ÿêùî 0 ≤ q < mn+p, òî ñèñòåìà V (Lp,q,b) ¹ áàçèñîì Ðiññà ïðî-
ñòîðó L2 (0, 1) .



98 Ï. I. Êàëåíþê, ß. Î. Áàðàíåöüêèé, Ë. I. Êîëÿñà

Äîâåäåííÿ. Ïîêàæåìî ñïî÷àòêó, ùî σ (L0) ⊆ σ (Lp,q,b). Áåçïîñåðå-
äíüîþ ïiäñòàíîâêîþ ìîæíà ïåðåêîíàòèñü, ùî ôóíêöiÿ v1,k (x, L0) ñïðàâ-
äæó¹ óìîâè (20)�(22). Òîìó âëàñíó ôóíêöiþ îïåðàòîðà Lp,q,b, ÿêà âiäïî-
âiäà¹ âëàñíîìó çíà÷åííþ λ1,k, âèçíà÷èìî ðiâíiñòþ

v1,k (x, Lp,q,b) ≡ v1,k (x, L0) , q ∈M, p = 1, . . . , n, k = 1, 2, . . . . (23)

Îòæå, σ1 (L0) ⊆ σ (Lp,q,b) , V1 (L0) ⊂ V (Lp,q,b), q ∈M, b ∈ R, p = 1, . . . , n.
Ïîêàæåìî, ùî σ0 (L0) ⊆ σ (Lp,q,b). Âëàñíó ôóíêöiþ v0,k (x, Lp,q,b) îïå-

ðàòîðà Lp,q,b âèçíà÷èìî âèðàçîì

v0,k (x, Lp,q,b) = v0,k (x, L0) + v1k (x, Lp,q,b) ,
q ∈M, b ∈ R, p = 1, . . . , n, k = 1, 2, . . . ,

(24)

äå v1k (x, Lp,q,b) = cp,q,b,ky1,n+p (x, ρ0,k), q ∈ M , b ∈ R, p = 1, . . . , n, k =
1, 2, . . .. Ïiäñòàâëÿþ÷è âèðàç (24) â êðàéîâi óìîâè (21), (22), çíàõîäèìî
íåâiäîìi ïàðàìåòðè cp,q,b,k:

cp,q,b,k = − (lq,bv0,k)
(
l0n+py1,n+p

)−1
,

q ∈M, b ∈ R, p = 1, . . . , n, k = 1, 2, . . . .
(25)

Âðàõîâóþ÷è ñïiââiäíîøåííÿ (22), (15), (19) òà íåðiâíiñòü

|lq,bv0,k| ≤ K6 (ρ0,k)
q , q ∈M, b ∈ R, k = 1, 2, . . . , (26)

îòðèìó¹ìî îöiíêè

|cp,q,b,k| ≤ K7 |b| (ρ0,k)q−mn+p ,
p = 1, . . . , n, q ∈M, b ∈ R, k = 1, 2, . . . .

(27)

Ïîêàæåìî ùî ñèñòåìà (23)�(25) âëàñíèõ ôóíêöié îïåðàòîðà Lp,q,b ¹
òîòàëüíîþ (ïîâíîþ) â ïðîñòîði L2 (0, 1). Íåõàé iñíó¹ òàêà ôóíêöiÿ h =
h0 + h1 ∈ L2 (0, 1), hs ∈ Hs ùî

(h, vs,k (x, Lp,q,b) ;L2 (0, 1)) = 0,

p = 1, . . . , n, s = 0, 1, q ∈M, b ∈ R, k = 1, 2, . . . .

Ñèñòåìà V1 (L0) ¹ îðòîíîðìîâàíèì áàçèñîì âH1. Òîìó ç ïðèïóùåííÿ
îðòîãîíàëüíîñòi ìà¹ìî, ùî h1 = 0, h = h0 ∈ H0. Âðàõîâóþ÷è ñïiââiäíî-
øåííÿ (24), îòðèìà¹ìî

(h, v0,k (x, Lp,q.b) ;L2 (0, 1)) = (h0, v0,k (x, L0) ;L2 (0, 1)) = 0,

p = 1, . . . , n, b ∈ R, k = 1, 2, . . . .

Ñèñòåìà V0 (L0) ¹ îðòîíîðìîâàíèì áàçèñîì âH0. Òîìó h = h0 = 0.Îòæå,
ñèñòåìà V (Lp,q,b) � ïîâíà â ïðîñòîði L2 (0, 1), p = 1, . . . , n, q ∈M , b ∈ R.
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Äëÿ çàäà÷i (1), (20)�(22), iñíó¹ ñïðÿæåíà çàäà÷à, âëàñíi ôóíêöi¨ ÿêî¨
óòâîðþþòü ñèñòåìó W (Lp,q,b) = {wr (x, Lp,q,b) ∈ L2 (0, 1) : r = 1, 2, . . .} ,
áiîðòîãîíàëüíó äî ñèñòåìè V (Lp,q,b) â ñåíñi ðiâíîñòåé

(vs,k (x, Lp,q,b) , wr,m (x, Lp,q,b) ;L2 (0, 1)) = δs,rδk,m,

s, r = 0, 1, q ∈M, b ∈ R, p = 1, . . . , n, k,m = 1, 2, . . . .

Îòæå, ñèñòåìà V (Lp,q,b) ¹ ìiíiìàëüíîþ â ïðîñòîði L2 (0, 1), q ∈ M ,
b ∈ R, p = 1, . . . , n. Iç íåðiâíîñòi (27) âèïëèâà¹, ùî ïðèmn+p < q ïîâíà òà
ìiíiìàëüíà â ïðîñòîði L2 (0, 1) ñèñòåìà ôóíêöié V (Lp,q,b) ¹ êâàäðàòè÷íî
áëèçüêîþ [21, ñ. 381] äî îðòîíîðìîâàíîãî áàçèñó V (L0). Òîìó, çãiäíî ç
òåîðåìîþ Áàði [21, ñ. 382], âîíà ¹ áàçèñîì Ðiññà ïðîñòîðó L2 (0, 1). �

Ðîçãëÿíåìî äåòàëüíiøå âèïàäîê êðàéîâèõ óìîâ (21), êîëè

q = mn+p, mn+p /∈M1, p = 1, . . . , n. (28)

Òåîðåìà 2. Íåõàé äëÿ êðàéîâèõ óìîâ (2), (3) âèêîíóþòüñÿ ïðèïó-
ùåííÿ A1 − A4 i íåõàé mn+p /∈ M1. Òîäi äëÿ êîæíîãî b ∈ R ñèñòåìà
V (Lp,b) ¹ áàçèñîì Ðiññà ïðîñòîðó L2 (0, 1) , p = 1, . . . , n.

Äîâåäåííÿ. Çà ïðèïóùåííÿ mn+p /∈ M1 âèçíà÷èìî êðàéîâó óìîâó
(21) ôîðìóëîþ

y(mn+p) (0)− (−1)mn+p y(mn+p) (1) + b
(
y(mn+p) (0)+

(−1)mn+p y(mn+p) (1)
)
= 0, p = 1, . . . , n, b ∈ R. (29)

Íåõàé Lp,b = Lp,mn+p,b � îïåðàòîð çàäà÷i (1), (20), (29). Âëàñíi ôóí-
êöi¨ îïåðàòîðà Lp,b âèçíà÷èìî ñïiââiäíîøåííÿìè

v1,k (x, Lp,b) = v1,k (x, L0) , b ∈ R, p = 1, . . . , n, k = 1, 2, . . . , (30)

v0,k (x, Lp,b) = v0,k (x, L0) + by2,n+p (x, ρ0,k) ,

p = 1, . . . , n, b ∈ R, k = 1, 2, . . . ,
(31)

y2,n+p (x, ρ0,k) = cp,b,ky1,n+p (x, ρ0,k) ,

p = 1, . . . , n, b ∈ R, k = 1, 2, . . . ,
(32)

cp,b,k = −b
(
l0n+py1,n+p (x, ρ0,k)

)−1 (
lmn+p,bv0,k (x, L0)

)
,

p = 1, . . . , n, b ∈ R, k = 1, 2, . . . .

Âðàõîâóþ÷è îöiíêè (15), (26), îòðèìó¹ìî íåðiâíiñòü

|cp,b,k| ≤ K8 |b| <∞, p = 1, . . . , n, b ∈ R,
0 < K8 <∞, k = 1, 2, . . . .

(33)

Äëÿ âèïàäêó, êîëè 0 ∈ σs (Lp,b) ÷åðåç vs,0 (x, Lp,b), ïîçíà÷èìî âiäïîâiäíó
âëàñíó ôóíêöiþ îïåðàòîðà Lp,b, p = 1, . . . , n, b ∈ R.



100 Ï. I. Êàëåíþê, ß. Î. Áàðàíåöüêèé, Ë. I. Êîëÿñà

Êðàéîâi óìîâè (20), (21), (29) ¹ ñèëüíî ðåãóëÿðíèìè. Òîìó çà òåî-
ðåìîþ Êåññåëüìàíà�Ìèõàéëîâà [1, 2], ñèñòåìà V (Lp,b) ¹ áàçèñîì Ðiññà
ïðîñòîðó L2 (0, 1).

Iç ïðèïóùåííÿ mp /∈ M1 òà ïðèïóùåíü A1 − A4 âèïëèâà¹ iñíóâàííÿ
òàêîãî ÷èñëà s ∈ {1, . . . , 2n}, ùî ms = 2n− 1−mn+p, p = 1, . . . , n.

Òîìó çàäà÷à, ÿêà ¹ ñïðÿæåíîþ äî çàäà÷i (1), (20), (21), (29), âèçíà-
÷à¹òüñÿ ñïiââiäíîøåííÿìè

L0z ≡ (−1)n z(2n) (x) = f (x) , x ∈ (0, 1) , (34)

l2j z ≡ l0j z = z(mj) (0) + (−1)(mj) z(mj) (1) = 0,

j ̸= s, j, s = 1, . . . , n,
(35)

l2sz = b
(
z(ms) (1) + (−1)ms z(ms) (0)

)
+(

z(ms) (1)− (−1)ms z(ms) (0)
)
= 0, b ∈ R, s ∈ {1, . . . , n} , (36)

l2n+jz ≡ l0n+jz = z(mn+j) (0)− (−1)(mn+j) z(mn+j) (1) = 0,

j = 1, . . . , n.
(37)

Âèçíà÷èìî âëàñíi ôóíêöi¨ îïåðàòîðà çàäà÷i (34)�(37). Âëàñíà ôóí-
êöiÿ v0,k (x, L0) îïåðàòîðà L0 çàäîâîëüíÿ¹ óìîâàì (35)�(37). Òîìó âëàñíó
ôóíêöiþ îïåðàòîðà çàäà÷i (34)�(37), ÿêà âiäïîâiäà¹ âëàñíîìó çíà÷åííþ
λ0,k, âèçíà÷èìî ðiâíiñòþ

w0,k (x, Lp,b) = v0,k (x, L0) , k = 1, 2, . . . . (38)

Âëàñíó ôóíêöiþ w1,k (x, Lp,b) îïåðàòîðà çàäà÷i (34)�(37) âèçíà÷èìî
ñóìîþ

w1,k (x, Lp,b) = v1,k (x, L0) + c1,p,b,ky1,rp (x, ρ1,k) , (39)

rp = 2n− 1−mn+p, k = 1, 2, . . . , b ∈ R, p = 1, . . . , n.

Ïiäñòàâëÿþ÷è âèðàç (39) â óìîâè (36), çíàõîäèìî íåâiäîìi ïàðàìåòðè
c1,p,b,k:

c1,p,b,k = −b
(
1 + (−1)rp y1,rp (1, ρ1,k)

)−1
(1− (−1)rp v1,k (1, ρ1,k)) ,

äå k = 1, 2, . . ., b ∈ R, p = 1, 2, . . . , n. ßê âiäîìî [21, ñ. 373�374], ñèñòåìà,
ÿêà ¹ áiîðòîãîíàëüíîþ äî áàçèñó Ðiññà ãiëüáåðòîâîãî ïðîñòîðó, òàêîæ ¹
áàçèñîì Ðiññà öüîãî ïðîñòîðó. Îòæå,W (Lp,b) � ñèñòåìà âëàñíèõ ôóíêöié
çàäà÷i (34)�(37) ¹ áàçèñîì Ðiññà ïðîñòîðó L2 (0, 1). �

Çàóâàæåííÿ 2. Îöiíþþ÷è ðîçâèíåííÿ â ðÿäè Ôóð'¹ çà ñèñòåìàìè
V (Lp,b) òà W (Lp,b) ìîæíà ïîêàçàòè, ùî âîíè ¹ ñèñòåìàìè Áåññåëÿ [5]
äëÿ êîæíîãî b ∈ R, p = 1, . . . , n.
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Íåõàé Lp = Lp,1, Rp ≡ E + Sp : L2 (0, 1) → L2 (0, 1) � îïåðàòîð,
ÿêèé âiäîáðàæà¹ ñèñòåìó V (L0) ó ñèñòåìó V (Lp), äå Sp : H0 → H1,
Sp : H1 → 0, p = 1, . . . , n.

Òîìó, R−1
p = E − Sp : L2(0, 1) → L2(0, 1), Rp = eSp , p = 1, . . . , n.

Çàóâàæåííÿ 3. Ç òåîðåìè 2 îòðèìó¹ìî, ùî R−1
p , Rp ∈ B (L2 (0, 1)) ,

p = 1, . . . , n.
Íåõàé mn+p ∈M0 ∩M1. Ç ôîðìóëè (33) ìà¹ìî

cp,b (ρ0,k) = −lmn+p,bv0,k
(
l0n+py1,n+p

)−1
= 0, p = 1, . . . , n, b ∈ R.

Îòæå, Lp,b = L0, òîáòî ÿêùî mn+p ∈M0 ∩M1, òîäi íå iñíó¹ íåòðèâi-
àëüíèõ çáóðåíü (29) êðàéîâèõ óìîâ (3), p = 1, . . . , n.

Ïðèêëàä 1. Íåõàé mp = mn+p = n− p, p = 1, . . . , n. Óìîâè (2), (3)
åêâiâàëåíòíi óìîâàì Äiðiõëå

y(m) (0) = y(m) (1) = 0, m = 0, 1, . . . , n− 1.

Ó öüîìó âèïàäêó íå iñíó¹ ðåãóëÿðíèõ çà Áiðêãîôîì äâîòî÷êîâèõ çáóðåíü
êðàéîâèõ óìîâ (2), (3) ïîðÿäêó q ≤ mn+p, òîáòî çàâæäè q > mn+p,
p = 1, . . . , n.

Ïðèêëàä 2. Íåõàé mp = mn+p = 2n− p, p = 1, . . . , n. Óìîâè (2), (3)
åêâiâàëåíòíi óìîâàì Íåéìàíà

y(m) (0) = y(m) (1) = 0, m = n, n+ 1 . . . , 2n− 1.

Ó öüîìó âèïàäêó ïîðÿäîê ðåãóëÿðíèõ çà Áiðãîôîì äâîòî÷êîâèõ çáóðåíü
êðàéîâèõ óìîâ (2), (3) ñïðàâäæó¹ íåðiâíiñòü mn+p > q, p = 1, . . . , n.

Ïîáóäó¹ìî çàäà÷ó çi ñèëüíî ðåãóëÿðíèìè óìîâàìè, äëÿ ÿêèõ iñíóþòü
âiäïîâiäíi íåòðèâiàëüíi çáóðåííÿ.

Ðîçãëÿíåìî äëÿ ðiâíÿííÿ (1) çàäà÷ó ç êðàéîâèìè óìîâàìè

l3jy = l0jy = 0, j = 1, . . . , n, (40)

l3n+jy ≡ l0n+jy = 0, j ̸= p, j = 1, . . . , n, (41)

l3n+py ≡ l0n+rpy + l0,py = 0, rp = 2n− 1−mn+p,

l0,py ≡ b
(
y(rp) (0) + (−1)rp y(rp) (1)

)
, b ∈ R.

(42)

Íåõàé L1
p,b � îïåðàòîð çàäà÷i. Äëÿ âèïàäêó b = 0 îïåðàòîð ñàìîñïðÿ-

æåíî¨ çàäà÷i (1), (40)�(42) ïîçíà÷èìî L1
p = L1

p,0,p = 1, . . . , n.
Ïðèïóùåííÿ A4. Íàäàëi ïðèïóñêà¹ìî, ùî êðàéîâi óìîâè (40)�(42)

¹ ñèëüíî ðåãóëÿðíèìè äëÿ b = 0.
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Ïðèêëàä 3. Íåõàé n = 2. Îïåðàòîð L0 ïîðîäæó¹òüñÿ óìîâàìè Äi-
ðiõëå

y(1) (0)− y(1) (1) = 0, y (0) + y (1) = 0,

y(1) (0) + y(1) (1) = 0, y (0)− y (1) = 0.
(43)

Äëÿ îïåðàòîðà L1
0 âèçíà÷èìî êðàéîâi óìîâè

y (0) + y (1) = 0, y(2) (0) + y(2) (1) = 0,

y (0)− y (1) = 0, y(1) (0) + y(1) (1) = 0.
(44)

Îòæå, ïðèïóùåííÿ A4 âèêîíó¹òüñÿ. ßêùî îïåðàòîð L0 ïîðîäæó¹òüñÿ
óìîâàìè (44), òîäi äëÿ îïåðàòîðà L1

0 îòðèìó¹ìî íå ñèëüíî ðåãóëÿðíi çà
Áiðêãîôîì êðàéîâi óìîâè àíòèïåðiîäè÷íîñòi:

y (0) + y (1) = 0, y(2) (0) + y(2) (1) = 0,

y(1) (0) + y(1) (1) , y(3) (0) + y(3) (1) = 0.
(45)

Îòæå, ïðèïóùåííÿ A4 íå âèêîíó¹òüñÿ.

Íåõàé L1
0,s � çâóæåííÿ îïåðàòîðà L1

0 íà ïiäïðîñòið Hs, L1
0 = L1

0,0 +

L1
0,1, s = 0, 1, r = 0, 1. Âðàõîâóþ÷è, ùî êðàéîâi óìîâè (2) òà (40) ñïiâïà-

äàþòü, îòðèìó¹ìî, ùî L1
0,0 = L0,0.

Îòæå,
1. σ0

(
L1
0

)
= σ0 (L0) � ñïiëüíà ÷àñòèíà òî÷êîâîãî ñïåêòðà îïåðàòîðiâ

L0 òà L1
0;

2. âëàñíi ôóíêöi¨, ÿêi âiäïîâiäàþòü ñïiëüíèì âëàñíèì çíà÷åííÿì,
ñïiâïàäàþòü

v0,k
(
x, L1

0

)
= v0,k (x, L0) , k = 1, 2, . . . ;

3. ôóíêöi¨ (13) îïåðàòîðiâ L0 òà L1
0 ñïiâïàäàþòü;

4. âëàñíi ôóíêöi¨ v1,k
(
x, L1

p,b

)
, k = 1, . . ., îïåðàòîðiâ L1

0 òà L
1
p,b ñïiâ-

ïàäàþòü

v1,k

(
x, L1

p,b

)
≡ v1,k

(
x, L1

0

)
, k = 1, 2, . . . , p = 1, 2, . . . , n, b ∈ R. (46)

Çàóâàæåííÿ 4. Ó âèïàäêó, êîëè mn+p ∈ M1, çà óìîâè âèêîíàííÿ
ïðèïóùåííÿ A1 − A4, óñi òâåðäæåííÿ ¹ ïðàâèëüíèìè, ÿêùî çàìiíèòè
îïåðàòîð L0 íà L

1
0, p = 1, . . . , n.

Îçíà÷èìî âëàñíi ôóíêöi¨ v0,k
(
x, L1

p,b

)
îïåðàòîðà L1

p,b ñïiââiäíîøåí-
íÿìè

v0,k

(
x, L1

p,b

)
= v0,k (x) + c1p,k,by1,n+p (x, ρ0,m) ,

p = 1, . . . , n, b ∈ R, k = 1, 2, . . . ,
(47)

äå

c1p,k,b = −l0,pv0,k
(
l3n+py1,n+p

)−1
, k = 1, . . . , p = 1, 2, . . . , n, b ∈ R. (48)
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Äëÿ îïåðàòîðà L1
p,b òåîðåìè 1, 2 óñi ìiðêóâàííÿ, ÿêi ñòîñóâàëèñü îïåðà-

òîðà Lp,b, ¹ ïðàâèëüíèìè. Çîêðåìà,∣∣∣c1p,k,b∣∣∣ ≤ K9 |b| , k = 1, . . . , p = 1, 2, . . . , n, b ∈ R. (49)

Îòæå, ñèñòåìà V
(
L1
p,b

)
� áàçèñ Ðiññà ïðîñòîðó L2 (0, 1), p = 1, . . . , n.

Ó âèïàäêó, êîëè 0 ∈ σs (Lp), âiäïîâiäíó âëàñíó ôóíêöiþ ïîçíà÷èìî
÷åðåç vs,0 (x, Lp).

Âèâ÷èìî âèïàäîê, êîëè äëÿ êðàéîâèõ óìîâ (2), (3) mn+p ∈M0 ∩M1

¹äèíèé åëåìåíò öi¹¨ ìíîæèíè òà âiäïîâiäíi óìîâè (40) � (42) ¹ íå ñèëü-
íî ðåãóëÿðíèìè. Ïîáóäó¹ìî êðàéîâó çàäà÷ó îïåðàòîð ÿêî¨ ¹ êâàäðàòîì
îïåðàòîðà Lp,b, p = 1, 2, . . . , n, b ∈ R .

Ðîçãëÿíåìî äëÿ ðiâíÿííÿ

y(4n) (x) = f (x)

êðàéîâó çàäà÷ó ç óìîâàìè

y(mj) (0) + (−1)(mj) y(mj) (1) = 0,

y(2n+mj) (0) + (−1)(mj) y(2n+mj) (1) = 0, j = 1, . . . , n,

y(mn+p) (0)− (−1)mn+p y(mn+p) (1)+

+b
(
y(mn+p) (0) + (−1)mn+p y(mn+p) (1)

)
= 0, p = 1, 2, . . . , n, b ∈ R,

y(2n−mn+p) (0)− (−1)mn+p y(2n−mn+p) (1)+

+b
(
y(2n−mn+p) (0) + (−1)mn+p y(2n−mn+p) (1)

)
= 0, p = 1, . . . , n, b ∈ R.

Âiäïîâiäíà ìíîæèíàM0∩M1 ìiñòèòü 2 åëåìåíòè. Çãiäíî ç òåîðåìîþ
2, ñèñòåìà âëàñíèõ ôóíêöié V (A) îïåðàòîðà A öi¹¨ çàäà÷i ¹ áàçèñîì Ðiñ-
ñà â ïðîñòîði L2 (0, 1). Îïåðàòîð A ¹ êâàäðàòîì îïåðàòîðà Lp,b, òîìó
V (Lp,b) = V (A). Îòæå, ñèñòåìà ôóíêöié V (Lp,b) ¹ áàçèñîì Ðiññà ïðî-
ñòîðó L2 (0, 1), p = 1, . . . , n, b ∈ R.

Òàêèì ÷èíîì, ïðè âèêîíàííi ïðèïóùåíü A1�A4, îäíà çi ñèñòåì ôóí-

êöié V
(
L1
p,b

)
àáî V

(
L1
p,b

)
¹ áàçèñîì Ðiññà, p = 1, . . . , n, b ∈ R.

5. Îïåðàòîðè ïåðåòâîðåííÿ

Ðîçãëÿíåìî îïåðàòîð Bp : L2 (0, 1) → L2 (0, 1), p = 1, . . . , n, âëàñíi
çíà÷åííÿ ÿêîãî ñïiâïàäàþòü ç âëàñíèìè çíà÷åííÿìè îïåðàòîðà L0, à
âëàñíi ôóíêöi¨ âèçíà÷àþòüñÿ ñïiââiäíîøåííÿìè

v1,k (x,Bp) = v1,k (x, L0) ,
v0,k (x,Bp) = v0,k (x, L0) + ck (Bp) y2,n+p (x, ρ0,k) ,

ck (Bp) ∈ R, k = 1, 2, . . . , p = 1, . . . , n.
(50)
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Îïåðàòîð, ÿêèé âiäîáðàæà¹ V (L0) ó ñèñòåìó V (Bp) âëàñíèõ ôóíêöié
îïåðàòîðà Bp, ïîçíà÷èìî ÷åðåç R (Bp) , p = 1, . . . , n.

Íåõàé O (Lp) � ìíîæèíà îïåðàòîðiâ ïåðåòâîðåííÿ R (Bp) , äëÿ ÿêèõ
âëàñíi ôóíêöi¨ îïåðàòîðà Bp âèçíà÷åíi çà ôîðìóëàìè (50), Oc (Lp) ≡
O (Lp) ∩B (L2 (0, 1)), p = 1, . . . , n.

Ëåìà 2. Ñèñòåìà ôóíêöié V (Bp) ¹ áàçèñîì Ðiññà ïðîñòîðó L2 (0, 1)
òîäi òà ëèøå òîäi, êîëè {ck (Bp)} ⊂ R ¹ îáìåæåíîþ, p = 1, . . . , n.

Äîâåäåííÿ. Íåõàé ñèñòåìà V (Bp) ¹ áàçèñîì Ðiññà ïðîñòîðó L2(0, 1).
Òîäi ñèñòåìà V (Bp) òà áàçèñ Ðiññà V (Lp) ¹ ìàéæå íîðìîâàíèìè

K10 ≤ ∥v0,k (x,Bp) ;L2 (0, 1)∥ =
= 1 + |ck (Bp)| ∥y2,n+p (x, ρ0,k) ;L2 (0, 1)∥ ≤ K11,

(51)

K12 ≤ ∥y2,n+p (x, ρ0,k) ;L2 (0, 1)∥ ≤ K13,
p = 1, . . . , n, k = 1, 2, . . . .

(52)

Òîìó
|ck (Bp)| ≤ K14,K14 = (K12 − 1) (K13)

−1 ,
p = 1, . . . , n, k = 1, 2, . . . .

(53)

Íåõàé ïîñëiäîâíiñòü {ck (Bp)}∞k=1 ⊂ R � îáìåæåíà. Ðîçâèíåìî äî-
âiëüíó ôóíêöiþ f ∈ L2 (0, 1) â ðÿä Ôóð'¹ çà ñèñòåìîþ V (Lp):

f =
∑
j,k

f jvvj,k (x, Lp) , p = 1, . . . , n.

Ðîçãëÿíåìî

R (Bp) f =
∑
j,m

f jmR (Bp) vj,m (x,Ap) =
∑
j,m

f jmvj,m (x,Bp) , p = 1, . . . , n.

Iç ðiâíîñòi (31) äëÿ b = 1 ìà¹ìî

y2,n+p (x, ρ0,k) = v0,k (x, Lp)− v0,k (x, L0) , p = 1, . . . , n, k = 1, 2, . . . .

Òîìó ∥∥R (Bp) f ;L2 (0, 1)
∥∥2 = ∥∥∥∑

j,k

f jkvj,k (x,Bp) ;L2 (0, 1)
∥∥∥2 ≤

≤ 2
∑
j,k

∣∣∣f jk ∣∣∣2 + 2
∥∥∥∑
j,k

f0k ck (Bp) (v0,k (x,Ap)− v0,k (x,A0)) ;L2 (0, 1)
∥∥∥2 ≤

≤ 2
(
1 + (K15)

2 ∥Sp;B (L2 (0, 1))∥2
)∑
j,k

∣∣∣f jk ∣∣∣2 <∞,

p = 1, . . . , n, k = 1, 2, . . . , b ∈ R.
Îòæå, îïåðàòîð R (Bp) : L2 (0, 1) → L2 (0, 1) ¹ îáìåæåíèì. Ç ðiâíîñòi

R (Bp) + R−1 (Bp) = 2E îòðèìó¹ìî îáìåæåíiñòü îïåðàòîðà R−1 (Bp) ,
p = 1, . . . , n. Òîìó ñèñòåìà V (Bp) , p = 1, . . . , n, ¹ áàçèñîì Ðiññà ïðîñòîðó
L2 (0, 1) çà îçíà÷åííÿì [21, ñ. 373]. Îòæå, ëåìó äîâåäåíî. �
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6. Çàäà÷i ç íåðåãóëÿðíèìè çà Áiðêãîôîì êðàéîâèìè óìî-
âàìè

Íåõàé 0 /∈ σ (Lp), mn+p /∈ M1, Hθ
p ≡

{
y ∈ L2 (0, 1) : L

θ
p ≡ (Lp)

θ ∈
∈ L2 (0, 1)}, θ ≥ 0, � ãiëüáåðòîâèé ïðîñòið ôóíêöié çi ñêàëÿðíèì äî-
áóòêîì òà íîðìîþ âiäïîâiäíî(
u, y;Hθ

p

)
≡
(
u, y;L2 (0, 1)

)
+
(
Lθpu, L

θ
py;L2 (0, 1)

)
, p = 1, . . . , n, θ ≥ 0,∥∥u;Hθ

p

∥∥2 ≡ (u, u;Hθ
p

)
≡ (u, u;L2 (0, 1)) +

(
(Lp)

θ u, (Lp)
θ u;L2 (0, 1)

)
,

p = 1, . . . , n, θ ≥ 0.

Íåõàé f ∈ Hθ
p ,

f =
∑

s,k f
s
kvs,k (x, Lp) , f

s
k ≡ (f, ws,k (x, Lp) ;L2 (0, 1)) ,

k = 1, 2, . . . , s = 0, 1,
(54)

Lθpf =
∑∞

r=0 λ
θ
pfrvr (x, Lp) , k = 1, 2, . . . , s = 0, 1, p = 1, . . . , n, (55)

v0,m (x, Lp,q,b) = v0,m (x, L0) + c1p,q,b

(
ρ0,k

)
y2,n+p

(
x, ρ0,k

)
,

k = 1, 2, . . . , s = 0, 1, b ∈ R,
(56)

∣∣∣c1p,q,b (ρ0,k)∣∣∣ ≤ K16 |b|
(
ρ0,k

)q−mn+p

,

b ∈ R, p = 1, . . . , n, k = 1, 2, . . . .
(57)

Ðîçãëÿíåìî âèïàäîê, êîëè q > mn+p, òîáòî êðàéîâi óìîâè (20) � (22)
¹ íåðåãóëÿðíèìè çà Áiðêãîôîì.

Òåîðåìà 3. Íåõàé 0 /∈ σ (Lp) , mn+p /∈M1, q > mn+p, f ∈ Hθ
p , θ (p) ≥

q−mn+p

2n . Òîäi ñïðàâäæó¹òüñÿ íåðiâíiñòü∥∥∑
s,k f

s
kvs,k (x, Lp,q,b) ;L2 (0, 1)

∥∥2 ≤ K
∥∥f ;Hθ

p

∥∥2 ,
p = 1, . . . , n, b ∈ R, q ∈M.

(58)

Äîâåäåííÿ. ßêùî f = f0 ∈ Hθ
p

∩
H0, òî ç ôîðìóë (33)�(35) îòðè-

ìó¹ìî ∑∞
k=0

(
f0kv0,k (x, Lp,q,b) ;L2 (0, 1)

)2
=

=
∑∞

k=0

(
f0kv0,k (x, L0) ;L2 (0, 1)

)2
= ∥f ;L2 (0, 1)∥2 ≤

∥∥f ;Hθ
p

∥∥2 ,
p = 1, . . . , n, b ∈ R, q ∈M.

(59)

Àíàëîãi÷íî, äëÿ f = f1 ∈ Hθ
1

∩
H1 ìà¹ìî∑∞

k=1

∥∥(f0k , v0,k (x, Lp,q,b) ;L2 (0, 1)
)∥∥2 =

=
∑∞

k=1

∥∥∥(f0k (1− cp,q,b,k

)
, v0,k (x, L0) ;L2 (0, 1)

)
+

+
(
f0k cp,q,b,k, v0,k (x, Lp) ;L2 (0, 1)

)∥∥∥2 ≤ K18

∥∥f ;Hθ
p

∥∥2 , (60)



106 Ï. I. Êàëåíþê, ß. Î. Áàðàíåöüêèé, Ë. I. Êîëÿñà

K17 = 2 (1 + |b|K16)
2 , p = 1, 2, . . . , n, b ∈ R, q ∈M.

Ç íåðiâíîñòåé (59), (60) îòðèìà¹ìî îöiíêó (58) äëÿ 2K17 ≤ K. �

7. Çàãàëüíà êðàéîâà çàäà÷à

Äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ (1) ðîçãëÿíåìî íåëîêàëüíó çàäà÷ó
ç óìîâàìè

l4ry ≡ l0ry = y(mr) (0) + (−1)(mr) y(mr) (1) = 0, r = 1, . . . , n, (61)

l4n+py = l0n+py + lpy = 0, p = 1, . . . , n, (62)

ln+py ≡ y(mn+p) (0)− y(mn+p) (1)+

+
∑2n−1

q=0 bp,q
(
y(q) (0) + (−1)q y(q) (1)

)
= 0,

bp,q ∈ R, p = 1, . . . , n.

(63)

Íåõàé L: L2 (0, 1) → L2 (0, 1) îïåðàòîð çàäà÷i (1), (61)�(63).

Ly ≡ (−1)n y(2n) (x) , y ∈ D (L) ⊂W 2n
2 (0, 1) ,

D (L) ≡
{
y ∈W 2n

2 (0, 1) : l4jy = 0, j = 1, . . . , 2n
}
.

Ðîçãëÿíåìî n çàäà÷, â êîæíié ç ÿêèõ çáóðþ¹òüñÿ ëèøå îäíà ç óìîâ
l4n+p, p = 1, . . . , n,

l5jy = l0jy = 0, j = 1, . . . , 2n, j ̸= n+ p, (64)

l5n+py ≡ l4n+p = 0, p = 1, . . . , n. (65)

Íåõàé Bp: L2 (0, 1) → L2 (0, 1) � îïåðàòîð çàäà÷i (1), (64)�(65), V (Bp) ≡
{vi,k (x,Bp) ∈ D (Bp) , i = 0, 1, k = 1, 2, . . .} � ñèñòåìà âëàñíèõ ôóíêöié
îïåðàòîðà Bp, R (Bp) = E + S (Bp) � îïåðàòîð ïåðåòâîðåííÿ R(Bp) :
V (L0) → V (Bp), ÿêùî mn+p /∈M1 òà R (Bp) : V

(
A1

0

)
→ V (Bp) çà óìîâè

mn+p ∈M1, p = 1, . . . , n.
Êîæíó çàäà÷ó (1), (64) � (65) ïîäiëèìî íà ïðîñòiøi òàê, ùî óìîâà

(65) ìà¹ âèãëÿä y(mn+p) (0)− y(mn+p) (1) + bp,q

(
y(q) (0) + (−1)(q) y(q) (1)

)
.

Âiäïîâiäíèé îïåðàòîð ïîçíà÷èìî ÷åðåç Bp,q, q ∈M , p = 1, . . . , n. Îòæå,
Bp,q ≡ Ap,q,bp,q . Òîìó R (Bp,q) ∈ O (Lp), ÿêùî mn+p /∈ M1 òà R (Bp,q) ∈
O
(
L1
p

)
çà óìîâè mn+p ∈M1, p = 1, . . . , n.

Íåõàé G (L0) � ìíîæèíà îïåðàòîðiâ R = E + S òàêèõ, ùî S : H0 →
H1, S : H1 → 0, òà ñèñòåìà ôóíêöié {Rvi,k ∈ L2 (0, 1) : vi,k (x) ∈ V (L0)}
¹ ïîâíîþ i ìiíiìàëüíîþ â ïðîñòîði L2 (0, 1). ×åðåç Gc (L0) ïîçíà÷èìî âñi
îáìåæåíi îïåðàòîðè ç ìíîæèíè G (L0). Ç âëàñòèâîñòi S2 = 0 îòðèìà¹-
ìî, ùî R = eS . Òîìó ìíîæèíà G (L0) ¹ àáåëåâîþ ãðóïîþ, ÿêà ìiñòèòü
àáåëåâó ïiäãðóïó Gc (L0).
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Îòæå, äëÿ áóäü-ÿêèõ îïåðàòîðiâ Rj = E + Sj ∈ G (L0), j = 1, . . . , d,
d ∈ N, ñïðàâäæó¹òüñÿ ðiâíiñòü

d∏
j=1

Rj =

d∏
j=1

(E + Sj) = E +

d∑
j=1

Sj , d ∈ N. (66)

Òîìó, âðàõîâóþ÷è ðîçâèíåííÿ (63), îòðèìà¹ìî

E + S (Bp) =

2n−1∏
q=0

(E + S (Bp,q)) = E +

2n−1∑
q=0

S (Bp,q) , p = 1, . . . , n. (67)

Îïåðàòîðè R (Bp) íàëåæàòü O (Bp) ∩ G (L0) àáî O (Bp) ∩ G
(
L1
0

)
, p =

1, . . . , n. Åëåìåíòè öèõ ãðóï òàêîæ êîìóòóþòü. Òîìó îïåðàòîð R (L) ìî-
æíà ïîäàòè äîáóòêîì

R (L) =

n∏
p=1

2n−1∏
q=0

(E + S (Bp,q)) = E +

n∑
p=1

2n−1∑
q=0

S (Bp,q) . (68)

Òàêèì ÷èíîì, âñòàíîâëåíà

Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ ïðèïóùåííÿ A1�A4. Òîäi äëÿ äî-
âiëüíèõ bp,q ∈ R, p ∈ {1, . . . , n}, q ∈M , ìíîæèíà âëàñíèõ çíà÷åíü σ (L)
îïåðàòîðà L ñïiâïàäà¹ ç σ (L0). Ñèñòåìà ôóíêöié V (L) ¹ ïîâíîþ òà
ìiíiìàëüíîþ â ïðîñòîði L2 (0, 1) .

Òåîðåìà 5. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 4 i q ≤ mn+p. Òîäi
ñèñòåìà ôóíêöié V (L) ¹ áàçèñîì Ðiññà â ïðîñòîði L2 (0, 1).

Äîâåäåííÿ. Íåõàé mn+p /∈ M1. Ç íåðiâíîñòi (57), ïðèïóùåííÿ òåî-
ðåìè, ëåìè 2 òà ðiâíîñòi (66) îòðèìó¹ìî: R (Bp) ∈ Gc (L0), p = 1, . . . , n.

ßêùî mn+p ∈ M1, òî àíàëîãi÷íèìè ìiðêóâàííÿìè äîâîäèìî âêëþ-
÷åííÿ R (Bp) ∈ Gc

(
L1

0

)
, p = 1, . . . , n.

Îòæå, ç ðiâíîñòi (68) âèïëèâà¹ âêëþ÷åííÿ R (L) ∈ B (L2 (0, 1)). �

8. Âèñíîâêè

Îòæå, â ðîáîòi îòðèìàíi íàñòóïíi ðåçóëüòàòè:
1) âèçíà÷åíî íîâi êëàñè íåñàìîñïðÿæåíèõ êðàéîâèõ çàäà÷, ïîáóäî-

âàíî ñèñòåìè êîðåíåâèõ ôóíêöié, âèçíà÷åíî ñïåêòð òàêèõ çàäà÷;
2) côîðìóëüîâàíî äîñòàòíi óìîâè ïîâíîòè òà áàçèñíîñòi çà Ðiññîì

ñèñòåìè êîðåíåâèõ ôóíêöié äîñëiäæóâàíèõ çàäà÷;
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3) âñòàíîâëåíî óìîâè çáiæíîñòi ðîçêëàäó ôóíêöi¨ ó ðÿä çà ñèñòåìîþ
êîðåíåâèõ ôóíêöié íåðåãóëÿðíèõ çà Áiðêãîôîì êðàéîâèõ çàäà÷.
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Petro Kalenyuk, Yaroslav Baranetskyi, Lubov Kolyasa

NONLOCAL BOUNDARY PROBLEM FOR THE OPERATOR
OF DIFFERENTIATION OF EVEN ORDER

The spectral properties of the non-self-adjoint problem generated
by nonlocal boundary conditions for the di�erentiation operator of
order 2n are investigated. The cases of regular and irregular Birkho�
boundary conditions are studied. A system of root functions of the
problem and elements of biorthogonal systems are constructed. Su�-
cient conditions are obtained under which these systems are complete
and under some additional assumptions form a Riesz basis.
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EXPLICIT REPRESENTATION FORMULAS FOR
SOLUTIONS TO SYSTEMS OF QUATERNION MATRIX
EQUATIONS

Within the framework of the theory of column-row determinants,
we get explicit determinantal representation formulas (analogs of
Cramer's rule) for solutions to the systems of quaternion matrix
equations, A1X = C1, XB2 = C2, and A1X = C1, A2X = C2.

Throughout this paper, we denote the real number �eld by R, the set of
all m× n matrices over the quaternion skew �eld

H = {a0 + a1i+ a2j + a3k | i2 = j2 = k2 = −1, a0, a1, a2, a3 ∈ R}

by Hm×n, and by Hm×n
r the set of all m× n matrices over H with a rank r.

Let M(n,H) be the ring of n× n quaternion matrices. For A ∈ Hn×m, the
symbols A∗ stands for the conjugate transpose (Hermitian adjoint) matrix
of A. The matrix A ∈ Hn×n is Hermitian if A∗ = A.

A generalized inverse of a given matrix means a the notion of matrix that
exists for a larger class of matrices than the nonsingular matrices. It has some
properties of the usual inverse, and agrees with the inverse when the given
matrix happens to be nonsingular. The most famous generalized inverse
is the Moore-Penrose inverse. The Moore-Penrose inverse of A ∈ Hm×n,
denoted by A†, is the unique matrix X ∈ Hn×m satisfying the following
equations

1)AXA = A; 2)XAX = X; 3) (AX)∗ = AX; 4) (XA)∗ = XA.

The determinantal representation of the usual inverse is the matrix with the
cofactors in the entries that suggests a direct method of �nding of inverse and
makes it applicable through Cramer's rule to systems of linear equations. The
same is desirable for the generalized inverses. But there is no one as unambi-
guous as the usual inverse even for complex or real matrices. Therefore, there
are various determinantal representations of generalized inverses because of
looking for their more applicable explicit expressions (see, e.g. [1]).

The understanding of the problem of the determinantal representation
of the generalized inverses as well as of solutions and of generalized inverse

1Pidstrygach Institute for Applied Problems of Mechanics and Mathematics,

NAS of Ukraine, kyrchei@online.ua
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solutions of quaternion matrix equations only now comes consideration due
to the theory of column-row determinants introduced in [2, 3].

In this paper we investigate the following two systems of quaternion
matrix equations, {

A1X = C1,

XB2 = C2

(1){
A1X = C1,

A2X = C2

(2)

Since Cecioni [4] in 1910 gave necessary and su�cient conditions for
the existence of a solution to (1), there have been many papers presenting
various solutions to systems (1) and (2), such as Hermitian solution, mini-
mal norm solution, least-squares solution, the maximal and minimal rank
solutions, bisymmetric solution, positive semide�nite solution, generalized
re�exive solution, and so on (see, e.g., [5�13]).

The main goal of the paper is to derive the determinantal representations
of general solutions to the quaternion systems (1) and (2) by using previously
obtained determinantal representations of the Moore-Penrose inverse.

At the beginning, we present some needed requisites from the theory
of column-row determinants. For A = (aij) ∈ M(n,H), we de�ne n row
determinants and n column determinants as follows.

Suppose Sn is the symmetric group on the set In = {1, . . . , n}.

De�nition 1. The ith row determinant of A = (aij) ∈ M(n,H) is
de�ned for all i = 1, . . . , n by putting

rdetiA =
∑
σ∈Sn

(−1)n−r (ai ik1aik1 ik1+1
. . . aik1+l1

i) . . . (aikr ikr+1
. . . aikr+lr ikr

),

σ = (i ik1ik1+1 . . . ik1+l1) (ik2ik2+1 . . . ik2+l2) . . . (ikr ikr+1 . . . ikr+lr) ,

with conditions ik2 < ik3 < . . . < ikr and ikt < ikt+s for all t = 2, . . . , r and
s = 1, . . . , lt.

De�nition 2. The jth column determinant of A = (aij) ∈ M(n,H) is
de�ned for all j = 1, . . . , n by putting

cdetj A =
∑
τ∈Sn

(−1)n−r (ajkr jkr+lr
. . . ajkr+1ikr

) . . . (aj jk1+l1
. . . ajk1+1jk1

ajk1j),

τ = (jkr+lr . . . jkr+1jkr) . . . (jk2+l2 . . . jk2+1jk2) (jk1+l1 . . . jk1+1jk1j) ,

with conditions, jk2 < jk3 < . . . < jkr and jkt < jkt+s for t = 2, . . . , r and
s = 1, . . . , lt.
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Theorem 1 ( [2]). If A = (aij) ∈ M(n,H) is Hermitian, then rdet1A =
· · · = rdetnA = cdet1A = · · · = cdetnA ∈ R.

Due to Theorem 1, we can de�ne the determinant of a Hermitian matrix
A ∈ M(n,H) by putting, detA := rdetiA = cdetiA, for all i = 1, . . . , n.

The determinant of a Hermitian matrix has properties similar to those
of the usual determinant. They were completely explored by means of row
and column determinants in [2]. In particular, within the framework of the
theory of column-row determinants, the determinantal representations of a
quaternion inverse have been obtained via analogs of the classical adjoint
matrix [3].

We shall use the following notations. Let α := {α1, . . . , αk} ⊆ {1, . . . ,m}
and β := {β1, . . . , βk} ⊆ {1, . . . , n} be subsets of the order 1 ≤ k ≤
min {m,n}. By Aα

β denote the submatrix of A de�ned by the rows indexed
by α and columns indexed by β. Then, Aα

α denotes a principal submatrix
de�ned by the rows and columns indexed by α. If A ∈ M(n,H) is Hermi-
tian, then detAα

α is the corresponding principal minor of detA, since Aα
α

is Hermitian as well. For 1 ≤ k ≤ n, the collection of strictly increasi-
ng sequences of k integers chosen from {1, . . . , n} is denoted by Lk,n :=
{α : α = (α1, . . . , αk) , 1 ≤ α1 ≤ . . . ≤ αk ≤ n}. For �xed i ∈ α and j ∈ β,
let Ir,m{i} := {α : α ∈ Lr,m, i ∈ α}, Jr, n{j} := {β : β ∈ Lr,n, j ∈ β}.

Let a.j be the jth column and ai. be the ith row of A. Similarly, denote
by a∗.j and a∗i. the jth column and the ith row of A∗ respectively. Suppose
A.j (b) denotes the matrix obtained fromA by replacing its jth column with
the column b, and Ai. (b) denotes the matrix obtained from A by replacing
its ith row with the row b.

Theorem 2 ( [14]). If A ∈ Hm×n
r , then the Moore-Penrose inverse

A† =
(
a†ij

)
∈ Hn×m possess the following determinantal representations:

(i) If r < min{m,n}, then

a†ij =

∑
β∈Jr, n{i}

cdeti

(
(A∗A) . i

(
a∗.j

))
β
β∑

β∈Jr, n

det(A∗A) ββ
, (3)

or

a†ij =

∑
α∈Ir,m{j}

rdetj ((AA∗)j . (a
∗
i. ))

α
α∑

α∈Ir,m
det(AA∗) αα

. (4)

(ii) If r = n, then

a†ij =
cdeti(A

∗A). i

(
a∗.j

)
det(A∗A)

(5)
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or (4) when n < m.

(iii) If r = m, then

a†ij =
rdetj(AA∗)j . (a

∗
i.)

det(AA∗)
(6)

or (3) when m < n.

Corollary 1. If A ∈ Hm×n
r , where r < min {m,n} or r = m < n,

then the projection matrix A†A =: P = (pij)n×n possess the determinantal
representation

pij =

∑
β∈Jr, n{i}

cdeti ((A
∗A). i (ȧ.j))

β
β∑

β∈Jr, n
det(A∗A) ββ

, (7)

where ȧ.j is the jth column of A∗A ∈ Hn×n.

Corollary 2. If A ∈ Hm×n
r , where r < min {m,n} or r = n < m,

then the projection matrix AA† =: Q = (qij)m×m possess the determinantal
representation

qij =

∑
α∈Ir, m{j}

rdetj((AA∗)j. (äi. ))
α
α∑

α∈Ir,m
det(AA∗) αα

, (8)

where äi. is the ith row of AA∗ ∈ Hm×m.

The following important projections LA := I−A†A and RA := I−AA†

will be used below.
To prove the main results of the paper we need the following

Lemma 1 ( [11]). Let A1 ∈ Hm×n, B2 ∈ Hr×s, C1 ∈ Hm×r, C2 ∈ Hn×s

be given and X ∈ Hn×r is to be de�ned. Then the system{
A1X = C1,

XB2 = C2

(9)

is consistent if and only if

RA1C1 = 0, C2LB2 = 0, A1C2 = C1B2. (10)

Under these conditions, the general solution to (9) can be established as

X = A†
1C1 + LA1C2B

†
2 + LA1URB2 , (11)

where U is a free matrix over H with suitable shape.
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On the other hand, due to the condition (10), we have,

X = C2B
†
2 +A†

1

(
C1 −A1C2B

†
2

)
+ LA1URB2 =

C2B
†
2 +A†

1

(
C1 −C1B2B

†
2

)
+ LA1URB2 =

C2B
†
2 +A†

1C1RB2 + LA1URB2 ,

Denote by ∥A∥ the Frobenius norm of the quaternion matrix A ∈
Hm×n. Obviously, the minimum norm partial solution X0 to (9), i.e. ∥X0∥ =
min∥X∥, is given by

X0 = A†
1C1 + LA1C2B

†
2, (12)

or
X0 = C2B

†
2 +A†

1C1RB2 , (13)

Now, we give determinantal representations of X0. Because of (12), we have
the following theorem.

Theorem 3. Let A1 =
(
a
(1)
ij

)
∈ Hm×n

k , B2 =
(
b
(2)
ij

)
∈ Hr×s

p , C1 =(
c
(1)
ij

)
∈ Hm×r, C2 =

(
c
(2)
ij

)
∈ Hn×s, and there exist A†

1 =
(
a
(1),†
ij

)
∈

Hn×m, B†
2 =

(
b
(2),†
ij

)
∈ Hs×r, LA1 = I − A†

1A1 =: (lij) ∈ Hn×n. Denote

A∗
1C1 =: Ĉ1 = (ĉ

(1)
ij ) ∈ Hn×r and LA1C2B

∗
2 =: Ĉ2 = (ĉ

(2)
ij ) ∈ Hn×r.

(i) If rankA1 = k ≤ m < n and rankB2 = p ≤ s < r, then X0 = (x0ij) ∈
Hn×s possess the following determinantal representation,

x0ij =

∑
β∈Jk, n{i}

cdeti

(
(A∗

1A1) . i

(
ĉ
(1)
.j

))
β
β∑

β∈Jk, n
det(A∗

1A1)
β
β

+

∑
α∈Ip,r{j}

rdetj

(
(B2B

∗
2) j .

(
ĉ
(2)
i .

))
α
α∑

α∈Ip,r
det(B2B∗

2)
α
α

, (14)

where ĉ
(1)
.j is the jth column of Ĉ1, and ĉ

(2)
i . is the ith row of Ĉ2.

(ii) If rankA1 = n and rankB2 = r, then

x0ij =
cdeti(A

∗
1A1). i

(
ĉ
(1)
.j

)
det(A∗

1A1)
+

rdetj(B2B
∗
2)j.

(
ĉ
(2)
i .

)
det(B2B∗

2)
. (15)
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(iii) If rankA1 = k ≤ m < n and rankB2 = r, then

x0ij =

∑
β∈Jk, n{i}

cdeti

(
(A∗

1A1) . i

(
ĉ
(1)
.j

))
β
β∑

β∈Jk, n
det(A∗

1A1)
β
β

+
rdetj(B2B

∗
2)j. (ĉ

(2)
i . )

det(B2B∗
2)

(16)

(iv) If rankA1 = n and rankB2 = p ≤ s < r, then

x0ij =
cdeti(A

∗
1A1). i

(
ĉ
(1)
.j

)
det(A∗

1A1)
+

∑
α∈Ip,r{j}

rdetj

(
(B2B

∗
2)j.

(
ĉ
(2)
i .

))α
α∑

α∈Ip,r
det(B2B∗

2)
α
α

.

(17)

Proof. First we note that the matrix LA1 = I − A†
1A1 easily can be

obtained for all cases by Theorem 2.
(i) If A1 ∈ Hm×n

k , B2 ∈ Hr×s
p and k < n, p < r, then the determinantal

representations of the Moore-Penrose inverses A†
1 and B†

2 can be chosen by
Theorem 2 as follows

a
(1),†
ij =

∑
β∈Jk, n{i}

cdeti

(
(A∗

1A1) . i

(
a
(1),∗
.j

))
β
β∑

β∈Jk, n
det(A∗

1A1)
β
β

, (18)

b
(2),†
ij =

∑
α∈Ip,r{j}

rdetj

(
(B2B

∗
2)j . (b

(2),∗
i. )

)
α
α∑

α∈Ip,r
det(B2B∗

2)
α
α

. (19)

Denote LA1C2 =: C̃2 = (c̃
(2)
ij ) ∈ Hn×s. By (12), the entries of X0 = (x0ij)

are

x0ij =
m∑
l=1

a
(1),†
il c

(1)
lj +

s∑
q=1

c̃
(2)
iq b

(2),†
qj (20)

for all i = 1, ..., n, j = 1, ..., r. Substituting (18) and (19) in (20), we obtain

x0ij =
m∑
l=1

∑
β∈Jk, n{i}

cdeti

(
(A∗

1A1) . i

(
a
(1),∗
.l

))
β
β∑

β∈Jk, n
det(A∗

1A1)
β
β

· c1lj+
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+

s∑
q=1

c̃iq ·

∑
α∈Ip,r{j}

rdetj

(
(B2B

∗
2)j . (b

(2),∗
q. )

)
α
α∑

α∈Ip,r
det(B2B∗

2)
α
α

.

Taking into account that

∑
l

a
(1),∗
. l c

(1)
lj =



∑
l

a
(1),∗
1l c

(1)
lj∑

l

a
(1),∗
2l c

(1)
lj

...∑
l

a
(1),∗
nl c

(1)
lj


= ĉ

(1)
.j

and∑
q

c̃
(2)
iq b(2),∗

q . =

(∑
k

c̃
(2)
iq b

(2),∗
q1

∑
k

c̃iqb
(2),∗
q2 · · ·

∑
k

c̃
(2)
iq b

(2),∗
qn

)
= ĉ

(2)
i. ,

we �nally obtain (14).
(ii) In this case, for the determinantal representations of the Moore-

Penrose inverses A†
1 and B†

2, the equations (5) and

b
(2),†
ij =

rdetj(B2B
∗
2)j.

(
b
(2),∗
i .

)
det(B2B∗

2)
. (21)

are more applicable to use, respectively. By substituting them in (20) and
proceeding further as in the previous case, we obtain (15).

In the cases (iii) and (iv) for A†
1 and B†

2, we use the determinantal
representations (18)-(21) and (5)-(19), respectively. �

Remark 1. In accordance with expression (13), we obtain the same

representations, but with the denotations, C2B
∗
2 =: Ĉ2 = (ĉ

(2)
ij ) ∈ Hn×r and

A∗
1C1RB2 =: Ĉ1 = (ĉ

(2)
ij ) ∈ Hn×r.

Lemma 2 ( [10]). Suppose that A1 ∈ Hm×n, C1 ∈ Hm×r, A2 ∈ Hs×n,
C2 ∈ Hs×r are known, and X ∈ Hn×r is unknown, S = A2LA1, G = RSA2.
Then the system {

A1X = C1,

A2X = C2

(22)

is consistent if and only if

AiA
†
iCi = Ci, i = 1, 2; G(A†

2C2 −A†
1C1) = 0.
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Under these conditions, the general solution to (22) can be established as

X = A†
1C1 + LA1S

†A2(A
†
2C2 −A†

1C1) + LA1LSY, (23)

where Y is an arbitrary matrix over H with appropriate size.

A simpli�cation of (23) can be derived due to the quaternionic analogue
of the following proposition.

Lemma 3 ( [16]). If A ∈ Hn×n is Hermitian, then the following equation
holds for any matrix B ∈ Hm×n,

A(AB)† = (AB)†. (24)

Since LA1 is a projector, then by (24),

LA1S
† = LA1(A2LA1)

† = (A2LA1)
† = S†.

Also, A2A
†
2C2 = C2. So, we have the following simpli�cation of (23),

X = A†
1C1 + S†C2 − S†A2A

†
1C1 + LA1LSY.

Obviously, the minimum norm partial solution X0 to (22), i.e. ∥X0∥ =
min∥X∥, is given by

X0 = A†
1C1 + S†C2 − S†A2A

†
1C1. (25)

In the following theorem we give the determinantal representations of (25).

Theorem 4. Let A1 =
(
a
(1)
ij

)
∈ Hm×n

k1
, A2 =

(
a
(2)
ij

)
∈ Hs×n

k2
, C1 =(

c
(1)
ij

)
∈ Hm×r, C2 =

(
c
(2)
ij

)
∈ Hs×r, and there exist A†

1 =
(
a
(1),†
ij

)
∈

Hn×m, S†
2 =

(
s†ij

)
∈ Hn×s. Let rankS = min{rankA2, rankLA1} = k.

Denote A∗
1C1 =: Ĉ1 = (ĉ

(1)
ij ) ∈ Hn×r, S∗C2 =: Ĉ2 = (ĉ

(2)
ij ) ∈ Hn×r, and

S∗A2 =: Â2 = (â
(2)
ij ) ∈ Hn×n.

(i) If rankA1 = k1 < n and rankS = k < n, then X0 = (x0ij) ∈ Hn×r

possess the following determinantal representation,

x0ij =

∑
β∈Jk1, n{i}

cdeti

(
(A∗

1A1) . i

(
ĉ
(1)
.j

))
β
β∑

β∈Jk1, n
det(A∗

1A1)
β
β

+

∑
β∈Jk, n{i}

cdeti

(
(S∗S) . i

(
ĉ
(2)
.j

))
β
β∑

β∈Jk, n
det(S∗S) ββ

−
n∑
l=1

∑
β∈Jk, n{i}

cdeti

(
(S∗S) . i

(
â
(2)
.l

))
β
β∑

β∈Jk, n
det(S∗S) ββ

×
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×

∑
β∈Jk1, n{l}

cdetl

(
(A∗

1A1) . l

(
ĉ
(1)
.j

))
β
β∑

β∈Jk1, n
det(A∗

1A1)
β
β

, (26)

where ĉ
(1)
.j , ĉ

(2)
.j , and â

(2)
.j are the jth columns of the matrices Ĉ1, Ĉ2,

Â2, respectively.

(ii) If rankA1 = n and rankS = n, then

x0ij =
cdeti(A

∗
1A1). i

(
ĉ
(1)
.j

)
det(A∗

1A1)
+

cdeti(S
∗S). i

(
ĉ
(2)
.j

)
det(S∗S)

−

−
n∑
l=1

cdeti(S
∗S). i

(
â
(2)
.l

)
det(S∗S)

·
cdetl(A

∗
1A1). l

(
ĉ
(1)
.j

)
det(A∗

1A1)
. (27)

(iii) If rankA1 = k1 < n and rankS = n, then

x0ij =

∑
β∈Jk1, n{i}

cdeti

(
(A∗

1A1) . i

(
ĉ
(1)
.j

))
β
β∑

β∈Jk1, n
det(A∗

1A1)
β
β

+
cdeti(S

∗S). i

(
ĉ
(2)
.j

)
det(S∗S)

−

−
n∑
l=1

cdeti(S
∗S). i

(
â
(2)
.l

)
det(S∗S)

·

∑
β∈Jk1, n{l}

cdetl

(
(A∗

1A1) . l

(
ĉ
(1)
.j

))
β
β∑

β∈Jk1, n
det(A∗

1A1)
β
β

.

(28)

(iv) If rankA1 = n and rankS = k < n, then

x0ij =
cdeti(A

∗
1A1). i

(
ĉ
(1)
.j

)
det(A∗

1A1)
+

∑
β∈Jk, n{i}

cdeti

(
(S∗S) . i

(
ĉ
(2)
.j

))
β
β∑

β∈Jk, n
det(S∗S) ββ

−

n∑
l=1

∑
β∈Jk, n{i}

cdeti

(
(S∗S) . i

(
â
(2)
.l

))
β
β∑

β∈Jk, n
det(S∗S) ββ

·
cdeti(A

∗
1A1). i

(
ĉ
(1)
.j

)
det(A∗

1A1)
. (29)
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Proof. (i) If rankA1 = k1 < n and rankS = k < n, then determinantal
representations of the Moore-Penrose inverses A†

1 and S† can be chosen by
(3). Due to (25), the entries of X0 = (x0ij) are

x0ij =

m∑
t=1

a
(1),†
it c

(1)
tj +

s∑
q=1

s†iqc
(2)
qj −

s∑
q=1

n∑
l=1

m∑
t=1

s†iqa
(2)
ql a

(1),†
lt c

(1)
tj (30)

for all i = 1, ..., n, j = 1, ..., r. Substituting a(1),†it and s†kq in (30), we obtain

x0ij =

m∑
t=1

∑
β∈Jk1, n{i}

cdeti

(
(A∗

1A1) . i

(
â
(1),∗
.t

))
β
β∑

β∈Jk1, n
det(A∗

1A1)
β
β

· c(1)tj +

s∑
q=1

n∑
l=1

∑
β∈Jk, n{i}

cdeti
(
(S∗S) . i

(
s∗.q
)) β

β∑
β∈Jk, n

det(S∗S) ββ
· a(2)qj −

s∑
q=1

n∑
l=1

m∑
t=1

∑
β∈Jk, n{i}

cdeti
(
(S∗S) . i

(
s∗.q
)) β

β∑
β∈Jk, n

det(S∗S) ββ
· a(2)ql ×

∑
β∈Jk1, n{l}

cdetl

(
(A∗

1A1) . l

(
a
(1),∗
.t

))
β
β∑

β∈Jk1, n
det(A∗

1A1)
β
β

· c(1)tj .

Taking into account that
∑
l

a
(1),∗
. t c

(1)
tj = ĉ

(1)
.j ,

∑
q
s∗.qa

(2)
ql = â

(2)
.l , we �nally

obtain (26).
(ii) In this case the determinantal representation (5) is more convenient

to use for the both Moore-Penrose inverses A†
1 and S†. Their substitution

in (30) gives (27).
In the case (iii) we use the determinantal representation (3) for the

Moore-Penrose inversesA†
1, and the determinantal representation (5) is more

convenient to use for S†.
In the case(iv), the determinantal representations (3) and (5) are used

for A†
1 and S†, respectively. �

Remark 2. To give analogs of Theorems 3 and 4 for the matrix systems
(9) and (22), respectively, over the complex �eld, it is obviously needed to
substitute all row-column determinants by usual determinants.

Finally, we give numerical examples to illustrate the main results.
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Example 1. Let us consider the matrix equation{
A1X = C1,

XB2 = C2

(31)

where A1 =

(
i 0 −j
1 −k i

)
, C1 =

(
−j 0 −i
k 1 −j

)
, B2 =

k −j
j 0
1 i

 , C2 =−1 i
−i 0
k j

 . Since A∗
1A1 =

 2 i −2k
−i 1 −j
2k j 0

 , B2B
∗
2 =

 2 i 0
−i 1 j
0 −j 0

 , and

det (A∗
1A1) = 0, det (B2B

∗
2) = 0, but det

(
2 i
−i 1

)
= 1, then rankA1 =

rankB2 = 2. Moreover, A1C2 = B2C1 =

(
−2i 0
1 i+ k

)
. So, by (10), the

system (31) is consistent. We shall �nd the solution of (31) by it's determi-
nantal representation (14). First, by (3), one can �nd,

A†
1 =

1

4

−2i− k 1 + j
1 + j 2k
1 + 2j −i+ k

 , A†
1A1 =

1

4

 3 −i− k k
i+ k 2 1 + j
−k 1− j 3

 ,

LA1 =
1

4

 1 i+ k −k
−i− k 2 −1− j
k −1 + j 1

 ,

Ĉ1 = A∗
1C1 =

 1 i+ k −k
−i− k 2 −1− j
k −1 + j 1

 ,

Ĉ2 = LA1C2B
∗
2 =

 1 i+ k −k
−i− k 2 −1− j
k −1 + j 1

 .

Since

(A∗
1A1).1

(
ĉ
(1)
.1

)
=

 2k −k i+ k
−1 1 j
1 + j −j 2

 ,

(B2A
∗
2)1.

(
ĉ
(2)
1.

)
=

1
4 i+

1
4k −1

4 − 1
4j

3
4 − 3

4j
−i 1 j
0 −j 2

 ,

then
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x011 =∑
β∈J2, 3{1}

cdet1

(
(A∗

1A1) . 1

(
ĉ
(1)
.1

))
β
β∑

β∈J2, 3
det(A∗

1A1)
β
β

+

∑
α∈I2,3{1}

rdet1

(
(B2B

∗
2)1 .

(
ĉ
(2)
1 .

))
α
α∑

α∈I2,3
det(B2B∗

2)
α
α

=

1

4

(
cdet1

(
2k −k
−1 1

)
+ cdet1

(
2k 1 + k

1 + i 2

))
+

1

6

(
rdet1

(
1
4 i+

1
4k −1

4 − 1
4j

−i 1

)
+ rdet1

(
1
4 i+

1
4k

3
4 − 1

4j
0 2

))
=

1

12
i+

11

12
k.

Similarly, we obtain

x12 =
1

6
+

1

6
j, x13 =

1

12
− 1

12
j, x21 =− 1

6
j, x22 =

3

4
k,

x23 =− 1

6
i, x31 =

1

12
+

1

12
j, x32 =− 1

6
i+

1

6
k, x33 =

1

12
i+

13

12
k.

Note that we used Maple with the package CLIFFORD in the calculations.
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Iâàí Êèð÷åé

ÔÎÐÌÓËÈ ßÂÍÎÃÎ ÏÐÅÄÑÒÀÂËÅÍÍß ÐÎÇÂ'ßÇÊIÂ
ÑÈÑÒÅÌ ÊÂÀÒÅÐÍIÎÍÎÂÈÕ ÌÀÒÐÈ×ÍÈÕ ÐIÂÍßÍÜ

Â ðàìêàõ òåîði¨ ñòîâïöåâèõ i ðÿäêîâèõ âèçíà÷íèêiâ, ìè îòðèìó-
¹ìî ÿâíi ôîðìóëè âèçíà÷íèêîâîãî ïðåäñòàâëåííÿ (àíàëîãè ïðà-
âèëà Êðàìåðà) ðîçâ'ÿçêiâ ñèñòåì êâàòåðíiîíîâèõ ìàòðè÷íèõ
ðiâíÿíü A1X = C1, XB2 = C2 òà A1X = C1, A2X = C2.



Çáiðíèê ïðàöü äî 80-ði÷÷ÿ Á.É.Ïòàøíèêà
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Iryna Kmit1

SMOOTHING PROPERTY OF SOLUTIONS TO NONLOCAL
HYPERBOLIC PROBLEMS

We consider nonlocal initial boundary value problems with integral
boundary conditions for integro-di�erential �rst order hyperbolic
systems. We prove a general regularity result stating that the L2-
generalized solutions become eventually continuous.

1. Problem setting and motivation

1.1. Statement of the problem and our result

We will consider integro-di�erential �rst order hyperbolic system of the
type

∂tuj + aj(x, t)∂xuj +

n∑
k=1

bjk(x, t)uk +
n∑
k=1

∫ x

0
gjk(y, t)×

×uk(y, t)dy = fj(x, t), (x, t) ∈ (0, 1)× (0,∞), j ≤ n,

(1)

subjected to the initial conditions

uj(x, 0) = φj(x), x ∈ [0, 1], j ≤ n, (2)

and the integral boundary conditions

uj(0, t) =

n∑
k=1

∫ 1

0
rjk(x, t)ukdx, t ∈ [0,∞), 1 ≤ j ≤ m,

uj(1, t) =
n∑
k=1

∫ 1

0
rjk(x, t)ukdx, , t ∈ [0,∞), m < j ≤ n,

(3)

where 0 ≤ m ≤ n are �xed integers and n ≥ 2. In this form, which is
motivated by applications, the problem has been studied in [7,10]. First order
hyperbolic systems with smoothing boundary conditions of the integral type
(3) appear, in particular, in applications to population dynamics [1, 8, 11].

It is known that, whatsoever φi ∈ C ([0, 1]), there exists a unique pi-
ecewise continuous solution to the initial-boundary value problem (1)�(3)

1Institute of Mathematics, Humboldt University of Berlin and Institute for

Applied Problems of Mechanics and Mathematics, Ukrainian National Academy

of Sciences, kmit@mathematik.hu-berlin.de
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with possible �rst order discontinuities along characteristic curves emanating
from the points (0, 0) and (1, 0). The discontinuities disappear only whenever
the zero order compatibility condition between (3) and (2) is ful�lled. It turns
out that for some classes of boundary conditions one can speak about the
disappearance of the discontinuities after some time even if the zero order
compatibility conditions at points (0, τ) and (1, τ) are not ful�lled. Even
more, as it follows from [4, 5], one can expect that for linear problems this
kind of smoothing property (higher regularity of solutions after a �smoothing
time�) does not depend on the regularity of the initial data. Our aim is to
show that generalized solutions to the problem (1)�(3) become eventually
continuous, despite of the initial data are supposed to be only L2-regular.

Set
Ω = {(x, t) : 0 < x < 1, 0 < t <∞}.

Suppose that

inf
(x,t)∈Ω

aj > 0 for all j ≤ m and sup
(x,t)∈Ω

aj < 0 for all j > m. (4)

This entails that the system (1) is non-degenerate. Let us make a couple of
regularity assumptions on the coe�cients of (1), namely

aj , bjk ∈ C1(Ω) and gjk, rjk ∈ C0,1
x,t (Ω) for all j, k ≤ n (5)

and
for all 1 ≤ j ̸= k ≤ n there exists βjk ∈ C1

such that bjk = βjk(ak − aj).
(6)

It turns out that the last property is crucial for our analysis.
By L2(0, 1)n we denote the vector space of functions u = (u1, . . . , un)

with uj ∈ L2(0, 1).
Let us introduce the notion of an L2-generalized solution to the problem

(1)�(3). Fix arbitrary φj ∈ L2(0, 1) and sequences φlj ∈ C∞
0 ([0, 1]) such

that φlj → φj in L2(0, 1). Note that, due to the fact that φlj are compactly
supported for all l ∈ N and j ≤ n, they satisfy the zero order and the �rst
order compatibility conditions between (2) and (3). By [2, 9], given l ∈ N,
the problem (1)�(3) has a unique classical solution, say ul. Similarly to [5]
one can prove that these solutions satisfy the following estimate:

max
j≤n

∥ul(·, t)∥L2(0,1) ≤Meωtmax
j≤n

∥φj∥L2(0,1) for all t > 0, (7)

for some constants M,ω not depending on t, φj , and l ∈ N. Hence, there
exist a unique vector-function u ∈ C([0,∞), L2(0, 1))n such that

∥u(·, θ)− ul(·, θ)∥L2(0,1)n → 0 as l → ∞,
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uniformly in θ varying in the range 0 ≤ θ ≤ t, for every t > 0. The
vector-function u is called an L2-generalized solution to the problem (1)�
(3). Furthermore, the following estimate is true:

∥u(·, t)∥L2(0,1)n ≤Meωtmax
j≤n

∥φj∥L2(0,1) for all t > 0, (8)

what follows from (7).
Our main result states that all L2-generalized solutions have a smoothing

property, in the following sense.

De�nition 1. The L2-generalized solution to the problem (1)�(3) is
called eventually smoothing if there is d > 0 such that u is a continuous
vector-function after the time t ≥ d.

This property means that the solutions become more regular in a �-
nite time if to compare with their regularity in the entire domain. This
contrasts to the parabolic case where, due to the in�nite propagation speed,
the smoothing property for solutions is encountered in the entire domain
(immediately after leaving the initial axis).

Theorem 1. Suppose that the conditions (4), (5) and (6) are ful�-
lled. Then the L2-generalized solution to the problem (1)�(3) is eventually
smoothing in the sense of De�nition 1.

1.2. Integral representation of the problem (1)�(3)

For given j ≤ n, x ∈ [0, 1], and t ∈ R, the j-th characteristic of (1) passi-
ng through the point (x, t) is de�ned as the solution ξ ∈ [0, 1] 7→ ωj(ξ, x, t) ∈
R to the initial value problem

∂ξωj(ξ, x, t) =
1

aj(ξ, ωj(ξ, x, t))
, ωj(x, x, t) = t. (9)

Due to (4), the characteristic curve θ = ωj(ξ, x, t) reaches the boundary of Ω
in two points with distinct ordinates. Let xj = xj(x, t) denote the abscissa
of that point whose ordinate is smaller. Note that (4) entails that xj does
not depend on x, t but only on j and, therefore, is given by the formula

xj =

{
0 for 1 ≤ j ≤ m,
1 for m < j ≤ n.

Further we will simply write ωj(ξ) for ωj(ξ, x, t). Write

cj(ξ, x, t) = exp

∫ ξ

x

(
bjj
aj

)
(η, ωj(η)) dη, dj(ξ, x, t) =

cj(ξ, x, t)

aj(ξ, ωj(ξ))
.

(10)
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Let us introduce linear bounded operators R,B,G : C(Ω)n 7→ C(Ω)n by

(Ru)j(x, t) = cj(xj , x, t)

n∑
k=1

∫ 1

0
rjk(η, ωj(xj))uk(η, ωj(xj)) dη,

(Bu)j(x, t) = −
∑
k ̸=j

∫ x

xj

dj(ξ, x, t)bjk(ξ, ωj(ξ))uk(ξ, ωj(ξ)) dξ,

(Gu)j(x, t) = −
n∑
k=1

∫ x

xj

∫ ξ

0
dj(ξ, x, t)gjk(y, ωj(ξ))uk(y, ωj(ξ)) dydξ.

Straightforward calculations show that a C1-map u : Ω → Rn is a soluti-
on to the PDE problem (1)�(3) if and only if it satis�es the following system
of integral equations

uj(x, t) = (Su)j (x, t)−
∫ x

xj

dj(ξ, x, t)
∑
k ̸=j

(bjkuk)(ξ, ωj(ξ)) dξ, j ≤ n, (11)

where the a�ne bounded operator S is de�ned by

(Su)j(x, t) =

{
(Ru)j (x, t) if xj = 0 or xj = 1

cj(xj , x, t)φj(xj) if xj ∈ (0, 1)
(12)

on a subspace of C(Ω)n of functions satisfying (2).

1.3. Smoothing property of the L2-generalized solutions

Here we prove Theorem 1. To this end, we will use results about existence
and uniqueness of continuous and classical solutions to the problem (1)�(3)
proved in [2, 6].

The proof extends the ideas of [3, 4] where the smoothing property is
proved for the initial data in the space of continuous functions satisfying
the zero order compatibility conditions. In [3, 4] we show that the solutions
reach the Ck-regularity in a �nite time for each k. Here we follow a similar
argument and extend the smoothing results to the case where the initial
data are L2-functions only.

Our starting point is that, given φ ∈ L2(0, 1)n, the initial boundary value
problem (1)�(3) has a unique solution u ∈ C

(
R, L2(0, 1)

)n. Our aim is to
show that u(x, t) ∈ C

(
Ωd
)n

for some d > 0, where

Ωτ = {(x, t) : 0 < x < 1, τ < t <∞}, τ > 0.

Let d be chosen so that d ≥ ωj(1, ωk(1, 0, 0), 0) for all j, k ≤ m and d ≥
ωj(0, ωk(0, 1, 0), 1) for all m + 1 ≤ j, k ≤ n. Fix an arbitrary φ ∈ L2(0, 1)n

and consider an arbitrary sequence φl ∈ C([0, 1])n of functions satisfying the
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zero order compatibility conditions between (3) and (2) such that φl → φ
in L2(0, 1)n (one can easily prove that the sequence φl exists). Denote by ul

the continuous solution to (1)�(3) with φ replaced by φl. Moreover, we have
(see [5, Lemma 4.2])

ul → u in C
(
[τ, θ], L2(0, 1)

)n
as l → ∞, (13)

for any θ > 0, where u ∈ C
(
[0, θ], L2(0, 1)

)n is the generalized L2-solution
to the problem (1)�(3). To prove the theorem, it is su�cient to show that

ul converges in C
(
Ω
4d+α
4d

)n
as l → ∞, (14)

for any α > 0. Here and below, given β < γ, we write

Ωγβ = Ωβ \ Ωγ .

For the solution ul ∈ C
(
Ω
)n

restricted to Ωd we have the operator
representation:

ul
∣∣
Ωd

= Bul +Gul +Rul. (15)

On the account of the choice of d, the function ul in the right-hand side of
(15) ful�lls the same equation (15), what entails

ul
∣∣
Ωd

= (B +R)(B +R+G)ul +Gul.

We are done if we prove that the right-hand side of the last equality converges

in C
(
Ω
2d+α
2d

)n
for any α > 0 as l → ∞. Fix an arbitrary α > 0. Since the

operators B and R are bounded, it su�ces to prove that the sequences

B2ul, RBul, BRul, R2ul, Gul converge in C
(
Ω
2d+α
2d

)n
(16)

as l → ∞.
We start with

(
B2ul

)
(x, t). Given j ≤ n, consider the following expressi-

on for
(
B2ul

)
j
(x, t), obtained after changing the order of integration:

(
B2ul

)
j
(x, t) =

∑
k ̸=j

∑
i̸=k

∫ x

xj

∫ x

η
djki(ξ, η, x, t)bjk(ξ, ωj(ξ))×

×uli(η, ωk(η, ξ, ωj(ξ)))dξdη

with

djki(ξ, η, x, t) = dj(ξ, x, t)dk(η, ξ, ωj(ξ))bki(η, ωk(η, ξ, ωj(ξ))).
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Fix k ̸= j. Let us change the variables

ξ ∈ [0, 1] 7→ θ = ωk(η, ξ, ωj(ξ)). (17)

Taking into the account the formulas

∂xωj(ξ, x, t) = − 1

aj(x, t)
exp

∫ x

ξ

∂taj(η, ωj(η))

aj(η, ωj(η))2
dη, (18)

∂tωj(ξ, x, t) = exp

∫ x

ξ

∂taj(η, ωj(η))

aj(η, ωj(η))2
dη, (19)

from (17) we get

dθ = [∂2ωk(η, ξ, ωj(ξ)) + ∂3ωk(η, ξ, ωj(ξ))∂ξωj(ξ)] dξ =

=
ak(ξ, ωj(ξ))− aj(ξ, ωj(ξ))

aj(ξ, ωj(ξ))ak(ξ, ωj(ξ))
∂3ωk(η, ξ, ωj(ξ))dξ, (20)

where ∂k denotes the partial derivative with respect to the k-th argument.
It follows that (17) is non-degenerate for all ξ ∈ [0, 1] ful�lling the condition
ak(ξ, ωj(ξ))−aj(ξ, ωj(ξ)) ̸= 0. The inverse of (17) for those ξ will be denoted
by x̃(θ, η, x, t). Moreover, we have the following identity:

ωk(x̃(θ, η, x, t), η, θ) = ωj(x̃(θ, η, x, t), x, t).

Therefore, after changing the variables (17) we come up with the following
formula for the summands contributing into

(
B2ul

)
:∫ x

xj

∫ x

η
djki(ξ, η, x, t)bjk(ξ, ωj(ξ))u

l
i(η, ωk(η; ξ, ωj(ξ)))dξdη =

=

∫ x

xj

∫ ωk(η,x,t)

ωj(η,x,t)
djki(x̃, η, x, t)βjk(x̃, ωj(x̃))

(akaj)(x̃, ωj(x̃))

∂3ωk(η, x̃, ωj(x̃))
uli(η, θ)dθdη,

(21)
where the functions βjk ∈ C are �xed to satisfy (6). Note that βjk(x, t) are
not uniquely de�ned by (6) for (x, t) with aj(x, t) = ak(x, t). Nevertheless, as
it follows from (20), the right-hand side (and, hence, the left-hand side of (21)
do not depend on the choice of βjk, since dθ = 0 if aj(ξ, ωj(ξ)) = ak(ξ, ωk(ξ)).
Changing the order of integration in the right-hand side, we rewrite the last
as follows:∫ ωk(xj)

ωj(xj)

∫ ω̃j(θ)

xj

djki(x̃, η, x, t)b̃jk(x̃, ωj(x̃))
(akaj)(x̃, ωj(x̃))

∂3ωk(η, x̃, ωj(x̃))
uli(η, θ)dηdθ+

+

∫ t

ωk(xj)

∫ ω̃j(θ)

ω̃k(θ)
djki(x̃, η, x, t)b̃jk(x̃, ωj(x̃))

(akaj)(x̃, ωj(x̃))

∂3ωk(η, x̃, ωj(x̃))
uli(η, θ)dηdθ,

(22)
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where τ ∈ R 7→ ω̃s(τ) = ω̃s(τ, x, t) ∈ [0, 1] denotes the inverse function to
ξ ∈ [0, 1] 7→ ωs(ξ) ∈ R. Note that the interval of integration in θ in both of

the integrals does not exceed d. Now the C
(
Ω
2d+α
2d

)n
-norm of the function

(22) can be estimated from above by

2d max
x,ξ,η∈[0,1]

max
t,θ∈[0,2d+α]

∣∣∣∣djki(ξ, η, x, t))b̃jk(ξ, θ) (akaj) (ξ, θ)∂3ωk(η, ξ, θ)

∣∣∣∣
max

t∈[0,2d+α]

∫ 1

0
|uli(η, t)| dη ≤ C

∥∥∥uli∥∥∥
C([0,2d+α],L2(0,1))

, (23)

where C > 0 is a constant which depends on the coe�cients of (1) but not
on ul. The desired convergence of

[
B2ul

]
(x, t) is thereby proved.

Now we treat the convergence of the sequence

(RBul)j(x, t) = −cj(xj , x, t)
n∑
k=1

∑
s ̸=k

∫ 1

0

∫ η

xk

rjk(η, ωj(xj))dk(ξ, η, ωj(xj))×

×bks(ξ, ωk(ξ, η, ωj(xj)))uls(ξ, ωk(ξ, η, ωj(xj))) dξdη
for an arbitrary �xed j ≤ n. After changing the order of integration we get
the equality

(RBu)j(x, t)=−cj(xj , x, t)
n∑
k=1

∑
s ̸=k

∫ 1

0

∫ 1−xk

ξ
rjk(η, ωj(xj))dk(ξ, η, ωj(xj))×

×bks(ξ, ωk(ξ, η, ωj(xj)))uls(ξ, ωk(ξ, η, ωj(xj))) dηdξ.
Then we change the variable η to z = ωk(ξ, η, ωj(xj)). Since the inverse is
given by η = ω̃k(ωj(xj), ξ, z), we get

(RBu)j(x, t) = −cj(xj , x, t)×

×
n∑
k=1

∑
s ̸=k

∫ 1

0

∫ ωk(ξ,1−xk,ωj(xj))

ωj(xj)
rjk(ω̃k(ωj(xj), ξ, z), ωj(xj))× (24)

×dk(ξ, ω̃k(ωj(xj), ξ, z), ωj(xj))bks(ξ, z)∂3ω̃k(ωj(xj), ξ, z)uls(ξ, z) dzdξ.

The functions ωj(ξ, x, t) and the kernels of the integral operators in (24)
are C1-continuous. Due to the convergence (13), there exists a limit of the

right-hand side in C
(
Ω
2d+α
2d

)
, as desired.

Now we consider the operatorG. Changing the variable ξ to z=ωj(ξ, x, t)
in (11), we get

(Gul)j(x, t) =

=−
n∑
k=1

∫ t

ωj(xj)

∫ ω̃j(z)

0
dj(ω̃j(z), x, t)gjk(y, z)aj(ω̃j(z), z)u

l
k(y, z)dydz.

(25)
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Similarly to the above, the functions ωj(xj), ω̃j(z), dj(ω̃j(z), x, t), and
aj(ω̃j(z), z) are continuous in x and t. This entails the desired estimate of
the type (23).

We further proceed with the operator R2. For j ≤ n, k ≤ n, and T > 0,
de�ne operators Rjk ∈ L(C(ΩT )) by

(Rjkw)(x, t) = cj(xj , x, t)

∫ 1

0
rjk(η, ωj(xj))w(η, ωj(xj)) dη.

Fix arbitrary j ≤ n, k ≤ n, and i ≤ n. We prove the needed estimate for
the operator RjkRki; similar estimate for all other operators contributing
into the R2 will follow from the same argument. Given T > 0, introduce
operators Pj , Qjk : C(Ω

T
) → C(Ω

T
) by

(Pjw)(x, t) = cj(xj , x, t)

∫ 1

0
w(η, t) dη, (26)

(Qjkw)(x, t) = rjk(x, ωj(xj))w(x, ωj(xj)). (27)

Then we have
Rjk = PjQjk, Rki = PkQki

and, hence
RjkRki = PjQjkPkQki.

We aim at showing the estimate for PjQjkPk, as this and the boundedness
of Qki will entail the desired estimate for RjkRki. The operator PjQjkPk
reads

(PjQjkPkw)(x, t) = cj(xj , x, t)

∫ 1

0
rjk(ξ, ωj(xj , ξ, t))×

×ck(xk, ξ, ωj(xj , ξ, t))
∫ 1

0
w(η, ωk(xk, ξ, t)) dηdξ.

(28)

Changing the variable ξ to z = ωk(xk, ξ, t), we get

(PjQjkPkw)(x, t) = cj(xj , x, t)×

×
∫ ωk(xk,1,t)

ωk(xk,0,t)
rjk(ω̃k(t, xk, z), z)ck(xk, ω̃k(t, xk, z), z)×

×
∫ 1

0
∂3ω̃k(t, xk, z)w(η, z) dηdz,

(29)

where

∂3ω̃k(τ, x, t) = ak(x, t) exp

∫ t

τ
∂1ak(ω̃k(ρ, x, t), ρ) dρ. (30)

Similarly to the above, the needed estimate for PjQjkPk now immediately
follows from the regularity assumptions on the coe�cients of the original
problem. We are therefore �nished with the operator R2.
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Returning back to (16), it remains to treat the operator BR. By the
de�nitions of B and R,

(BRu)j(x, t) = −
∑
k ̸=j

n∑
l=1

∫ 1

0

∫ x

xj

dj(ξ, x, t)bjk(ξ, ωj(ξ))ck(xk, ξ, ωj(ξ))×

×rkl(η, ωk(xk, ξ, ωj(ξ)))ul(η, ωk(xk, ξ, ωj(ξ))) dξdη, j ≤ n. (31)

The integral operators in (31) are similar to those considered for B2 and,
therefore, the proof follows along the same line as the proof for B2. The
proof of the theorem is therefore complete.
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Iðèíà Êìiòü

ÏIÄÂÈÙÅÍÍß ÃËÀÄÊÎÑÒI ÐÎÇÂ'ßÇÊIÂ
ÍÅËÎÊÀËÜÍÈÕ ÇÀÄÀ× ÄËß IÍÒÅÃÐÎ-
ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÃIÏÅÐÁÎËI×ÍÈÕ ÑÈÑÒÅÌ

Ìè ðîçãëÿäà¹ìî íåëîêàëüíi çàäà÷i ç iíòåãðàëüíèìè êðàéîâè-
ìè óìîâàìè äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ãiïåðáîëi÷íèõ ñèñòåì
ïåðøîãî ïîðÿäêó. Äîâåäåíî çàãàëüíèé ðåçóëüòàò ðåãóëÿðíîñòi
ïðî òå, ùî óçàãàëüíåíi L2-ðîçâ'ÿçêè ç ÷àñîì ñòàþòü íåïåðåðâ-
íèìè.
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ÏÐÎ ÄÂÎÏÀÐÀÌÅÒÐÈ×ÍÓ ÍÀÏIÂÃÐÓÏÓ ÔÅËËÅÐÀ Ç
ÍÅËÎÊÀËÜÍÎÞ ÓÌÎÂÎÞ

Ó ðîáîòi äîñëiäæåíî çàäà÷ó ñïðÿæåííÿ äëÿ îäíîâèìiðíîãî (çà
ïðîñòîðîâîþ çìiííîþ) ëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ äðóãî-
ãî ïîðÿäêó ç ðîçðèâíèìè êîåôiöi¹íòàìè çà ïðèïóùåííÿ, ùî íà
êðèâié ðîçðèâó êîåôiöi¹íòiâ ðiâíÿííÿ çàäàíî íåëîêàëüíó óìîâó
ñïðÿæåííÿ Ôåëëåðà-Âåíòöåëÿ. Çà äîïîìîãîþ ðîçâ'ÿçêó öi¹¨ çà-
äà÷i ïîáóäîâàíî íàïiâãðóïó Ôåëëåðà äëÿ îäíîâèìiðíîãî íåîäíîðiä-
íîãî äèôóçiéíîãî ïðîöåñó ç ðóõîìîþ ìåìáðàíîþ.

1. Âñòóï

Ó ñòàòòi ðîçãëÿäà¹òüñÿ çàäà÷à ïîáóäîâè íàïiâãðóïè Ôåëëåðà äëÿ
îäíîâèìiðíîãî íåîäíîðiäíîãî äèôóçiéíîãî ïðîöåñó ç ìåìáðàíîþ, ðîç-
òàøîâàíîþ â òî÷öi, ïîëîæåííÿ ÿêî¨ íà ÷èñëîâié ïðÿìié âèçíà÷à¹òüñÿ
çà äîïîìîãîþ çàäàíî¨ ôóíêöi¨, ùî çàëåæèòü âiä ÷àñîâî¨ çìiííî¨. Ïðè
öüîìó ïðèïóñêà¹òüñÿ, ùî ó âíóòðiøíiõ òî÷êàõ ïiâïðÿìèõ, ðîçäiëåíèõ
ìiæ ñîáîþ ìåìáðàíîþ, øóêàíèé ïðîöåñ ìà¹ çáiãàòèñÿ iç çàäàíèìè òàì
çâè÷àéíèìè äèôóçiéíèìè ïðîöåñàìè, à éîãî ïîâåäiíêà íà ñïiëüíié ìå-
æi öèõ îáëàñòåé âèçíà÷à¹òüñÿ çàäàíîþ íåëîêàëüíîþ óìîâîþ ñïðÿæåííÿ
òèïó Ôåëëåðà-Âåíòöåëÿ [1�3]. Äàíó çàäà÷ó ùå íàçèâàþòü çàäà÷åþ ïðî
ñêëåþâàííÿ äâîõ äèôóçiéíèõ ïðîöåñiâ íà ïðÿìié [4].

Ç ìåòîþ âèâ÷åííÿ ñôîðìóëüîâàíî¨ ïðîáëåìè â ðîáîòi çàñòîñîâàíî
àíàëiòè÷íi ìåòîäè. Çà òàêîãî ïiäõîäó (äèâ. [4�6]) øóêàíó íàïiâãðóïó
ìîæíà âèçíà÷èòè çà äîïîìîãîþ ðîçâ'ÿçêó âiäïîâiäíî¨ çàäà÷i ñïðÿæåí-
íÿ äëÿ ëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó (îáåðíåíîãî
ðiâíÿííÿ Êîëìîãîðîâà) ç ðîçðèâíèìè êîåôiöi¹íòàìè. Êëàñè÷íó ðîçâ'ÿç-
íiñòü öi¹¨ çàäà÷i äîâåäåíî çà ïðèïóùåííÿ, ùî êîåôiöi¹íòè ðiâíÿííÿ çàäî-
âîëüíÿþòü óìîâó Ãåëüäåðà ç íåíóëüîâèì ïîêàçíèêîì, ïî÷àòêîâà ôóíê-
öiÿ ¹ îáìåæåíîþ i íåïåðåðâíîþ íà âñié ÷èñëîâié ïðÿìié, à ïàðàìåòð,
ÿêèé õàðàêòåðèçó¹ óìîâó ñïðÿæåííÿ Ôåëëåðà-Âåíòöåëÿ òà êðèâà, ùî
âèçíà÷à¹ ñïiëüíó ìåæó îáëàñòåé, äå çàäàíå ðiâíÿííÿ, çàäîâîëüíÿþòü
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óìîâó Ãåëüäåðà ç ïîêàçíèêîì áiëüøèì, íiæ 1
2 . Ïðè äîñëiäæåííi âèêîðè-

ñòîâóþòüñÿ ôóíäàìåíòàëüíi ðîçâ'ÿçêè ïàðàáîëi÷íèõ ðiâíÿíü òà ïîðîä-
æåíi íèìè òåïëîâi ïîòåíöiàëè (äèâ. [4�8]). Âíàñëiäîê ¨õ çàñòîñóâàííÿ
ïîñòàâëåíà çàäà÷à çâîäèòüñÿ äî ñèñòåìè äâîõ iíòåãðàëüíèõ ñèíãóëÿð-
íèõ ðiâíÿíü Âîëüòåððè äðóãîãî ðîäó, ðîçâ'ÿçîê ÿêî¨ îòðèìàíî ìåòîäîì
ïîñëiäîâíèõ íàáëèæåíü.

Çàóâàæèìî, ùî àíàëîãi÷íà çàäà÷à ðîçãëÿäàëàñÿ ðàíiøå ó ïðàöi [6]
äëÿ âèïàäêó, êîëè ìåìáðàíà ðîçòàøîâàíà ó ôiêñîâàíié òî÷öi ïðÿìî¨.
Ìè âiäçíà÷à¹ìî òàêîæ ïðàöi [9, 10], ó ÿêèõ ïðåäñòàâëåíî ðåçóëüòàòè,
ùî ñòîñóþòüñÿ ïîáóäîâè äèôóçiéíèõ ïðîöåñiâ çi ñòðèáêàìè â òî÷êàõ ìå-
æi îáëàñòi çà äîïîìîãîþ ìåòîäiâ ôóíêöiîíàëüíîãî [9] i ñòîõàñòè÷íîãî
[10] àíàëiçó. Êðiì öüîãî, íåëîêàëüíi çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ó
äåùî iíøèõ ïîñòàíîâêàõ áóëè îá'¹êòàìè äîñëiäæåíü â ðîáîòàõ Áîãäàíà
Éîñèïîâè÷à Ïòàøíèêà òà éîãî ó÷íiâ (äèâ., íàïðèêëàä, [11]).

Ó ï. 1 ñôîðìóëüîâàíî íåëîêàëüíó ïàðàáîëi÷íó çàäà÷ó ñïðÿæåííÿ i
íàâåäåíî ðÿä äîïîìiæíèõ âiäîìîñòåé, ùî ñòîñóþòüñÿ ôóíäàìåíòàëüíîãî
ðîçâ'ÿçêó îáåðíåíîãî ðiâíÿííÿ Êîëìîãîðîâà òà ïîðîäæåíèõ íèì òåïëî-
âèõ ïîòåíöiàëiâ.

Ó ï. 2 äîâåäåíî òåîðåìó iñíóâàííÿ òà ¹äèíîñòi êëàñè÷íîãî ðîçâ'ÿçêó
çàäà÷i ñïðÿæåííÿ, ñôîðìóëüîâàíî¨ â ï. 1.

Ó ï. 3 çà äîïîìîãîþ ïîáóäîâàíîãî â ï. 2 ðîçâ'ÿçêó íåëîêàëüíî¨ ïàðà-
áîëi÷íî¨ çàäà÷i ñïðÿæåííÿ âèçíà÷åíî äâîïàðàìåòðè÷íó íàïiâãðóïó Ôåë-
ëåðà, ÿêà é ïîðîäæó¹ ïîòðiáíèé íàì ìàðêîâñüêèé ïðîöåñ.

2. Ïîñòàíîâêà íåëîêàëüíî¨ ïàðàáîëi÷íî¨ çàäà÷i ñïðÿæåííÿ
òà äîïîìiæíi âiäîìîñòi

Ðîçãëÿíåìî íà ïëîùèíi (s, x) ñìóãó

St = {(s, x) : 0 ≤ s < t ≤ T, −∞ < x <∞},

ïîçíà÷àþ÷è ÷åðåç St çàìèêàííÿ ìíîæèíè St. Ïðèïóñòèìî, ùî âñåðåäèíi
St ìiñòèòüñÿ íåïåðåðâíà êðèâà x = h(s), 0 ≤ s ≤ T, ÿêà ðîçäiëÿ¹ St íà
äâi îáëàñòi:

S
(1)
t = {(s, x) : 0 ≤ s < t ≤ T, −∞ < x < h(s)}

i
S
(2)
t = {(s, x) : 0 ≤ s < t ≤ T, h(s) < x <∞}.

Ïîêëàäåìî: D1s = (−∞, h(s)) i D2s = (h(s),∞).
Ó ñìóçi ST ðîçãëÿäàþòüñÿ äâà ðiâíîìiðíî ïàðàáîëi÷íi îïåðàòîðè ç

îáìåæåíèìè êîåôiöi¹íòàìè

∂

∂s
+ L(i)

s ≡ ∂

∂s
+

1

2
bi(s, x)

∂2

∂x2
+ ai(s, x)

∂

∂x
, i = 1, 2. (1)
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Ïîñòàâèìî çàäà÷ó ïðî çíàõîäæåííÿ ðîçâ'ÿçêó u(s, x, t) ðiâíÿííÿ

∂u

∂s
+ L(i)

s u = 0, (s, x) ∈ S
(i)
t , i = 1, 2, (2)

ÿêèé çàäîâîëüíÿ¹ ½ïî÷àòêîâó� óìîâó

lim
s↑t

u(s, x, t) = φ(x), x ∈ R, (3)

äâi óìîâè ñïðÿæåííÿ

u(s, h(s)− 0), t) = u(s, h(s) + 0, t), 0 ≤ s ≤ t ≤ T, (4)∫
D1s∪D2s

[u(s, h(s), t)− u(s, y, t)]µ(s, dy) = 0, 0 ≤ s ≤ t ≤ T, (5)

i äâi óìîâè óçãîäæåííÿ

φ(h(t)− 0) = φ(h(t) + 0), (6)∫
D1t∪D2t

[φ(h(t))− φ(y)]µ(t, dy) = 0. (7)

Ïðèïóñêà¹òüñÿ, ùî ïî÷àòêîâà ôóíêöiÿ φ(x) ó (3) ¹ îáìåæåíîþ i íå-
ïåðåðâíîþ íà R (ó öüîìó âèïàäêó óìîâà (6) âèêîíó¹òüñÿ àâòîìàòè÷íî),
à íåâiä'¹ìíà ìiðà Áîðåëÿ µ(s, ·) ç (5) òàêà, ùî µ(D1s∪D2s) ̸= 0, s ∈ [0, T ].

ßê óæå âiäçíà÷àëîñÿ ó âñòóïíié ÷àñòèíi ñòàòòi, çàäà÷à (2)�(7) âèíè-
êà¹, çîêðåìà, â òåîði¨ äèôóçiéíèõ ïðîöåñiâ ïðè ïîáóäîâi îäíîâèìiðíî¨
ìîäåëi ÿâèùà äèôóçi¨ ç ìåìáðàíîþ, àáî, ùî òå æ ñàìå, ïðè ðîçâ'ÿçàííi
àíàëiòè÷íèìè ìåòîäàìè òàê çâàíî¨ çàäà÷i ïðî ñêëåþâàííÿ äâîõ ïðîöå-
ñiâ äèôóçi¨ íà ïðÿìié. Ó ðîçãëÿäóâàíîìó âèïàäêó ââàæà¹òüñÿ, ùî ìåì-
áðàíà ¹ ðóõîìîþ, i âîíà ðîçòàøîâàíà â òî÷öi x = h(s), ÿêà îäíî÷àñíî ¹
òî÷êîþ ñêëåþâàííÿ çàäàíèõ äâîõ äèôóçiéíèõ ïðîöåñiâ. ßêùî ïðèïóñòè-
òè, ùî ðîçâ'ÿçîê u(s, x, t) ≡ Tstφ(x) çàäà÷i (2)�(7) ¹ äâîïàðàìåòðè÷íîþ
íàïiâãðóïîþ Ôåëëåðà äåÿêîãî íåîäíîðiäíîãî ìàðêîâñüêîãî ïðîöåñó íà
ïðÿìié, òî âèêîíàííÿ äëÿ íå¨ ðiâíÿííÿ (2) âêàçó¹ íà òå, ùî öåé ïðîöåñ
â îáëàñòi Dsi çáiãà¹òüñÿ iç çàäàíèì òàì äèôóçiéíèì ïðîöåñîì, êåðîâà-
íèì îïåðàòîðîì L

(i)
s , i = 1, 2, à ïî÷àòêîâà óìîâà (3) óçãîäæó¹òüñÿ ç

ðiâíiñòþ Tss = I, äå I � òîòîæíèé îïåðàòîð. Äàëi, óìîâà ñïðÿæåííÿ
(4) ¹ âiäîáðàæåííÿì âëàñòèâîñòi ôåëëåðîâîñòi ïðîöåñó, à ðiâíiñòü (5) ¹
íåëîêàëüíîþ óìîâîþ ñïðÿæåííÿ Ôåëëåðà-Âåíòöåëÿ, ÿêà âiäïîâiäà¹ çà
ñòðèáêîïîäiáíèé õàðàêòåð âèõîäó ïðîöåñó ç ìåæi îáëàñòi. Íàãàäà¹ìî,
ùî ó çàãàëüíîìó âèïàäêó óìîâà ñïðÿæåííÿ Ôåëëåðà-Âåíòöåëÿ ìiñòèòü
òàêîæ íåâiäîìó ôóíêöiþ i ¨¨ ïîõiäíi çà îáîìà çìiííèìè, ùî âiäïîâiäà¹
âëàñòèâîñòÿì çíèêíåííÿ äèôóíäóþ÷î¨ ÷àñòèíêè, ÷àñòêîâîãî âiäáèòòÿ
âiä ñïiëüíî¨ ìåæi îáëàñòåé òà ÿâèùó ½ëèïó÷îñòi�.

Íàäàëi áóäåìî ââàæàòè âèêîíàíèìè òàêi óìîâè:
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I. Ðiâíÿííÿ (2) ïàðàáîëi÷íîãî òèïó â îáëàñòi ST , òîáòî iñíóþòü äî-
äàòíi ñòàëi b i B òàêi, ùî

0 < b ≤ bi(s, x) ≤ B <∞, i = 1, 2, (s, x) ∈ ST .

II. Â ST êîåôiöi¹íòè bi(s, x) òà ai(s, x), i = 1, 2, íåïåðåðâíi çà (s, x)
i íàëåæàòü äî êëàñó Ãåëüäåðà H

α
2
,α(ST ), 0 < α < 1 (îçíà÷åííÿ

êëàñiâ Ãåëüäåðà äèâ. ó [7, c. 16]).

III. Ïî÷àòêîâà ôóíêöiÿ φ(x) íàëåæèòü äî ïðîñòîðó îáìåæåíèõ íåïå-
ðåðâíèõ ôóíêöié, ÿêèé ïîçíà÷àòèìåìî ÷åðåç Cb(R). Íîðìà â öüî-
ìó ïðîñòîði âèçíà÷à¹òüñÿ ðiâíiñòþ ∥φ∥ = sup

x∈R
|φ(x)|.

IV. Â óìîâi (5) ìiðà µ(s, ·) � íåâiä'¹ìíà, µ(s,D1s ∪D2s) = 1, s ∈ [0, T ],
i äëÿ âñiõ f ∈ Cb(R) iíòåãðàëè

G
(i)
f (s) =

∫
Dis

f(y)µ(s, dy), i = 1, 2,

íàëåæàòü äî êëàñó Ãåëüäåðà H
1+α
2 ([0, T ]).

V. Êðèâà h(s) íåïåðåðâíà i íàëåæèòü äî êëàñó Ãåëüäåðà H
1+α
2 ([0, T ]).

Âðàõîâóþ÷è ïðèïóùåííÿ IV, óìîâó ñïðÿæåííÿ (5) ìîæíà ïîäàòè ó
âèãëÿäi

u(s, h(s), t) =

∫
D1s∪D2s

u(s, y, t)µ(s, dy). (8)

Óìîâè I, II çàáåçïå÷óþòü iñíóâàííÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó äëÿ
êîæíîãî ç ðiâíÿíü ó (2) (äèâ. [4, 7]), òîáòî ôóíêöi¨ Gi(s, x, t, y), i =
1, 2 (0 ≤ s < t ≤ T ;x, y ∈ R), ÿêà ïðè ôiêñîâàíèõ t ∈ (0, T ], y ∈ R, ÿê
ôóíêöiÿ àðãóìåíòiâ (s, x) ∈ [0, t)×R çàäîâîëüíÿ¹ ðiâíÿííÿ (2) i äîïóñêà¹
çîáðàæåííÿ

Gi(s, x, t, y) = Zi0(s, x, t, y) + Zi1(s, x, t, y), i = 1, 2, (9)

äå

Zi0(s, x, t, y) = [2πbi(t, y)(t− s)]−
1
2 exp

{
− (y − x)2

2bi(t, y)(t− s)

}
, (10)

Zi1(s, x, t, y) =

t∫
s

dτ

∫
R

Zi0(s, x, τ, z)Qi(τ, z, t, y)dz, (11)
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à ôóíêöiÿ Qi(s, x, t, y) ¹ ðîçâ'ÿçêîì äåÿêîãî ñèíãóëÿðíîãî iíòåãðàëüíîãî
ðiâíÿííÿ Âîëüòåððè äðóãîãî ðîäó.

Âiäçíà÷èìî îöiíêè

|Dr
sD

p
xZi0(s, x, t, y)| ≤ C(t− s)−

1+2r+p
2 exp

{
−c(y − x)2

t− s

}
, (12)

|Dr
sD

p
xZi1(s, x, t, y)| ≤ C(t− s)−

1+2r+p−α
2 exp

{
−c(y − x)2

t− s

}
, (13)

äå i = 1, 2, 0 ≤ s < t ≤ T , x, y ∈ R, C i c � äîäàòíi ñòàëi4; r i p � öiëi
íåâiä'¹ìíi ÷èñëà, äëÿ ÿêèõ 2r+p ≤ 2, Dr

s � ñèìâîë ïîõiäíî¨ çà s ïîðÿäêó
r, Dp

x � ñèìâîë ïîõiäíî¨ çà x ïîðÿäêó p.
Çà äîïîìîãîþ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó Gi(s, x, t, y), i = 1, 2, òà

ôóíêöi¨ h(s) ìîæíà âèçíà÷èòè òàêi iíòåãðàëè:

ui0(s, x, t) =

∫
R

Gi(s, x, t, y)φ(y)dy, i = 1, 2, (14)

ui1(s, x, t) =

t∫
s

Gi(s, x, τ, h(τ))Vi(τ, t)dτ, i = 1, 2. (15)

Òóò φ, Vi, i = 1, 2, � çàäàíi ôóíêöi¨, 0 ≤ s < t ≤ T , x ∈ R. Ó òåîði¨ ïàðà-
áîëi÷íèõ ðiâíÿíü ôóíêöiÿ ui0(s, x, t) íàçèâà¹òüñÿ ïîòåíöiàëîì Ïóàññîíà,
à ôóíêöiÿ ui1(s, x, t) � ïàðàáîëi÷íèì ïîòåíöiàëîì ïðîñòîãî øàðó.

Âiäçíà÷èìî äåÿêi âëàñòèâîñòi ôóíêöié ui0(s, x, t), ui1(s, x, t), i = 1, 2.
Ïðèïóñòèìî, ùî φ ∈ Cb(R). Òîäi ç âëàñòèâîñòåé ôóíäàìåíòàëüíîãî
ðîçâ'ÿçêó Gi(s, x, t, y), i = 1, 2, âèïëèâà¹, ùî ïîòåíöiàë ui0 iñíó¹ i ÿê
ôóíêöiÿ àðãóìåíòiâ (s, x) ïðè ôiêñîâàíîìó t ∈ (0, T ] çàäîâîëüíÿ¹ â îáëà-
ñòi (s, x) ∈ [0, t)× R ðiâíÿííÿ (2) ç ½ïî÷àòêîâîþ� óìîâîþ

lim
s↑t

ui0(s, x, t) = φ(x), x ∈ R, i = 1, 2. (16)

Êðiì öüîãî, äëÿ ôóíêöi¨ ui0(s, x, t), i = 1, 2, â êîæíié îáëàñòi âèãëÿäó
0 ≤ s < t ≤ T , x ∈ R, ñïðàâäæó¹òüñÿ íåðiâíiñòü

|Dr
sD

p
xui0(s, x, t)| ≤ C(t− s)−

2r+p
2 ∥φ∥, (17)

äå r i p � öiëi íåâiä'¹ìíi ÷èñëà òàêi, ùî 2r + p ≤ 2.
Ðîçãëÿíåìî iíòåãðàë (15). ßêùî ïðèïóñòèòè, ùî ùiëüíiñòü V (τ, t)

íåïåðåðâíà ïðè τ ∈ [s, t) i ïðè τ = t äîïóñêà¹ ñëàáêó îñîáëèâiñòü ç

4×åðåç C i c çàâæäè áóäóòü ïîçíà÷àòèñÿ ñòàëi, ùî çàëåæàòü âiä äàíèõ çàäà÷i
(2)�(7), áåç óòî÷íåííÿ ¨õ êîíêðåòíîãî çíà÷åííÿ.
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ïîêàçíèêîì ≥ −1
2 , òî ôóíêöiÿ ui1(s, x, t), i = 1, 2, ¹ îáìåæåíîþ i íåïå-

ðåðâíîþ ïðè 0 ≤ s ≤ t ≤ T , x ∈ R, âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (2) â
îáëàñòi (s, x) ∈ [0, t)× (R \ h(s)) i ïî÷àòêîâó óìîâó

lim
s↑t

ui1(s, x, t) = 0, x ∈ R, i = 1, 2. (18)

Âàæëèâà âëàñòèâiñòü ôóíêöi¨ ui1 âiäîáðàæåíà ó òàê çâàíié òåîðåìi
ïðî ñòðèáîê êîíîðìàëüíî¨ ïîõiäíî¨ âiä ïàðàáîëi÷íîãî ïîòåíöiàëó ïðî-
ñòîãî øàðó (äèâ., íàïðèêëàä, [4, ãë. II, �3], [7, ãë. IV, �15]). Ó ñòàòòi äàíå
òâåðäæåííÿ íå âèêîðèñòîâó¹òüñÿ, à òîìó ìè éîãî íå íàâîäèìî.

3. Ðîçâ'ÿçàííÿ íåëîêàëüíî¨ ïàðàáîëi÷íî¨ çàäà÷i ñïðÿæåííÿ

Ðîçâ'ÿçîê çàäà÷i (2)�(7) áóäåìî øóêàòè ó âèãëÿäi ñóìè ïîòåíöiàëiâ
ui0 òà ui1 ç íåâiäîìèìè ùiëüíîñòÿìè Vi(s, t), i = 1, 2:

u(s, x, t) =

∫
R

Gi(s, x, t, y)φ(y)dy+

+

t∫
s

Gi(s, x, τ, h(τ))Vi(τ, t)dτ, (s, x) ∈ S
(i)
t , i = 1, 2. (19)

Çà äîïîìîãîþ óìîâ ñïðÿæåííÿ (4), (5), âðàõîâóþ÷è (8), îòðèìó¹ìî
òàêó ñèñòåìó iíòåãðàëüíèõ ðiâíÿíü Âîëüòåððè ïåðøîãî ðîäó äëÿ Vi(s, t):

t∫
s

Gi(s, h(s), τ, h(τ))Vi(τ, t)dτ−

−
2∑
j=1

t∫
s

Vj(τ, t)dτ

∫
Djs

Gj(s, y, τ, h(τ))µ(s, dy) = Φi(s, t), i = 1, 2, (20)

äå

Φi(s, t) =

2∑
j=1

∫
Djs

uj0(s, y, t)µ(s, dy)− ui0(s, h(s), t), i = 1, 2.

Ðîçãëÿíåìî ôóíêöiþ Φi(s, t) iç (20). Äîâåäåìî, ùî

lim
s↑t

Φi(s, t) = 0, i = 1, 2; (21)

|Φi(s, t)− Φi(s̃, t)| ≤ C∥φ∥(t− s)−
1+α
2 (s− s̃)

1+α
2 , s̃ < s. (22)



Ïðî äâîïàðàìåòðè÷íó íàïiâãðóïó Ôåëëåðà ç íåëîêàëüíîþ óìîâîþ 139

Òâåðäæåííÿ (21) íåâàæêî ïåðåâiðèòè ç îãëÿäó íà âëàñòèâiñòü (16)
ïîòåíöiàëó Ïóàññîíà ui0 òà óìîâó óçãîäæåííÿ (7):

lim
s↑t

Φi(s, t) =
2∑
j=1

∫
Djt

φ(y)µ(t, dy)− φ(h(t)) =

=

∫
D1t∪D2t

[φ(y)− φ(h(t))]µ(t, dy) = 0.

Äëÿ äîâåäåííÿ íåðiâíîñòi (22) ðiçíèöþ Φi(s, t) − Φi(s̃, t) ïîäàìî ó
âèãëÿäi ñóìè I1 + I2 + I3, äå

I1 =

2∑
j=1

∫
Djs

[uj0(s, y, t)− uj0(s̃, y, t)]µ(s, dy),

I2 = ui0(s̃, h(s̃), t)− ui0(s, h(s), t),

I3 =

2∑
j=1

( ∫
Djs

uj0(s̃, y, t)µ(s, dy)−
∫
Djs̃

uj0(s̃, y, t)µ(s̃, dy)

)
,

i äîñëiäèìî îêðåìî êîæåí äîäàíîê öi¹¨ ñóìè.
Îñêiëüêè ïðè s̃ < s

|uj0(s, y, t)− uj0(s̃, y, t)| =

= |uj0(s, y, t)− uj0(s̃, y, t)|
1+α
2 |uj0(s, y, t)− uj0(s̃, y, t)|

1−α
2 ≤

≤

∣∣∣∣∣∂uj0(ŝ, y, t)∂ŝ

∣∣∣∣
ŝ=s̃+θ(s−s̃)

· (s− s̃)

∣∣∣∣∣
1+α
2

(|uj0(s, y, t)|+ |uj0(s̃, y, t)|)
1−α
2 ≤

≤ C∥φ∥
[
(t− s̃− θ(s− s̃))−1(s− s̃)

] 1+α
2 ≤ C∥φ∥

[
((t− s)+

+ (s− s̃)(1− θ))−1(s− s̃)
] 1+α

2 ≤ C∥φ∥(t− s)−
1+α
2 (s− s̃)

1+α
2

(0 < θ < 1), òî íåðiâíiñòü (22) âèêîíó¹òüñÿ äëÿ äîäàíêà I1. Äëÿ I2 íå-
ðiâíiñòü (22) âñòàíîâëþ¹òüñÿ çà ïîäiáíîþ ñõåìîþ, ç óðàõóâàííÿì ãåëü-
äåðîâîñòi ôóíêöi¨ h (äèâ. ïðèïóùåííÿ V). Äëÿ I3 ñïðàâåäëèâà îöiíêà

|I3| ≤ C∥φ∥(s− s̃)
1+α
2 ,

ùî ¹ î÷åâèäíèì íàñëiäêîì ïðèïóùåííÿ IV. Îòæå,

|I1 + I2 + I3| ≤ C∥φ∥(t− s)−
1+α
2 (s− s̃)

1+α
2 , s̃ < s,

ùî é ïîòðiáíî áóëî äîâåñòè.
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Äëÿ òîãî, ùîá ðåãóëÿðèçóâàòè ñèñòåìó iíòåãðàëüíèõ ðiâíÿíü Âîëü-
òåððè ïåðøîãî ðîäó (20), çàñòîñó¹ìî äî îáîõ ÷àñòèí êîæíîãî ç ¨¨ ðiâíÿíü
iíòåãðî-äèôåðåíöiàëüíèé îïåðàòîð E , ÿêèé äi¹ çà ïðàâèëîì

E(s, t)Φi =
√

2

π

d

ds

t∫
s

(ρ− s)−
1
2Φi(ρ, t)dρ, 0 ≤ s < t ≤ T, i = 1, 2. (23)

Ðîçãëÿíåìî ñïî÷àòêó äiþ îïåðàòîðà E íà ïðàâó ÷àñòèíó i-ãî ðiâíÿííÿ
ñèñòåìè (20), i = 1, 2. Áåðó÷è äî óâàãè (21) i (22), äëÿ ôóíêöi¨ Φ̂i(s, t) ≡
E(s, t)Φi ëåãêî çíàõîäèìî ôîðìóëó

Φ̂i(s, t) =
1√
2π

t∫
s

(ρ− s)−
3
2 [Φi(ρ, t)− Φi(s, t)]dρ−

−
√

2

π
(t− s)−

1
2Φi(s, t), i = 1, 2. (24)

Ïðè öüîìó äëÿ ôóíêöi¨ Φ̂i(s, t) â êîæíié îáëàñòi âèãëÿäó 0 ≤ s < t ≤ T
ñïðàâäæó¹òüñÿ íåðiâíiñòü

|Φ̂i(s, t)| ≤ C∥φ∥(t− s)−
1
2 . (25)

Ïîäi¹ìî òåïåð îïåðàòîðîì E íà ëiâó ÷àñòèíó i-ãî ðiâíÿííÿ ñèñòåìè
(20), i = 1, 2. Ó ðåçóëüòàòi îäåðæèìî âèðàç, ÿêèé ïiñëÿ çìiíè ïîðÿäêiâ
iíòåãðóâàííÿ çà ρ i τ , i âèêîðèñòàííÿ ôîðìóë (9), (10) ìîæíà ïîäàòè ó
âèãëÿäi

− Vi(s, t)√
bi(s, h(s))

+

√
2

π

d

ds

2∑
j=1

t∫
s

Nij(s, τ)Vj(τ, t)dτ, i = 1, 2, (26)

äå

Nii(s, τ) =

τ∫
s

(ρ− s)−
1
2

[
(Zi0(ρ, h(ρ), τ, h(τ))− Zi0(ρ, 0, τ, 0))+

+ Zi1(ρ, h(ρ), τ, h(τ))−
∫
Diρ

Gi(ρ, y, τ, h(τ))µ(ρ, dy)

]
dρ, i = j,

Nij(s, τ) = −
τ∫
s

(ρ− s)−
1
2dρ

∫
Djρ

Gj(ρ, y, τ, h(τ))µ(ρ, dy), i ̸= j.

Äëÿ òîãî, ùîá ñïðîñòèòè ïîõiäíi âiä iíòåãðàëiâ, çàëåæíèõ âiä ïàðà-
ìåòðiâ, ó âèðàçi (26), ïîêàæåìî, ùî

lim
s↑τ

Nij(s, τ) = 0. (27)
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Ïðè äîâåäåííi öüîãî ôàêòó ïåâíó ñêëàäíiñòü ñòàíîâèòü ëèøå äîñëiäæåí-
íÿ ôóíêöi¨

Lj(s, τ) ≡
τ∫
s

(ρ− s)−
1
2dρ

∫
Djρ

Zj0(ρ, y, τ, h(τ))µ(ρ, dy),

ÿêà ç'ÿâëÿ¹òüñÿ ó âèðàçi äëÿ Nij(s, τ) âiäðàçó æ ïiñëÿ òîãî, ÿê Gj ðîçïè-
ñàòè çà ôîðìóëîþ (9). Äëÿ âñiõ iíøèõ ñêëàäîâèõ ó ôîðìóëi äëÿ Nij(s, τ)
ñïiââiäíîøåííÿ (27) ëåãêî âñòàíîâëþ¹òüñÿ ç âèêîðèñòàííÿì íåðiâíîñòåé
(12), (13).

Ôóíêöiþ Lj(s, τ) çàïèøåìî ó âèãëÿäi

Lj(s, τ) = Lj1(s, τ) + Lj2(s, τ), (28)

äå

Lj1(s, τ) =
1√

2πbj(τ, h(τ))

τ∫
s

(ρ− s)−
1
2 (τ − ρ)−

1
2dρ×

×
[ ∫
Djρ

exp

{
− (y − h(τ))2

2bj(τ, h(τ))(τ − ρ)

}
µ(ρ, dy)−

−
∫
Djs

exp

{
− (y − h(τ))2

2bj(τ, h(τ))(τ − ρ)

}
µ(s, dy)

]
,

Lj2(s, τ) =
1√

2πbj(τ, h(τ))

τ∫
s

(ρ− s)−
1
2 (τ − ρ)−

1
2dρ×

×
∫
Djs

exp

{
− (y − h(τ))2

2bj(τ, h(τ))(τ − ρ)

}
µ(s, dy).

Îñêiëüêè ôóíêöi¨ fτ,ρ(y) = exp
{

(y−h(τ))2
2bj(τ,h(τ))(τ−ρ)

}
íàëåæàòü äî êëàñó

Cb(R) äëÿ âñiõ 0 ≤ s < ρ < τ < t ≤ T i îáìåæåíi îäèíèöåþ íà öié
ìíîæèíi, òî çãiäíî ç óìîâîþ IV äëÿ Lj1 âèêîíó¹òüñÿ íåðiâíiñòü

|Lj1(s, τ)| ≤ C(τ − s)
1+α
2 , j = 1, 2. (29)

Äîñëiäèìî ôóíêöiþ Lj2(s, τ). Çàïèøåìî ¨¨ ó âèãëÿäi

Lj2(s, τ) =
1√

2πbj(τ, h(τ))

∫
Djs

[
exp

{
− (y − h(τ))2

2bj(τ, h(τ))(τ − s)

}
−
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− exp

{
− (y − h(s))2

2bj(τ, h(τ))(τ − s)

}]
Rj(s, τ, y)µ(s, dy)+

+
1√

2πbj(τ, h(τ))

∫
Djs

exp

{
− (y − h(s))2

2bj(τ, h(τ))(τ − s)

}
Rj(s, τ, y)µ(s, dy), (30)

äå ÷åðåç Rj(s, τ, y) ïîçíà÷åíî iíòåãðàë

Rj(s, τ, y) =

τ∫
s

(ρ− s)−
1
2 (τ − ρ)−

1
2 exp

{
− (y − h(τ))2

2bj(τ, h(τ))(τ − s)
· ρ− s

τ − ρ

}
dρ,

ÿêèé ïiñëÿ çàìiíè çìiííèõ z = ρ−s
τ−ρ íàáóâà¹ âèãëÿäó

Rj(s, τ, y) =

∞∫
0

z−
1
2 (1 + z)−1 exp

{
− (y − h(τ))2

2bj(τ, h(τ))(τ − s)
· z
}
dz,

à, îòæå, çàäîâîëüíÿ¹ íåðiâíiñòü

|Rj(s, τ, y)| ≤ C. (31)

Ïåðøèé äîäàíîê ó ïðàâié ÷àñòèíi ðiâíîñòi (30) ïîçíà÷èìî ÷åðåç L(1)
j2 ,

à äðóãèé � ÷åðåç L(2)
j2 . ßêùî âèðàçèòè ç äîïîìîãîþ ôîðìóëè Ëàãðàíæà

ïðèðiñò åêñïîíåíòè ó êâàäðàòíèõ äóæêàõ âèðàçó äëÿ L(1)
j2 ÷åðåç çíà÷åííÿ

¨¨ ïîõiäíî¨ ó ïðîìiæíié òî÷öi x = y− h(s)+ θ(h(s)− h(τ)), à òîäi çíàéòè
öþ ïîõiäíó, îòðèìà¹ìî

L
(1)
j2 (s, τ) =

1√
2πbj(τ, h(τ))

∫
Djs

x

bj(τ, h(τ))(τ − s)
×

× exp

{
− x2

2bj(τ, h(τ))(τ − s)

}
(h(τ)− h(s))Rj(s, τ, y)µ(s, dy).

Ç öi¹¨ ðiâíîñòi, îöiíêè (31) i óìîâè V âèïëèâà¹, ùî

|Lj1(s, τ)| ≤ C(τ − s)
α
2 . (32)

Iç íåðiâíîñòi (31) âèïëèâà¹ òàêîæ îöiíêà äëÿ L(2)
j2 (s, τ):

|Lj2(s, τ)| ≤ C

(
µ
(
s,Dδ

js

)
+ exp

{
− δ2

2B(τ − s)

})
, (33)

äå Dδ
js = {y ∈ Djs : |y − h(s)| < δ}, δ � áóäü-ÿêå äîäàòíå ÷èñëî, B �

ñòàëà ç óìîâè I.
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Âðàõîâóþ÷è ñïiââiäíîøåííÿ (28)�(30), (32), (33), ðîáèìî âèñíîâîê,
ùî

lim
s↑τ

Lj(s, τ) = 0.

Íà öüîìó é çàâåðøó¹òüñÿ äîâåäåííÿ (27).
Ó âèðàçi (26), ç îãëÿäó íà ñïiââiäíîøåííÿ (27), âíåñåìî ïîõiäíó ïiä

çíàê iíòåãðàëà i òîäi ïðèðiâíÿ¹ìî öåé âèðàç äî (24). Ïiñëÿ åëåìåíòàðíèõ
ñïðîùåíü îòðèìà¹ìî ñèñòåìó iíòåãðàëüíèõ ðiâíÿíü Âîëüòåððè äðóãîãî
ðîäó, åêâiâàëåíòíó ñèñòåìi: (20)

Vi(s, t) =

2∑
j=1

t∫
s

Kij(s, τ)Vj(τ, t)dτ +Ψi(s, t), i = 1, 2, (34)

äå

Ψi(s, t) = −
√
bi(s, h(s))Φ̂i(s, t), Kij(s, τ) =

√
2

π

√
bi(s, h(s)) ·

d

ds
Nij(s, τ).

Äëÿ ôóíêöi¨ Ψi ç (34) ñïðàâäæó¹òüñÿ íåðiâíiñòü (25), à ÿäðà Kij(s, τ)
íå ìàþòü iíòåãðîâíî¨ îñîáëèâîñòi. Äëÿ Kij(s, τ) ìîæíà îòðèìàòè ëèøå
òàêó îöiíêó:

Kij(s, τ) ≤ C(τ − s)−1, 0 ≤ s < τ < t ≤ T. (35)

Îöiíêà (35) ñïðè÷èíåíà iíòåãðàëîì∫
Dδ

js

∂Zj0(s, y, τ, h(τ))

∂y
µ(s, dy) (36)

ó âèðàçi äëÿ ïîõiäíî¨ ôóíêöi¨ Lj

d

ds
Lj(s, τ) =

τ∫
s

(ρ− s)−
3
2

[ ∫
Djρ

Zj0(ρ, y, τ, h(τ))µ(ρ, dy)−

−
∫
Djs

Zj0(ρ, y, τ, h(τ))µ(s, dy)

]
dρ−

−
√
πbj(τ, h(τ))

2

( ∫
D

(δ)
js

∂Zj0(s, y, τ, h(τ))

∂y
µ(s, dy)+

+

∫
R\D(δ)

js

∂Zj0(s, y, τ, h(τ))

∂y
µ(s, dy)

)
.
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Âñi iíøi ñêëàäîâi âèðàçó äëÿ Kij(s, τ) äîïóñêàþòü íåðiâíîñòi, ïðàâi ÷à-
ñòèíè ÿêèõ ìàþòü âèãëÿä C(δ)(τ − s)−1+α

2 , äå C(δ) � äîäàòíà ñòàëà, ùî
çàëåæèòü âiä âèáîðó δ.

Íåçâàæàþ÷è íà òå, ùî ÿäðà Kij(s, τ) íå ìàþòü iíòåãðîâíî¨ îñîáëè-
âîñòi, ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (34) iñíó¹ i éîãî ìîæíà çíàéòè çà äî-
ïîìîãîþ çâè÷àéíîãî ìåòîäó ïîñëiäîâíèõ íàáëèæåíü:

Vi(s, t) =
∞∑
n=0

V
(n)
i (s, t), 0 ≤ s < t ≤ T, i = 1, 2, (37)

äå

V
(0)
i (s, t) = Ψi(s, t),

V
(n)
i (s, t) =

2∑
j=1

t∫
s

Kij(s, τ)V
(n−1)
i (τ, t)dτ, n = 1, 2, . . .

Çáiæíiñòü ðÿäó (37) âèïëèâà¹ ç íàñòóïíî¨ íåðiâíîñòi, ÿêà âñòàíîâëþ-
¹òüñÿ ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ çà ñõåìîþ, çàñòîñîâàíîþ ó [6, ñ.
10�11] ïðè äîñëiäæåííi ñèñòåìè ðiâíÿíü (34) äëÿ âèïàäêó, êîëè h ≡ 0:∣∣∣V (n)

i (s, t)
∣∣∣ ≤ C∥φ∥(t− s)−

1
2

n∑
k=0

Ckna
(n−k)(m(δ))k, n = 0, 1, . . . , (38)

äå

a(k) =

(
2c(δ)T

α
2 Γ
(
α
2

))k
Γ
(
1
2

)
Γ
(
1+kα

2

) , k = 0, 1, . . . , n,

m(δ) = max
s∈[0,T ]

µ(s,Dδ
1s ∪Dδ

2s) < 1 (çà âèáîðîì δ).

Ç íåðiâíîñòi (38) òàêîæ âèïëèâà¹, ùî ôóíêöiÿ Vi(s, t), i = 1, 2, äîïó-
ñêà¹ îöiíêó

|Vi(s, t)| ≤ C∥φ∥(t− s)−
1
2 , 0 ≤ s < t ≤ T. (39)

Îòæå, ìè ïîáóäóâàëè ðîçâ'ÿçîê u(s, x, t) çàäà÷i (2)�(7) âèãëÿäó (19),
(37), ÿêèé, ç îãëÿäó íà îöiíêè (12), (13), (17), (39), íàëåæèòü äî êëàñó

C1,2(S
(1)
t ∪ S(2)

t ) ∩ C(St) i çàäîâîëüíÿ¹ íåðiâíiñòü

|u(s, x, t)| ≤ C∥φ∥. (40)

Òâåðäæåííÿ ïðî ¹äèíiñòü ïîáóäîâàíîãî ðîçâ'ÿçêó çàäà÷i (2)�(7) âèïëè-
âà¹ ç ïðèíöèïó ìàêñèìóìó [7] (äèâ. ó [6] äîâåäåííÿ àíàëîãi÷íîãî òâåð-
äæåííÿ).

Îäåðæàíèé ðåçóëüòàò ñôîðìóëþ¹ìî ó âèãëÿäi òåîðåìè.
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Òåîðåìà 1. Íåõàé âèêîíàíi óìîâè I�V. Òîäi çàäà÷à (2)�(7) ìà¹ ¹äè-
íèé ðîçâ'ÿçîê ç êëàñó C1,2(S

(1)
t ∪S(2)

t )∩C(St). Êðiì òîãî, öåé ðîçâ'ÿçîê
äîïóñêà¹ çîáðàæåííÿ âèãëÿäó (19), (37) i îöiíêó (40).

4. Íàïiâãðóïà Ôåëëåðà

Íåõàé C0(R) � ïiäïðîñòið Cb(R), ùî ñêëàäà¹òüñÿ ç óñiõ ôóíêöié φ ∈
Cb(R), äëÿ ÿêèõ âèêîíó¹òüñÿ óìîâà (7). Îñêiëüêè ïiäïðîñòið C0(R) ¹
çàìêíóòèì ó Cb(R), âií ¹ áàíàõîâèì ïðîñòîðîì.

Îçíà÷èìî äâîïàðàìåòðè÷íó ñiì'þ ëiíiéíèõ îïåðàòîðiâ Tst : C0(R) →
C0(R), 0 ≤ s < t ≤ T, çà òàêèì ïðàâèëîì:

Tstφ(x) = u(s, x, t, φ), (41)

äå u(s, x, t, φ) � ðîçâ'ÿçîê çàäà÷i (2)�(7) ç ôóíêöi¹þ φ â óìîâi (3).
Çàóâàæèìî, ùî îïåðàòîðè Tst â ïðîñòîði C0(R) ìàþòü íàñòóïíi âëà-

ñòèâîñòi:

à) ÿêùî ïîñëiäîâíiñòü ôóíêöié φn ∈ C0(R) òàêà, ùî sup
n

∥φn∥ < ∞ i

lim
n→∞

φn(x) = φ(x) ïðè âñiõ x ∈ R, òî lim
n→∞

Tstφn(x) = Tstφ(x) ïðè

âñiõ 0 ≤ s < t ≤ T, x ∈ R;

á) îïåðàòîðè Tst � íåâiä'¹ìíi (0 ≤ s < t ≤ T ), òîáòî Tstφ ≥ 0 äëÿ
áóäü ÿêî¨ φ ∈ C0(R) òàêî¨, ùî φ ≥ 0;

â) îïåðàòîðè Tst � ñòèñêóþ÷i (0 ≤ s < t ≤ T ), òîáòî, âîíè íå çáiëü-
øóþòü íîðìó åëåìåíòà;

ã) Tst = TsτTτt, 0 ≤ s < τ < t ≤ T (íàïiâãðóïîâà âëàñòèâiñòü);

Âëàñòèâiñòü à), ùî ¹ î÷åâèäíèì íàñëiäêîì òåîðåìè Ëåáåãà ïðî ãðà-
íè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðàëà, ñâiä÷èòü ïðî òå, ùî îïåðàòîðè Tst ¹
íåïåðåðâíèìè íå òiëüêè âiäíîñíî ñèëüíî¨ çáiæíîñòi φn äî φ, ïðè n→ ∞,
à é òàêî¨, ïðî ÿêó éäåòüñÿ â óìîâi à). Âðàõîâóþ÷è öþ âëàñòèâiñòü, íå
îáìåæóþ÷è çàãàëüíîñòi, âñi íàñòóïíi ìiðêóâàííÿ áóäåìî ïðîâîäèòè çà
ïðèïóùåííÿ, ùî ôóíêöiÿ φ � ôiíiòíà.

Äîâåäåìî âëàñòèâiñòü á). Íåõàé φ ∈ C0(R) � ôiíiòíà i íåâiä'¹ìíà
ïðè âñiõ x ∈ R. Ïîçíà÷èìî ÷åðåç γ ìiíiìóì Tstφ(x) â ñìóçi (s, x) ∈ St.
ßêùî ïðèïóñòèòè, ùî γ < 0, òî ç ïðèíöèïó ìàêñèìóìó [7] âèïëèâà¹, ùî
çíà÷åííÿ γ ìîæå äîñÿãàòèñÿ ëèøå ïðè s ∈ (0, t) i x = h(s). Çàôiêñó¹ìî
s0 ∈ (0, t) äëÿ ÿêîãî Ts0tφ(h(s0)) = γ. Òîäi∫

D1s0∪D2s0

[Ts0tφ(h(s0))− Ts0tφ(y)]µ(s0, dy) < 0,
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ùî ñóïåðå÷èòü óìîâi (5). Îòðèìàíà ñóïåðå÷íiñòü âêàçó¹ íà òå, ùî γ ≥ 0,
ùî é ïîòðiáíî áóëî äîâåñòè.

Âëàñòèâiñòü â) âèïëèâà¹ ç á) i òîãî ôàêòó, ùî Tst1 = 1 ïðè 0 ≤ s <
t ≤ T .

Íàïiâãðóïîâà âëàñòèâiñòü îïåðàòîðiâ Tst ¹ íàñëiäêîì òâåðäæåííÿ
ïðî ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (2)�(7). Ñïðàâäi, äëÿ òîãî, ùîá çíàéòè
u(s, x, t) = Tstφ(x), êîëè äàíî, ùî lims↑t u(s, x, t) = φ(x), ìîæíà ñïî÷àòêó
ðîçâ'ÿçàòè çàäà÷ó ó ÷àñîâîìó ïðîìiæêó [τ, t], à ïîòiì ðîçâ'ÿçàòè ¨¨ ó ÷à-
ñîâîìó ïðîìiæêó [s, τ ] ç òi¹þ ½ïî÷àòêîâîþ� ôóíêöi¹þ u(τ, x, t) = Tτtφ(x),
ÿêó áóëî îòðèìàíî; iíàêøå êàæó÷è, Tstφ(x) = Tsτ (Tτtφ)(x), φ ∈ C0(R),
àáî Tst = TsτTτt.

Iç âëàñòèâîñòåé à)�ã) îïåðàòîðiâ Tst âèïëèâà¹ íàñòóïíà òåîðåìà.

Òåîðåìà 2. Íåõàé âèêîíàíi óìîâè òåîðåìè 1. Òîäi äâîïàðàìåòðè-
÷íà íàïiâãðóïà îïåðàòîðiâ Tst, 0 ≤ s < t ≤ T, âèçíà÷åíà ðiâíiñòþ (41),
ïîðîäæó¹ òàêèé íåîäíîðiäíèé ïðîöåñ Ôåëëåðà íà ïðÿìié R, ùî â îáëà-
ñòÿõ Ds1 i Ds2 âií çáiãà¹òüñÿ iç çàäàíèìè òàì äèôóçiéíèìè ïðîöåñàìè,
êåðîâàíèìè îïåðàòîðàìè L(1)

s i L(2)
s âiäïîâiäíî, à éîãî ïîâåäiíêà ïðè ïî-

òðàïëÿííi íà ñïiëüíó ìåæó öèõ îáëàñòåé x = h(s) îïèñó¹òüñÿ óìîâîþ
ñïðÿæåííÿ (5).
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Bohdan Kopytko, Roman Shevchuk, Zhanneta Tsapovska

ON TWO-PARAMETER FELLER SEMIGROUP WITH
NONLOCAL CONDITION

In this paper we study a conjugation problem for one-dimensional
(with respect to spatial variable) linear parabolic equation of the
second order with discontinuous coe�cients assuming that the non-
local Feller-Wentzell conjugation condition is given on the curve
of discontinuity of the equation coe�cients. Using the solution of
this problem we construct Feller semigroup for one-dimensional
inhomogeneous di�usion process with moving membrane.



Çáiðíèê ïðàöü äî 80-ði÷÷ÿ Á.É.Ïòàøíèêà

ÓÄÊ 517.94

Àíòîí Êóçü1

ÇÀÄÀ×À Ç IÍÒÅÃÐÀËÜÍÎÞ ÓÌÎÂÎÞ ÇÀ ×ÀÑÎÌ ÄËß
ÏÀÐÀÁÎËÎ-ÃIÏÅÐÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß ÇI
ÇÌIÍÍÈÌÈ ÊÎÅÔIÖI�ÍÒÀÌÈ

Â ðîáîòi äîñëiäæåíî çàäà÷ó ç iíòåãðàëüíîþ óìîâîþ çà ÷àñîì äëÿ
ìiøàíîãî ïàðàáîëî-ãiïåðáîëi÷íîãî ðiâíÿííÿ çi çìiííèìè êîåôiöi-
¹íòàìè â îáìåæåíié îáëàñòi. Âñòàíîâëåíî êðèòåðié ¹äèíîñòi
òà äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó âêàçàíî¨ çàäà÷i ó âiä-
ïîâiäíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ. Äëÿ ðîçâ'ÿçàííÿ ïðîáëåìè
ìàëèõ çíàìåííèêiâ, ÿêi âèíèêëè ïðè ïîáóäîâi ðîçâ'ÿçêó, âèêîðè-
ñòàíî ìåòðè÷íèé ïiäõiä.

1. Âñòóï

Â îñòàííi ðîêè çíà÷íà óâàãà ìàòåìàòèêiâ ñïðÿìîâàíà íà äîñëiäæå-
ííÿ çàäà÷ ç iíòåãðàëüíèìè óìîâàìè, ÿêi ¹ óçàãàëüíåííÿì äèñêðåòíèõ
íåëîêàëüíèõ óìîâ. �õ âèâ÷åííÿ çóìîâëåíå ÿê ïîòðåáîþ ïîáóäîâè çàãàëü-
íî¨ òåîði¨ êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè, òàê i
òèì, ùî çàäà÷i ç iíòåãðàëüíèìè óìîâàìè âèíèêàþòü ïðè ìàòåìàòè÷íîìó
ìîäåëþâàííi áàãàòüîõ ôiçè÷íèõ ïðîöåñiâ ó âèïàäêàõ, êîëè íåìîæëèâî
âèìiðÿòè ïåâíi ôiçè÷íi âåëè÷èíè, àëå âiäîìi ¨õíi ñåðåäíi çíà÷åííÿ.

Îäíèì ç àêòóàëüíèõ íàïðÿìêiâ ñó÷àñíî¨ òåîði¨ äèôåðåíöiàëüíèõ ðiâ-
íÿíü ç ÷àñòèííèìè ïîõiäíèìè ¹ òåîðiÿ íåëîêàëüíèõ êðàéîâèõ çàäà÷ äëÿ
ðiâíÿíü ìiøàíîãî (ãiïåðáîëî-åëiïòè÷íîãî i ïàðàáîëî-ãiïåðáîëi÷íîãî) òè-
ïó, ÿêi ìàþòü âàæëèâå çàñòîñóâàííÿ â ãàçîäèíàìiöi, ìàãíiòíié ãiäðîäè-
íàìiöi, òåîði¨ åëåêòðè÷íèõ êië, òåîði¨ íåñêií÷åííî ìàëèõ çãèíiâ ïîâåð-
õîíü, â áåçìîìåíòíié òåîði¨ îáîëîíîê çi çìiííîþ êðèâèçíîþ òà ií.

Ïî÷àòîê âèâ÷åííþ êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü ìiøàíîãî òèïó áó-
ëî ïîêëàäåíî ó ðîáîòàõ Ô. Òðiêîìi [16] òà Ñ. Ãåëëåðñòåäòà [20], äå áóëî
âïåðøå ïîñòàâëåíî òà äîñëiäæåíî êðàéîâi çàäà÷i äëÿ ìîäåëüíèõ ðiâíÿíü
ãiïåðáîëî-åëiïòè÷íîãî òèïó, òåïåð âiäîìèõ ÿê ½çàäà÷à Òðiêîìi� i ½çàäà-
÷à Ãåëëåðñòåäòà�. Âïåðøå íà íåîáõiäíiñòü ðîçãëÿäó êðàéîâèõ çàäà÷ äëÿ
ðiâíÿíü ïàðàáîëî-ãiïåðáîëi÷íîãî òèïó, äå íà îäíié ÷àñòèíi îáëàñòi çà-
äàíî ïàðàáîëi÷íå ðiâíÿííÿ, à íà iíøié � ãiïåðáîëi÷íå, áóëî âêàçàíî â
1959 ð. I. Ì. Ãåëüôàíäîì [3]. Çîêðåìà, âií íàâiâ ïðèêëàä çàäà÷i ïðî ðóõ
ãàçó ïî êàíàëó ç ïîðèñòèì íàâêîëèøíiì ñåðåäîâèùåì: ðóõ ãàçó â êàíàëi
îïèñóâàâñÿ õâèëüîâèì ðiâíÿííÿì, à ççîâíi � ðiâíÿííÿì äèôóçi¨. Òàêîæ
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êðàéîâi çàäà÷i äëÿ òàêèõ ðiâíÿíü âèíèêàþòü â òåîði¨ åëåêòðè÷íèõ êië òà
ìàãíiòíié ãiäðîäèíàìiöi. ßê ïðèêëàä, ìîæíà íàâåñòè òåëåãðàôíå ðiâíÿ-
ííÿ

∂2U

∂x2
= CL

∂2U

∂t2
+ (CR+GL)

∂U

∂t
+GRU,

äå U := U(t, x) � íàïðóãà â ïðîâiäíèêó, C � ¹ìíiñòü, R � îïið, L �
ñàìîiíäóêöiÿ, G � êîåôiöi¹íò âòðàò. Ëåãêî ïîìiòèòè, ùî ïðè G = R = 0,
ðiâíÿííÿ ¹ ãiïåðáîëi÷íîãî òèïó, à ïðè L = 0 � ïàðàáîëi÷íîãî.

Çàäà÷i ç ëîêàëüíèìè òà íåëîêàëüíèìè (â òîìó ÷èñëi iíòåãðàëüíèìè)
óìîâàìè äëÿ ïàðàáîëî-ãiïåðáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó, ðîçãëÿ-
äàëèñÿ ó ðîáîòàõ Ã. Ì. Ñòðó÷iíî¨ [14], ß. Ñ. Óôëÿíäà [17], Â. Í. Âðàãî-
âà [2], À. Ì. Íàõóøåâà i Õ. Ã. Áæèõàòëîâà [1], Ë. À. Çîëiíî¨ [5], Í. Þ. Êà-
ïóñòiíà [7], Ê. Á. Càáiòîâà [21], Ã. Ð. Þíóñîâî¨ [19], Â. Î. Êàïóñòÿíà
òà I. Î. Ïèøíîãðà¹âà [6], I. ß. Ñàâêè òà Ì. Ì. Ñèìîòþêà [12] òà ií.
Ó áàãàòüîõ âèïàäêàõ êîðåêòíà ðîçâ'ÿçíiñòü òàêèõ çàäà÷ äëÿ îáìåæåíèõ
îáëàñòåé ïîâ'ÿçàíà ç òàê çâàíîþ ïðîáëåìîþ ìàëèõ çíàìåííèêiâ [11], ÿêà
ðîçâ'ÿçóâàëàñü íàâåäåíèìè âèùå àâòîðàìè òiëüêè ÷àñòêîâî äëÿ îêðåìèõ
âèïàäêiâ çàäà÷. Òîìó êðàéîâi çàäà÷i äëÿ ïàðàáîëî-ãiïåðáîëi÷íèõ ðiâíÿíü
çàëèøàþòüñÿ ìàëî äîñëiäæåíèìè.

Ìàòåìàòè÷íî åôåêò ìàëèõ çíàìåííèêiâ ïðîÿâëÿ¹òüñÿ ó òîìó, ùî â
ðîçâ'ÿçêè ðiâíÿíü, ÿêi çîáðàæóþòüñÿ ðÿäàìè, âõîäèòü íåñêií÷åííà êiëü-
êiñòü ÷ëåíiâ iç êîåôiöi¹íòàìè, çíàìåííèêè ÿêèõ ¹ ÿê çàâãîäíî áëèçüêè-
ìè äî íóëÿ, ùî ñïðè÷èíÿ¹ ðîçáiæíiñòü öèõ ðÿäiâ. À. Ì. Êîëìîãîðîâ [9]
çàïðîïîíóâàâ äëÿ ðîçâ'ÿçàííÿ ïðîáëåìè ìàëèõ çíàìåííèêiâ ìåòðè÷íó
êîíöåïöiþ i çàñòîñóâàâ ¨¨ äî çàäà÷i ïðî ðóõè íà òîði òà â òåîði¨ äèíà-
ìi÷íèõ ñèñòåì. Ó öèõ çàäà÷àõ ìàëi çíàìåííèêè ìàþòü âèãëÿä ëiíiéíèõ
ôîðì (ω, k) = ω1k1+ · · ·+ωpkp, ω ∈ Rp, k ∈ Zp. Iäåÿ ìåòðè÷íîãî ïiäõîäó
ïîëÿãàëà â íàñòóïíîìó: 1) âðàõîâóâàëîñü, ùî äëÿ ìàéæå âñiõ (ñòîñîâíî
ìiðè Ëåáåãà â Rp) âåêòîðiâ ω âèêîíóþòüñÿ îöiíêè

|(ω, k)| > C (|k1|+ · · ·+ |kp|)−δ , C > 0, δ > p, k ∈ Zp \ {⃗0}; (1)

2) àíàëiç çáiæíîñòi ðÿäiâ ç ìàëèìè çíàìåííèêàìè ïðîâîäèâñÿ ëèøå äëÿ
òèõ ω, ÿêi çàäîâîëüíÿþòü îöiíêè (1).

Íà îñíîâi ìåòðè÷íîãî ïiäõîäó äî îöiíîê çíèçó ìàëèõ çíàìåííèêiâ
ó øêîëi Á. É. Ïòàøíèêà íèì òà éîãî ó÷íÿìè áóëî âñòàíîâëåíî óìîâè
êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷ ç íåëîêàëüíèìè (ó òîìó ÷èñëi ïåðiîäè÷íè-
ìè, áàãàòîòî÷êîâèìè òà iíòåãðàëüíèìè) óìîâàìè çà âèäiëåíîþ çìiííîþ
äëÿ øèðîêèõ êëàñiâ ëiíiéíèõ (à òàêîæ ñëàáêî íåëiíiéíèõ) ðiâíÿíü òà
ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè äîâiëüíîãî ïîðÿäêó çi ñòàëèìè
òà çìiííèìè êîåôiöi¹íòàìè.

Ó äàíié ðîáîòi, ÿêà ¹ ðîçâèòêîì [10], äîñëiäæó¹òüñÿ êîðåêòíà ðîçâ'ÿ-
çíiñòü çàäà÷i ç iíòåãðàëüíîþ óìîâîþ çà ÷àñîì äëÿ ïàðàáîëî-ãiïåðáîëi÷-
íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó çi çìiííèìè êîåôiöi¹íòàìè.
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2. Îñíîâíi ïîçíà÷åííÿ

Áóäåìî âèêîðèñòîâóâàòè òàêi ïîçíà÷åííÿ: δj,l � ñèìâîë Êðîíåêåðà;

x = (x1, . . . , xp) ∈ Rp, dx = dx1 · · · dxp;

∂t = ∂/∂t, ∂xj = ∂/∂xj , j = 1, . . . , p, ∆ =

p∑
j=1

∂2xj ;

s = (s1, . . . , sp) ∈ Zp+, |s| = s1 + · · ·+ sp, ∂sx = ∂s1x1 · · · ∂
s1
x1 ,

k = (k1, . . . , kp) ∈ Zp, |k| = |k1|+ · · ·+ |kp|, ∥k∥ =
√
k21 + · · ·+ k2p;

Dp = {(t, x) : t ∈ (−T1, T2), x ∈ G}, T1, T2 > 0,

Dp
− = Dp ∩ {t < 0}, Dp

+ = Dp ∩ {t > 0}; t1 ∈ [0, T1], t2 ∈ [0, T2];

G ⊂ Rp � îáìåæåíà îäíîçâ'ÿçíà îáëàñòü ç ãëàäêîþ ìåæåþ ∂G;
C q,ν(G) � êëàñ âèçíà÷åíèõ â îáëàñòi G ôóíêöié, q-òi ïîõiäíi ÿêèõ

ñïðàâäæóþòü â G óìîâó Ãåëüäåðà ç ïîêàçíèêîì ν, 0 < ν < 1;
Aq,ν � êëàñ çàìêíåíèõ îáëàñòåé, äëÿ ÿêèõ ôóíêöi¨, ùî çàäàþòü ó

ëîêàëüíèõ êîîðäèíàòàõ ðiâíÿííÿ ìåæîâèõ ïîâåðõîíü öèõ îáëàñòåé íà-
ëåæàòü êëàñó C q,ν ;

mesRA � ìiðà Ëåáåãà âèìiðíî¨ ìíîæèíè A ⊂ R;
Cj > 0, j = 1, 2, . . . , � âåëè÷èíè, ÿêi íå çàëåæàòü âiä k.

3. Ïîñòàíîâêà çàäà÷i

Â îáëàñòi Dp ðîçãëÿäà¹ìî òàêó çàäà÷ó: çíàéòè ôóíêöiþ u := u(t, x),
ÿêà ñïðàâäæó¹ íàñòóïíi óìîâè:

Lu ≡
{
∂tu− a(t)Lnu = 0, (t, x) ∈ Dp

+,
∂2t u− b(t)Lnu = 0, (t, x) ∈ Dp

−,
n ∈ N, (2)

αu(−t1, x) + β

t2∫
−t1

u(t, x)dt = φ(x), x ∈ G, (3)

lim
ε→0

∂qt u(−ε, x) = lim
ε→0

∂qt u(ε, x), q = 0, 1, x ∈ G, (4)

Lj−1u
∣∣
∂G

= 0, j = 1, . . . , n, (5)

äå
a(t) ∈ C[0, T2], a(t) > 0, b(t) ∈ C[−T1, 0], b(t) > 0;

α, β ∈ R, β ̸= 0, φ ∈ L2(G);
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L � åëiïòè÷íèé â G äèôåðåíöiàëüíèé âèðàç ç äiéñíîçíà÷íèìè êîåôiöi-
¹íòàìè, âèçíà÷åíèé ôîðìóëîþ

L =

p∑
i,j=1

∂xi(wij(x)∂xj )− v(x), (6)

ïðè÷îìó L0u ≡ u, Lnu = L(Ln−1u), n ∈ N.

4. Ôóíêöiîíàëüíi ïðîñòîðè

Íåõàé îáëàñòü G íàëåæèòü êëàñó An,ν i êîåôiöi¹íòè äèôåðåíöiàëü-
íîãî âèðàçó (6) ñïðàâäæóþòü íàñòóïíi óìîâè:

v(x) > 0, v ∈ C 2n−2, ν(G), wij ∈ C 2n−1, ν(G), i, j = 1, . . . , p. (7)

Âiäîìî [4], ùî çà óìîâ (7) çàäà÷à íà âëàñíi çíà÷åííÿ

LX = −λX, X|∂G = 0,

ìà¹ ïîâíó îðòîãîíàëüíó (äëÿ çðó÷íîñòi ââàæàòèìåìî ¨¨ íàäàëi îðòîíîð-
ìîâàíîþ) â L2(G) ñèñòåìó âëàñíèõ ôóíêöié {Xk(x), k ∈ N}, âñi âëàñíi
çíà÷åííÿ öi¹¨ çàäà÷i λk, k ∈ N, ¹ äiéñíèìè, ïîïàðíî ðiçíèìè òà äîäàòíi-
ìè; Xk ∈ C 2n(G), ïðè÷îìó

C1k
2/p 6 λk 6 C2k

2/p, 0 < C1 6 C2, k ∈ N, (8)

max
x∈G

|∂sxXk(x)| 6 C3λ
p/4+|s|/2
k , C3 := C3(s), k ∈ N. (9)

Ðîçâ'ÿçíiñòü çàäà÷i äîñëiäæóâàòèìåìî ó òàêèõ ôóíöiîíàëüíèõ ïðî-
ñòîðàõ:

Wρ,ψ,γ(G) := Wψ,ρ,γ(L;G), ψ, γ > 0, G ∈ An,ν , � ïðîñòið ôóíêöié
y ∈ L2(G) òàêèõ, ùî

Y =
∞∑
k=1

|yk|2λ2ρk exp(2ψλγk) <∞, yk =

∫
G

y(x)Xk(x)dx,

äå λk, Xk(x) � âëàñíi çíà÷åííÿ òà âëàñíi ôóíêöi¨ îïåðàòîðà (6), iç íîð-
ìîþ ∥y;Wρ,ψ,γ(G)∥ =

√
Y ;

Çàóâàæèìî, ùî Wρ2,ψ2,γ2(G) ⊂ Wρ1,ψ1,γ1(G), ÿêùî ρ2 > ρ1, ψ2 > ψ1,
γ2 > γ1, ïðè÷îìó

∥y;Wρ1,ψ1,γ1(G)∥ < ∥y;Wρ2,ψ2,γ2(G)∥. (10)

Cn([c, d],Wρ,ψ,γ(G)) � ïðîñòið ôóíêöié f(t, x) =
∑∞

k=1 fk(t)Xk(x) âè-
çíà÷åíèõ â D òàêèõ, ùî äëÿ êîæíîãî ôiêñîâàíîãî t ∈ [c, d] ïîõiäíi
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∂qt f =
∑∞

k=1 f
(q)
k (t)Xk(x), q = 0, 1, . . . , n, íàëåæàòü ïðîñòîðó Wρ,ψ,γ(G).

Íîðìà â öüîìó ïðîñòîði âèçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì:

∥f ;Cn([c, d],Wρ,ψ,γ(G))∥ =

n∑
q=0

max
t∈[c,d]

∥∂qf/∂tq;Wρ,ψ,γ(G)∥.

C(l,h)(Dp
) � ïðîñòið ôóíêöié u(t, x), ÿêi ¹ l ðàçiâ íåïåðåðâíî äèôåðåí-

öiéîâíèìè çà çìiííîþ t òà h ðàçiâ íåïåðåðâíî äèôåðåíöiéîâíèìè çà x iç
íîðìîþ

∥∥∥u;C(l,h)(Dp
)
∥∥∥ =

∑
06|ŝ|6h
s06l

max
t∈[0,T ]

max
x∈G

∣∣∣∣∣ ∂|ŝ|u(t, x)

∂ts0∂xs11 · · · ∂xspp

∣∣∣∣∣ ,
äå ŝ = (s0, s1, . . . , sp) ∈ Zp+, |ŝ| = s0 + s1 + · · ·+ sp.

Íà ïiäñòàâi îöiíîê (9), (10) ëåãêî ïîêàçàòè, ùî ñïðàâåäëèâå òàêå
âêëàäåííÿ:

Wρ+n+p/4,ψ,γ(G) ⊂ C2n(G),

Cn([−T1, T2],Wρ+n+p/4,ψ,γ(G)) ⊂ C(n,2n)(Dp
), ρ > 0.

(11)

Îçíà÷åííÿ 1. Ðîçâ'ÿçêîì çàäà÷i (1)-(5) iç ïðîñòîðó
C1([−T1, T2];Wρ,ψ,n(G)) ∩ C2([−T1, 0],Wρ,ψ,n(G)) íàçèâà¹ìî ðÿä

u(t, x) =
∑
k∈N

uk(t)Xk(x),

äå êîæåí iç êîåôiöi¹íòiâ uk(t) ∈ C 1[−T1, T2] ∩ C 2[−T1, 0] çàäîâîëüíÿ¹
ðiâíîñòi {

u′k(t) + (−1)n+1a(t)λnkuk(t) = 0, 0 < t < T2,
u′′k(t) + (−1)n+1b(t)λnkuk(t) = 0, −T1 < t < 0,

(12)

αuk(−t1) + β

t2∫
−t1

uk(t)dt = φk, (13)

uk(0− 0) = uk(0 + 0), u′k(0− 0) = u′k(0 + 0), (14)

äå φk =
∫
G
φ(x)Xk(x)dx.
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5. Ïîáóäîâà ðîçâ'ÿçêó

Ðîçâ'ÿçîê çàäà÷i (1)-(5) øóêà¹ìî ó âèãëÿäi ðÿäó

u(t, x) =
∑
k∈N

uk(t)Xk(x), (15)

äå êîæåí iç êîåôiöi¹íòiâ uk(t) ¹ ðîçâ'ÿçêîì âiäïîâiäíî¨ çàäà÷i (12)-(14).
Ïîçíà÷èìî:

f1k(t) = exp ((−1)nλnkA(t)) , A(t) =

t∫
0

a(τ)dτ ; (16)

f2k(t), f3k(t) � ðîçâ'ÿçêè òàêî¨ çàäà÷i äëÿ çâè÷àéíîãî äèôåðåíöiàëüíîãî
ðiâíÿííÿ:

f ′′jk(t) + (−1)n+1b(t)λnkfjk(t) = 0, −T1 < t < 0, (17)

f
(q−1)
jk (0) = δj−1,q, q = 1, 2, j = 2, 3. (18)

Çàóâàæèìî, ùî ôóíêöi¨ f2k(t), f3k(t) óòâîðþþòü íîðìàëüíó (â òî÷öi
t = 0) ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ ðiâíÿííÿ (17).

Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (12) ìà¹ âèãëÿä

uk(t) =

{
C1kf1k(t), 0 < t < T2,
C2kf2k(t) + C3kf3k(t), −T1 < t < 0,

k ∈ N. (19)

Ïiäñòàâèâøè ôîðìóëó (19) â óìîâè (13), (14), îòðèìà¹ìî òàêó ñèñòå-
ìó ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü äëÿ çíàõîäæåííÿ íåâiäîìèõ Cjk, j =
1, 2, 3:

C1k − C2k = 0,

(−1)nλnka(0)C1k − C3k = 0,

C1kβ
∫ t2
0 f1k(t)dt+ C2k

(
αf2k(−t1) + β

∫ 0
−t1 f2k(t)dt

)
+

+C3k

(
αf3k(−t1) + β

∫ 0
−t1 f3k(t)dt

)
= φk.

(20)

Âèçíà÷íèê ñèñòåìè (20) çîáðàæó¹òüñÿ ôîðìóëîþ

∆(k, t1, t2) = αgk(−t1) + β

 t2∫
0

f1k(t)dt+

0∫
−t1

gk(t)dt

 , (21)

äå
gk(t) = f2k(t) + (−1)nλnka(0)f3k(t). (22)
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Âiäîìî, ùî ñèñòåìà (20) ìà¹ ¹äèíèé ðîçâ'ÿçîê òîäi i ëèøå òîäi, êîëè
∆(k, t1, t2) ̸= 0, k ∈ N. Ëåãêî ïîêàçàòè (ìåòîäîì âiä ñóïðîòèâíîãî), ùî
çàäà÷à (12)-(14) íå ìîæå ìàòè äâîõ ðiçíèõ ðîçâ'ÿçêiâ äëÿ òèõ i ëèøå äëÿ
òèõ k ∈ N, äëÿ ÿêèõ ∆(k, t1, t2) ̸= 0 (äèâ. òàêîæ [15]).

Òåîðåìà 1. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1)�(5) ó øêàëi ïðîñòî-
ðiâ C1([−T1, T2];Wρ,ψ,n(G)) ∩ C2([−T1, 0],Wρ,ψ,n(G)) íåîáõiäíî i äîñèòü,
ùîá âèêîíóâàëàñÿ óìîâà

∀k ∈ N ∆(k, t1, t2) ̸= 0. (23)

Äîâåäåííÿ. Íåîáõiäíiñòü. Ïðèïóñòèìî ïðîòèëåæíå: óìîâà (23) íå
âèêîíó¹òüñÿ, òîáòî äëÿ äåÿêîãî k̄ ∈ N ∆(k̄, t1, t2) = 0. Òîäi iñíóþòü íå-
òðèâiàëüíi ðîçâ'ÿçêè uk̄(t) âèãëÿäó (19) îäíîðiäíî¨ çàäà÷i (12)-(14), äå
ñòàëi Cqk̄, q = 1, 2, 3, âèçíà÷àþòüñÿ ç îäíîðiäíî¨ ñèñòåìè àëãåáðè÷íèõ
ðiâíÿíü (20), âèçíà÷íèê ÿêî¨ çáiãà¹òüñÿ ç ∆(k̄, t1, t2). Òîìó îäíîðiäíà çà-
äà÷à (12)-(14) ìà¹ íåòðèâiàëüíi ðîçâ'ÿçêè u(t, x) = uk̄(t)Xk̄(x), à ðîçâ'ÿ-
çîê çàäà÷i (1)-(5), ÿêùî âií iñíó¹, íå áóäå ¹äèíèì.

Äîñòàòíiñòü. Íåõàé âèêîíó¹òüñÿ óìîâà (23). Ïðèïóñòèìî, ùî iñíó-
þòü äâà ðîçâ'ÿçêè ðîçâ'ÿçêè u1(t, x), u2(t, x) çàäà÷i (1)-(5) ç ïðîñòîðó
C1([−T1, T2];Wρ,ψ,n(G)) ∩ C2([−T1, 0],Wρ,ψ,n(G)). Òîäi ôóíêöiÿ ũ(t, x) =
u2(t, x) − u1(t, x) ¹ ðîçâ'ÿçêîì îäíîðiäíî¨ çàäà÷i (1)-(5) ç ïðîñòîðó
C1([−T1, T2];Wρ,ψ,n(G)) ∩ C2([−T1, 0],Wρ,ψ,n(G)). Êîæíèé iç êîåôiöi¹í-
òiâ ũk(t) ôóíêöi¨ ũ(t, x) ¹ ðîçâ'ÿçêîì îäíîðiäíî¨ çàäà÷i (12)-(14). Îñêiëü-
êè ∆(k̄, t1, t2) ̸= 0 äëÿ âñiõ k ∈ N, òî îäíîðiäíà çàäà÷à (12)-(14) ìà¹
ëèøå òðèâiàëüíi ðîçâ'ÿçêè äëÿ âñiõ k ∈ N, à îòæå ũk(t) ≡ 0, k ∈ N.
Çâiäñè îòðèìó¹ìî, ùî ũ(t, x) ≡ 0 ó ïðîñòîði C1([−T1, T2];Wρ,ψ,n(G)) ∩
C2([−T1, 0],Wρ,ψ,n(G)), òîáòî u1(t, x) ≡ u2(t, x). �

Çà óìîâè (23) iñíó¹ ¹äèíèé ðîçâ'ÿçîê ñèñòåìè (20), à ôîðìàëüíèé
ðîçâ'ÿçîê çàäà÷i (1)-(5) çîáðàæó¹òüñÿ ôîðìóëîþ

u(t, x) =



∑
k∈N

φkf1k(t)

∆(µk, t1, t2)
Xk(x), 0 6 t 6 T2,

∑
k∈N

φkgk(t)

∆(µk, t1, t2)
Xk(x), −T1 6 t 6 0.

(24)

6. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i

Ðÿä (24), âçàãàëi, ¹ ðîçáiæíèì ó øêàëi ïðîñòîðiâ
C1([−T1, T2];Wρ,ψ,n(G)) ∩C2([−T1, 0],Wρ,ψ,n(G)), áî âèðàç |∆(k, t1, t2)|,
áóäó÷è âiäìiííèì âiä íóëÿ, ìîæå íàáóâàòè ÿê çàâãîäíî ìàëèõ çíà÷åíü
äëÿ íåñêií÷åííî¨ êiëüêîñòi ÷èñåë k ∈ N. Iíøèìè ñëîâàìè, iñíóâàííÿ
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ðîçâ'ÿçêó çàäà÷i (1)-(5) ó öèõ ïðîñòîðàõ ïîâ'ÿçàíå ç ïðîáëåìîþ ìàëèõ
çíàìåííèêiâ.

Ïîçíà÷èìî:

Ã =

T2∫
0

a(t)dt, B̃ =

0∫
−T1

b(t)dt.

Òåîðåìà 2. Íåõàé âèêîíó¹òüñÿ óìîâà (23) òà iñíóþòü äîäàòíi
ñòàëi η, ν òàêi, ùî äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) íàòóðàëüíèõ k
âèêîíó¹òüñÿ íåðiâíiñòü

|∆(k, t1, t2)| > λ−ηk exp(−νλnk). (25)

ßêùî φ(x) ∈Wq1,q2,n(G), äå q1 > ρ+η+2n, q2 > ψ+ν+max{Ã, B̃T1}, òî
iñíó¹ ¹äèíèé ðîçâ'ÿçîê u(t, x) çàäà÷i (1)�(5), ó øêàëi ïðîñòîðiâ
C1([−T1, T2];Wρ,ψ,n(G))∩C2([−T1, 0],Wρ,ψ,n(G)). Öåé ðîçâ'ÿçîê çîáðàæó-
¹òüñÿ ôîðìóëîþ (24), ïðè÷îìó âèêîíó¹òüñÿ îöiíêà

max{∥u;C1([−T1, T2];Wρ,ψ,n(G))∥, ∥u;C2([−T1, 0],Wρ,ψ,n(G))∥} 6
6 C4∥φ;Wq1,q2,n(G)∥, C4 := C4(n, b(0), a(T2), B̃).

Äîâåäåííÿ. Äëÿ êîæíî¨ ç ôóíêöié fqk(t), q = 2, 3, íà ïiäñòàâi (17),
(18) i òåîðåìè 4 ó [8, ñ. 27] îòðèìó¹ìî òàêi îöiíêè:∣∣∣∂j−1

t fqk(t)
∣∣∣ < C5(1 + 2δj,3B̃λ

n
k) exp(B̃λ

n
k |t|), j = 1, 2, 3. (26)

Ç (22) òà (26) âèïëèâà¹ íåðiâíiñòü

max
t∈[−T1,0]

|∂j−1gk(t)| < C6(1 + 2δj,3B̃λ
n
k)λ

n
k exp(B̃λ

n
kT1), j = 1, 2, 3, (27)

äå C6 = 2C5b(0). Íà ïiäñòàâi (16) îòðèìó¹ìî

max
t∈[0,T2]

|∂j−1
t f1k(t)| < (1 + δj,2a(T2)λ

n
k) exp(Ãλ

n
k), j = 1, 2. (28)

Çà óìîâ òåîðåìè ç ôîðìóë (19), (24)-(27) âèïëèâàþòü òàêi îöiíêè:

max
t∈[−T1,T2]

|∂j−1
t uk(t)| < C7|φk|λn+ηk ×

× exp
(
(ν +max{Ã, B̃T1})λnk

)
, j = 1, 2,

(29)

max
t∈[−T1,0]

|∂j−1
t uk(t)| < C8|φk|λ2n+ηk ×

× exp
(
(ν +max{Ã, B̃T1}λnk)

)
, j = 1, 2, 3,

(30)
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äå C7 = 2max{a(T2), C6}, C8 = 2C6B̃.
Ç (24) òà (29) îòðèìó¹ìî, ùî

∥u;C1([−T1, T2];Wρ,ψ,n(G))∥

<2

(∑
k∈N

max
j=1,2

{
max

t∈[−T1,T2]
|∂j−1
t uk(t)|2

}
λ2ρk exp(2ψλnk)

)1/2

<2C7

(∑
k∈N

|φk|2λ
2(ρ+η+n)
k exp

(
2(ν +max{Ã, B̃T1}+ ψ)λnk

))1/2

= 2C7∥φ;W ρ+η+n,ν+max{Ã, B̃T1}+ψ, n∥.

(31)

Íà ïiäñòàâi (30) àíàëîãi÷íî ïîêàçó¹ìî, ùî

∥u;C2([−T1, 0];Wρ,ψ,n(G))∥

<3C8

(∑
k∈N

|φk|2λ
2(ρ+η+2n)
k exp

(
2(ν +max{Ã, B̃T1}+ ψ)λnk

))1/2

= 3C8∥φ;W ρ+η+2n,ν+max{Ã, B̃T1}+ψ, n∥.

(32)

Ç íåðiâíîñòåé (31), (32) îòðèìó¹ìî îöiíêó

max{∥u;C1([−T1, T2];Wρ,ψ,n(G))∥, ∥u;C2([−T1, 0],Wρ,ψ,n(G))∥} 6

6 C9∥φ;Wq1,q2,n(G)∥,

äå C9 = max{2C7, 3C8}, ç ÿêî¨ âèïëèâà¹ äîâåäåííÿ òåîðåìè. �

Çàóâàæåííÿ 1. ßêùî â óìîâàõ òåîðåìè 2 ïàðàìåòðè ρ > n + p/4,
ψ, γ > 0, òî ç âêëàäåííÿ (11) âèïëèâà¹ iñíóâàííÿ êëàñè÷íîãî ðîçâ'ÿçêó
çàäà÷i (1)�(5) � ðîçâ'ÿçêó ç ïðîñòîðó C(1,2n)(Dp

) ∩ C(2,2n)(Dp
−).

7. Îöiíêè ìàëèõ çíàìåíííèêiâ

Ç'ÿñó¹ìî, êîëè âèêîíó¹òüñÿ íåðiâíiñòü (25). Äëÿ öüîãî íàì çíàäî-
áëÿòüñÿ äåÿêi äîïîìiæíi òâåðäæåííÿ ïðî îöiíêè çâåðõó ìið âèíÿòêîâèõ
ìíîæèí ãëàäêèõ ôóíêöié.

Ëåìà 1 ( [11]). Íåõàé ôóíêöiÿ f ∈ Cn[c, d] i íåõàé äëÿ âñiõ t ∈ [c, d]
âèêîíó¹òüñÿ íåðiâíiñòü

|f (n)(t)| > δ > 0.

Òîäi
mesRE(f, ε, [c, d]) 6 C11

n
√
ε/δ.
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Ìîæëèâiñòü âèêîíàííÿ îöiíêè (25) ç'ÿñó¹ìî âiäíîñíî ïàðàìåòðà t2,
ÿêèé ¹ âåðõíüîþ ìåæåþ iíòåãðóâàííÿ â óìîâi (2).

Òåîðåìà 3. Íåõàé â óìîâàõ (2) β ̸= 0 òà n = 2m, m ∈ N, ó ðiâíÿííi
(1). Òîäi äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë t2 > 0 òà
äëÿ äîâiëüíèõ α, t1 íåðiâíiñòü (25) âèêîíó¹òüñÿ ïðè

η > p

2
+ ε, ν = 0, ε > 0,

äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) ÷èñåë k ∈ N.
ßêùî n = 2m + 1, m ∈ Z+, òî äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè

Ëåáåãà â R) ÷èñåë t2 ∈ (0, T2], òà äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨
êiëüêîñòi) ÷èñåë k ∈ N i äîâiëüíèõ α, t1 íåðiâíiñòü (25) âèêîíó¹òüñÿ
ïðè

η = 0, ν > Ã+ ε, ε > 0.

Äîâåäåííÿ. Íåõàé n = 2m, m ∈ N. Ïîçíà÷èìî:

E1(k, t2) :=
{
t2 ∈ [0, T2] : |∆(k, t1, t2)| < λ

− p
2
−ε

k

}
, ε > 0.

Çàôiêñó¹ìî ÷èñëî k = k̂ ∈ N. Òîäi íà ïiäñòàâi (16), (21) òà, âðàõîâóþ÷è,
ùî λk̂ > 0, Ã > 0, îòðèìó¹ìî îöiíêó∣∣∣∣∣∂∆(k̂, t1, t2)

∂t2

∣∣∣∣∣ = ∣∣∣β exp(λnk̂ Ã)∣∣∣ > |β|. (33)

Òîäi ç îöiíîê (8), (33) òà ëåìè 1 âèïëèâà¹, ùî

mesRE1(k̂, t2) < |β|−1λ
− p

2
−ε

k̂
6 C17k̂

−1− 2ε
p , (34)

äå C17 = C2/|β|. Ç (34) âèïëèâà¹, ùî ðÿä
∑

k∈NmesRE1(k, t2) çáiæíèé, à
îòæå, çà ëåìîþ Áîðåëÿ-Êàíòåëëi, ìiðà òèõ t2 ∈ [0, T2], äëÿ ÿêèõ âèêîíó¹-

òüñÿ íåðiâíiñòü |∆(k, t1, t2)| < λ
− p

2
−ε

k , äîðiâíþ¹ íóëåâi. Òîáòî, äëÿ ìàéæå
âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë t2 ∈ [0, T2] âèêîíó¹òüñÿ íåðiâíiñòü

|∆(k, t1, t2)| > λ
− p

2
−ε

k , ν 6 0.

Íåõàé òåïåð n = 2m+ 1, m ∈ N. Ïîçíà÷èìî:

E2(k, t2) :=
{
t2 ∈ (0, T2] : |∆(k, t1, t2)| < exp(−(Ã+ ε)λnk)

}
, ε > 0.

Çàôiêñó¹ìî ÷èñëî k = k̂ ∈ N. Òîäi ç (16), (21) âèïëèâà¹, ùî∣∣∣∣∣∂∆(k̂, t1, t2)

∂t2

∣∣∣∣∣ = ∣∣∣β exp(−λnk̂A(t2))∣∣∣ > |β| exp(−λn
k̂
Ã). (35)



158 À. Ì. Êóçü

Íà ïiäñòàâi (8), (35) òà ëåìè 1 îòðèìó¹ìî òàêó îöiíêó:

mesRE2(k̂, t2) < |β|−1 exp(−ελn
k̂
) 6 |β|−1 exp(−ε(C2)

nk̂2n/p). (36)

Ç (36) âèïëèâà¹, ùî ðÿä
∑

k∈NmesRE2(k, t2) çáiæíèé i àíàëîãi÷íèìè äî
ïîïåðåäíüîãî âèïàäêó ìiðêóâàííÿìè îòðèìó¹ìî, ùî ïðè n = 2m+1 äëÿ
ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë t2 ∈ (0, T2], âèêîíó¹òüñÿ
íåðiâíiñòü

|∆(k, t1, t2)| > exp(−(Ã+ ε)λnk), η 6 0,

ç ÿêî¨ i âèïëèâà¹ äîâåäåííÿ òåîðåìè. �

8. Âèñíîâêè

Â ðîáîòi íà îñíîâi ìåòðè÷íîãî ïiäõîäó äî ïðîáëåìè ìàëèõ çíàìåí-
íèêiâ âñòàíîâëåíî óìîâè êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i ç iíòåãðàëüíîþ
óìîâîþ äëÿ ïàðàáîëî-ãiïåðáîëi÷íîãî ðiâíÿííÿ çi çìiííèìè êîåôiöi¹íòà-
ìè. Îöiíêè ìàëèõ çíàìåííèêiâ âñòàíîâëåíî äëÿ ìàéæå âñiõ (ñòîñîâíî
ìiðè Ëåáåãà â R) çíà÷åíü âåðõíüî¨ ìåæi iíòåãðóâàííÿ. Îòðèìàíi ðåçóëü-
òàòè ìîæíà ïîøèðèòè íà âèïàäîê ðiâíÿíü âèãëÿäó{

(∂t − a(t)Ln)u = 0, (t, x) ∈ Dp
+,

(∂t − b2(t)Lm)(∂t − b1(t)Lm)u = 0, (t, x) ∈ Dp
−,

(37)

äå a(t) > 0, b1(t), b2(t) > 0 � çàäàíi äîñòàòíüî ãëàäêi ôóíêöi¨, L � äè-
ôåðåíöiàëüíèé âèðàç, çàäàíèé ôîðìóëîþ (6).
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Áîãäàíà Éîñèïîâè÷à. Éîãî ëþáîâ äî ìàòåìàòèêè, ïðàöåëþáíiñòü, óâàãà
äî äåòàëåé òà òî÷íiñòü âèêëàäó äóìîê çàâæäè áóäóòü îði¹íòèðîì äëÿ
àâòîðà ó âëàñíèõ íàóêîâèõ ïîøóêàõ.
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Anton Kuz'

A PROBLEM WITH INTEGRAL CONDITION
WITH RESPECT TO TIME
FOR PARABOLIC-HYPERBOLIC EQUATION
WITH VARIABLE COEFFICIENTS

In this paper we study a problem with nonlocal condition with respect
to the time variable containing an integral term for a mixed parabolic-
hyperbolic equation. For this problem, we established a criterion of
uniqueness and su�cient conditions for the existence of the soluti-
on. To solve the problem of small denominators encountered in the
construction of the solution we use the metric approach.
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ÓÄÊ 517.95
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ÎÁÅÐÍÅÍÀ ÇÀÄÀ×À ÇÍÀÕÎÄÆÅÍÍß ÌÎËÎÄØÈÕ
ÊÎÅÔIÖI�ÍÒIÂ Ó ÒÅËÅÃÐÀÔÍÎÌÓ ÐIÂÍßÍÍI Ç
ÄÐÎÁÎÂÈÌÈ ÏÎÕIÄÍÈÌÈ ÇÀ ×ÀÑÎÌ

Äîâåäåíî îäíîçíà÷íó ðîçâ'ÿçíiñòü îáåðíåíî¨ çàäà÷i Êîøi äëÿ ðiâ-
íÿííÿ

u
(α)
t − a2∆u− r(t)u

(β)
t − b(t)u = F0(x)g(t), (x, t) ∈ Rn × (0, T ]

ç äðîáîâèìè ïîõiäíèìè, çàäàíèìè óçàãàëüíåíèìè ôóíêöiÿìè F0

òà ó ïðàâèõ ÷àñòèíàõ ïî÷àòêîâèõ óìîâ. Çàäà÷à ïîëÿãà¹ ó çíàõî-
äæåííi òðiéêè ôóíêöié: óçàãàëüíåíîãî ðîçâ'ÿçêó u (íåïåðåðâíîãî
çà ÷àñîì â óçàãàëüíåíîìó ñåíñi) òà íåâiäîìèõ íåïåðåðâíèõ êîå-
ôiöi¹íòiâ b(t), r(t), t ∈ [0, T ].

1. Âñòóï

Îáåðíåíi êðàéîâi çàäà÷i íà âèçíà÷åííÿ àáî ãîëîâíîãî êîåôiöi¹íòà,
àáî ïðàâî¨ ÷àñòèíè, àáî ïîðÿäêó äðîáîâî¨ ïîõiäíî¨ ó ðiâíÿííi, àáî íåâi-
äîìî¨ êðàéîâî¨ óìîâè âèâ÷àëèñü ó [1] � [8] òà iíøèõ ïðàöÿõ, ðîçâ'ÿçíiñòü
ïðÿìî¨ é îáåðíåíî¨ çàäà÷ äëÿ îäíîãî êëàñó ðiâíÿíü iç ïñåâäîäèôåðåí-
öiàëüíèì îïåðàòîðîì âñòàíîâëåíî ó [9]. Îáåðíåíi çàäà÷i ç íåâiäîìèìè
ìîëîäøèìè êîåôiöi¹íòàìè ó ðiâíÿííÿõ iç äðîáîâèìè ïîõiäíèìè ìàëî
âèâ÷åíi. Ó [10] çíàéäåíî äîñòàòíi óìîâè iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêó
(u, r, b) îáåðíåíî¨ çàäà÷i Êîøi äëÿ ðiâíÿííÿ

u
(α)
t − r(t)u

(β)
t + a2(−∆)γ/2u− b(t)u = F0(x)g(t), (x, t) ∈ Rn × (0, T ],

ç äðîáîâèìè ïîõiäíèìè Ðiìàíà-Ëióâiëÿ u(α)t , u
(β)
t òà (−∆)γ/2u, âèçíà÷å-

íîþ ç âèêîðèñòàííÿì ïåðåòâîðåííÿ Ôóð'¹: F [(−∆)γ/2u] = |λ|γF [u], ïðè
α ∈ (1, 2), β ∈ (0, 1), γ > α, óçàãàëüíåíèõ ôóíêöiÿõ F0 òà â ïî÷àòêîâèõ
óìîâàõ, íåâiäîìèõ b, r ∈ C(0, T ] ∩ L(0, T ).

Òóò ðîçãëÿäà¹ìî òàêó æ çàäà÷ó ïðè γ = 2 i ïîêàçó¹ìî, ùî ó öüîìó âè-
ïàäêó, çàâäÿêè íàÿâíîñòi åêñïîíåíò ó îöiíêàõ êîìïîíåíò âåêòîð-ôóíêöi¨
Ãðiíà, ìîæíà âèçíà÷èòè íåâiäîìi êîåôiöi¹íòè ó êëàñi C[0, T ] òà ðîçâ'ÿ-
çîê u çàäà÷i, ÿêèé íåïåðåðâíèé (â óçàãàëüíåíîìó ñåíñi) ïðè t ∈ [0, T ].

1Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, lhp@ukr.net
2Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, vrapi-

ta@gmail.com
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2. Ïîçíà÷åííÿ, ôîðìóëþâàííÿ çàäà÷i é äîïîìiæíi ðåçóëü-
òàòè

Íåõàé N � ìíîæèíà íàòóðàëüíèõ ÷èñåë, Z+ = N∪{0}, Q = Rn×(0, T ],
n ∈ N, D(Rn) � ïðîñòið íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié iç êîì-
ïàêòíèìè íîñiÿìè â Rn, E(Rn) = C∞(Rn), Dk(Rn) � ïðîñòið ôóíêöié
iç Ck(Rn) ç êîìïàêòíèìè íîñiÿìè, ||φ||Dk(Rn) = max

|κ|≤k
max

x∈suppφ
|Dκφ(x)|,

k ∈ Z+, äå κ = (κ1, . . . , κn), κj ∈ Z+, j ∈ {1, . . . , n}, |κ| = κ1 + · · · +
κn, Dκφ(x) = ∂|κ|φ(x)

∂x
κ1
1 ...∂xκnn

, D(Q̄) � ïðîñòið íåñêií÷åííî äèôåðåíöiéîâíèõ

ôóíêöié iç êîìïàêòíèìè íîñiÿìè i òàêèõ, ùî ( ∂∂t)
kv|t=T = 0, k ∈ Z+,

D′(Rn), E ′(Rn) i D′(Q̄) � ïðîñòîðè ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ
âiäïîâiäíî íà D(Rn), E(Rn) i D(Q̄), D′

+(R) = {f ∈ D′(R) : f = 0, t < 0},
D′
C(Q̄) = {v ∈ D′(Q̄) : (v(·, t), φ(·)) ∈ C[0, T ] ∀φ ∈ D(Rn)}.

×åðåç f∗g ïîçíà÷à¹ìî çãîðòêó óçàãàëüíèõ ôóíêöié f i g, âèêîðèñòî-
âó¹ìî ôóíêöiþ

fλ(t) =

{
θ(t)tλ−1/Γ(λ), λ > 0,

f ′1+λ(t), λ ≤ 0,

äå Γ(z) � ãàìà-ôóíêöiÿ, θ(t) � ôóíêöiÿ Õåâiñàéäà. Çàóâàæèìî, ùî

fλ ∗ fµ = fλ+µ.

Íàãàäà¹ìî, ùî ïîõiäíà Ðiìàíà-Ëióâiëÿ ïîðÿäêó β > 0 âèçíà÷åíà ôîð-
ìóëîþ

v
(β)
t (x, t) = f−β(t) ∗ v(x, t),

à ïîõiäíà Êàïóòî � ôîðìóëîþ

Dβ
t v(x, t) =

1
Γ(n−α)

t∫
0

(t− τ)n−α−1 ∂n

∂τn v(x, τ)dτ

ïðè n− 1 < α < n, n ∈ N.
Âèâ÷à¹ìî îáåðíåíó çàäà÷ó Êîøi

u
(α)
t − a2∆u− r(t)u

(β)
t − b(t)u = F0(x)g(t), (x, t) ∈ Rn × (0, T ], (1)

u(x, 0) = F1(x), ut(x, 0) = F2(x), x ∈ Rn, (2)(
u(·, t), φ1(·)

)
= Φ1(t),

(
u(·, t), φ2(·)

)
= Φ2(t), t ∈ (0, T ] (3)

ïðè α ∈ (1, 2), β ∈ (0, 1), äå F0, F1, F2 � çàäàíi óçàãàëüíåíi ôóíêöi¨,
g,Φ1,Φ2, φ1, φ2 � çàäàíi ðåãóëÿðíi ôóíêöi¨, u, r, b � íåâiäîìi ôóíêöi¨, ÷å-
ðåç (f, φ) ïîçíà÷åíî çíà÷åííÿ óçàãàëüíåíî¨ ôóíêöi¨ f íà îñíîâíié ôóí-
êöi¨ φ, a2 � äîäàòíà ñòàëà.

Ïîçíà÷à¹ìî:
Cα,2(Q) = {v ∈ C(Q) : ∆v,Dα

t v ∈ C(Q)},
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Cα,2(Q̄) = {v ∈ Cα,2(Q) | v, vt ∈ C(Q̄)},

(Lv)(x, t) = v
(α)
t (x, t)− a2∆v(x, t),

(Lregv)(x, t) = Dα
t v(x, t)− a2∆v(x, t),

(L̂v)(x, t) = f−α(t)∗̂v(x, t)− a2∆v(x, t), (x, t) ∈ Q, äå

f−α(t)∗̂v(x, t) =
(
f−α(τ), v(x, t+ τ)

)
ïðè v ∈ D(Q̄).

Ïðàâèëüíà ôîðìóëà Ãðiíà [11]:∫
Q

v(y, τ)(L̂ψ)(y, τ)dydτ =

∫
Q

(Lregv)(y, τ)ψ(y, τ)dydτ−

−
∫
Rn

v(y, 0)dy

T∫
0

f2−α(τ)ψτ (y, τ)dτ +

∫
Rn

vt(y, 0)dy

T∫
0

f2−α(τ)ψ(y, τ)dτ

∀v ∈ Cα,2(Q̄), ψ ∈ D(Q̄).

Ïðèïóùåííÿ:

(A1) F0, F1, F2 ∈ E ′(Rn), g ∈ C[0, T ],

(A2) Φj ,Φ
(β)
j ,Φ

(α)
j ∈ C[0, T ], p(t) = Φ

(β)
1 (t)Φ2(t)− Φ1(t)Φ

(β)
2 (t),

inf
t∈(0,T ]

|p(t)| = p0 > 0, φj ∈ D(Rn), j = 1, 2.

Îçíà÷åííÿ 1. Ðîçâ'ÿçêîì çàäà÷i (1)-(3) íàçèâà¹ìî òðiéêó ôóíêöié

(u, r, b) ∈ U(Q̄) := D′
C(Q̄)× C[0, T ]× C[0, T ],

ÿêà çàäîâîëüíÿ¹ òîòîæíiñòü

(u, L̂ψ) =

T∫
0

g(t)
(
F0(·), ψ(·, t)

)
dt+

T∫
0

r(t)
(
u
(β)
t (·, t), ψ(·, t)

)
dt+

+

T∫
0

b(t)
(
u(·, t), ψ(·, t)

)
dt+

2∑
j=1

(
Fj(x)fj−α(t), ψ(x, t)

)
∀ψ ∈ D(Q̄)

òà óìîâè (3).
Íåîáõiäíi óìîâè ïîãîäæåííÿ äàíèõ

(F1, φj) = Φj(0), (F2, φj) = Φ′
j(0), j = 1, 2. (4)

Äëÿ äîâåäåííÿ ðîçâ'ÿçíîñòi çàäà÷i âèêîðèñòîâó¹ìî ìåòîä ôóíêöi¨
Ãðiíà.



164 Ã. Ï. Ëîïóøàíñüêà, Â. Ð. Øóìñüêà

Îçíà÷åííÿ 2. Âåêòîð-ôóíêöiÿ
(
G0(x, t), G1(x, t), G2(x, t)

)
òàêà, ùî

ïðè äîñòàòíüî ðåãóëÿðíèõ g0, g1, g2 ôóíêöiÿ

u(x, t) =

t∫
0

dτ

∫
Rn

G0(x− y, t− τ)g0(y, τ)dy+

+

2∑
j=1

∫
Rn

Gj(x− y, t)gj(y)dy, (x, t) ∈ Q̄

(5)

¹ êëàñè÷íèì (iç Cα,2(Q̄)) ðîçâ'ÿçêîì çàäà÷i Êîøi

Lregu(x, t) = g0(x, t), (x, t) ∈ Q,

u(x, 0) = g1(x), ut(x, 0) = g2(x), x ∈ Rn,

íàçèâà¹òüñÿ âåêòîð-ôóíêöi¹þ Ãðiíà öi¹¨ çàäà÷i.

Ïîçíà÷à¹ìî:

(Ĝ0φ)(y, τ) =

T∫
τ

∫
Rn

G0(x− y, t− τ)φ(x, t)dxdt,

(Ĝjφ)(y) =
T∫
0

∫
Rn

Gj(x− y, t)φ(x, t)dxdt, j = 1, 2,

(Ĝjφ)(y, t) =

∫
Rn

Gj(x− y, t)φ(x) dx, j = 0, 1, 2.

Çãiäíî ç [12] ìà¹ìî çîáðàæåííÿ êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà

G0(x, t) =
π−n/2tα−1

|x|n
H2,0

1,2

(
|x|2

4a2tα

∣∣∣(α, α)
(1, 1) (n/2, 1)

)
,

Gj(x, t) =
π−n/2tj−1

|x|n
H2,0

1,2

(
|x|2

4a2tα

∣∣∣(j, α)
(1, 1) (n/2, 1)

)
, j = 1, 2,

äå Hm,n
p,q

(
z
∣∣∣(a1, γ1) . . . (ap, γp)
(b1, α1) . . . (bq, αq)

)
� H-ôóíêöiÿ Ôîêñà [13]. Çà âëàñòèâî-

ñòÿìè öi¹¨ ôóíêöi¨ îäåðæó¹ìî îöiíêè

|G0(x, t)| ≤ C
tα−1

|x|n
( |x|2
tα

)1+ n−α
2(2−α)

e−c
(

|x|2
tα

) 1
2−α

,

|Gj(x, t)| ≤ C
tj−1

|x|n
( |x|2
tα

)n+2−2j
2(2−α)

e−c
(

|x|2
tα

) 1
2−α

, j = 1, 2 ïðè |x| > t
α
2 ,
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|G0(x, t)| ≤ C
tα−1

|x|n
( |x|2
tα

)min{1,n
2
}
= C


|x|2−n

t , n > 2,
1
t

(
1 +

∣∣ln |x|2
tα

∣∣), n = 2,

t
α
2
−1, n = 1,

|Gj(x, t)| ≤ C
tj−1

|x|n
( |x|2
tα

)min{1,n
2
}
= C


|x|2−ntj−1−α, n > 2,

tj−1−α(1 + ∣∣ln |x|2
tα

∣∣), n = 2,

tj−1−α
2 , n = 1,

j = 1, 2 ïðè |x| < t
α
2 . Òóò i äàëi ÷åðåç C ïîçíà÷à¹ìî ðiçíi äîäàòíi ñòàëi.

Ëåìà 1. Äëÿ âñiõ k ∈ Z+, ìóëüòèiíäåêñiâ κ, |κ| = k, φ ∈ D(Rn)
ïðàâèëüíi íàñòóïíi îöiíêè:∣∣Dκ

y (Ĝ0φ)(y, t)
∣∣ ≤ Ctα−1||φ||Dk(Rn),∣∣Dκ

y (Ĝ0φ)
(β)
t (y, t)

∣∣ ≤ Ctα−β−1||φ||Dk(Rn),∣∣Dκ
y (Ĝjφ)(y, t)

∣∣ ≤ Ctj−1||φ||Dk(Rn),∣∣Dκ
y (Ĝjφ)

(β)
t (y, t)

∣∣ ≤ Ctj−β−1||φ||Dk(Rn), (y, t) ∈ Q, j = 1, 2.

Äîâåäåííÿ. Ëåìà äîâîäèòüñÿ ÿê [10, ëåìà 1] ç âèêîðèñòàííÿì íà-
âåäåíèõ âèùå îöiíîê êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà. Ðîçãëÿäà¹ìî âè-
ïàäîê n > 2. Îñêiëüêè

∂

∂yi
Gj(x− y, t) = − ∂

∂xi
Gj(x− y, t), i = 1, . . . , n, j = 0, 1, 2,

i ïîäiáíî äëÿ ïîõiäíèõ âèùèõ ïîðÿäêiâ, òî äëÿ âñiõ φ ∈ D(Rn) òà ìóëü-
òèiíäåêñiâ κ

Dκ(Gjφ)(y, t) =
∫
Rn

Gj(x− y, t)Dκφ(x)dx

çà óìîâè ðiâíîìiðíî¨ çáiæíîñòi iíòåãðàëiâ

vj,κ(y, t) =
∫
Rn

Gj(x− y, t)Dκφ(x)dx, j = 0, 1, 2.

Çà öèõ óìîâ iç ïîïåðåäíüî¨ ðiâíîñòi îäåðæèìî, ùî Dκ(Ĝjφ) ∈ C(Q),
j = 0, 1, 2 äëÿ äîâiëüíèõ φ ∈ D(Rn) i ìóëüòèiíäåêñiâ κ.

Ïîêàæåìî ðiâíîìiðíó çáiæíiñòü iíòåãðàëiâ vj,κ(y, t) äëÿ êîæíîãî κ.
Âðàõîâóþ÷è îöiíêè ôóíêöi¨ G0(x − y, t), ôiíiòíiñòü òà îáìåæåíiñòü

ôóíêöié Dκφ(x), (x, t) ∈ Q̄, ó âèïàäêó |κ| = k, îäåðæó¹ìî

|v0,κ(y, t)| ≤
[ ∫
x:|x−y|2<tα

|G0(x− y, t)| · |Dκφ(x)|dx+
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+

∫
x:|x−y|2>tα

|G0(x− y, t)| · |Dκφ(x)|dx
]
≤ d0,κ,0

[ ∫
x:|x−y|2<tα

|Dκφ(x)|
t|x− y|n−2

dx+

+

∫
x:|x−y|2>tα

tα−1

|x− y|n
( |x− y|2

tα

)1+ n−α
2(2−α)

e−c
(

|x−y|2
tα

) 1
2−α

|Dκφ(x)|dx
]
≤

≤ d0,κ,1

[1
t

tα/2∫
0

rdr +

d0∫
tα/2

tα−1

r

(r2
tα
)1+ n−α

2(2−α) e−c
(

r2

tα

) 1
2−α

dr
]
||φ||Dk(Rn) ≤

≤ d0,κ,2t
α−1
[
1 +

+∞∫
1

zn+1−2αe−czdz
]
||φ||Dk(Rn) ≤

≤ d0,κ,3t
α−1 ||φ||Dk(Rn), (y, t) ∈ Q.

Òóò i äàëi dj,κ,0 = C, d0, dj,κ,k, dj,κ,k (j = 0, 1, 2, 3, k ∈ Z+) � äîäàòíi ñòàëi.
Âðàõîâóþ÷è îöiíêè ôóíêöié Gj(x − y, t), j = 1, 2, àíàëîãi÷íî îäåð-

æó¹ìî

|vj,κ(y, t)| ≤
∣∣∣ ∫
x:|x−y|2<tα

Gj(x− y, t)Dκφ(x)dx+

+

∫
x:|x−y|2>tα

Gj(x−y, t)Dκφ(x)dx
∣∣∣ ≤ dj,κ,0

[
tj−1−α

∫
x:|x−y|2<tα

|Dκφ(x)|
|x− y|n−2

dx+

+tj−1

∫
x:|x−y|2>tα

|Dκφ(x)|
|x− y|n

( |x− y|2

tα

)n+2−2j
2(2−α)

e−c
(

|x−y|2
tα

) 1
2−α

dx
]
≤

≤ dj,κ,1

[
tj−1−α

tα/2∫
0

rdr + tj−1

+∞∫
tα/2

r−1
(r2
tα

)n+2−2j
2(2−α)

e−c
(

r2

tα

) 1
2−α

dr
]
||φ||Dk(Rn)

≤ dj,κ,2t
j−1
[
1 +

+∞∫
1

zn+1−2je−czdz
]
||φ||Dk(Rn) ≤

≤ dj,κ,3t
j−1||φ||Dk(Rn), (y, t) ∈ Q, k = |κ|, j = 1, 2.

Âðàõîâóþ÷è ðåçóëüòàòè [10] i âëàñòèâîñòi H-ôóíêöi¨ [13], îäåðæó¹ìî
çîáðàæåííÿ

(Ĝ0φ)
(β)
t (x, t) =

π−n/2tα−β−1

|x|n
H2,1

2,3

(
|x|2

4a2tα

∣∣∣(1, 1) (α− β, α)
(1, 1) (n/2, 1) (1, 1)

)
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=
π−n/2tα−β−1

|x|n
H2,0

1,2

(
|x|2

4a2tα

∣∣∣(α− β, α)
(1, 1) (n/2, 1)

)
,

(Ĝjφ)
(β)
t (x, t) =

π−n/2tj−β−1

|x|n
H2,1

2,3

(
|x|2

4a2tα

∣∣∣(1, 1) (j − β, α)
(1, 1) (n/2, 1) (1, 1)

)

=
π−n/2tj−β−1

|x|n
H2,0

1,2

(
|x|2

4a2tα

∣∣∣(j − β, α)
(1, 1) (n/2, 1)

)
òà iñíóâàííÿ öèõ ôóíêöié äëÿ âñiõ x ̸= 0, t > 0. Âiäîìî [13], ùî ïðè
a∗ =

∑n
i=1 γi −

∑p
i=n+1 γi +

∑m
i=1 αi −

∑q
i=m+1 αi > 0

Hq,0
p,q

(
z
∣∣∣(a1, γ1) . . . (ap, γp)
(b1, α1) . . . (bq, αq)

)
≤ C|z|

µ∗+1/2
∆∗ e−c|z|

1
∆∗
, |z| → +∞,

äå

∆∗ =
∑q

i=1 αi−
∑p

i=1 γi, µ
∗ =

∑q
i=1 bi−

∑p
i=1 ai+

p−q
2 , c = (2−β)β

β
2−β .

Âèêîðèñòîâóþ÷è îäåðæàíi çîáðàæåííÿ ôóíêöié (Ĝjφ)
(β)
t , j = 0, 1, 2,

ìà¹ìî
∆∗ = a∗ = 2−α > 0, µ∗0 =

n+1
2 + β −α, µ∗j =

n+1
2 + β − j, j = 1, 2.

Îòîæ, ó âèïàäêó |x| > t
β
2 îäåðæó¹ìî

|(Ĝ0φ)
(β)
t (x, t)| ≤ C0

tα−β−1

|x|n
( |x|2
tα

)n+2+2β−2α
2(2−α)

e−c
(

|x|2
tα

) 1
2−α

,

|(Ĝjφ)(β)t (x, t)| ≤ Cj
tj−1−β

|x|n
( |x|2
tα

)n+2+2β−2j
2(2−α)

e−c
(

|x|2
tα

) 1
2−α

, j = 1, 2.

Çãiäíî ç [13, òåîðåìà 1.12], îäåðæó¹ìî íàñòóïíi îöiíêè ïðè |x| < t
β
2 :

|(Ĝ0φ)
(β)
t (x, t)| ≤ C0

t−β−1

|x|n−2
, |(Ĝjφ)(β)t (x, t)| ≤ Cj

tj−1−β−α

|x|n−2
, j = 1, 2.

ßê âèùå, çíàõîäèìî

|Dκ
y (Ĝ0φ)

(β)
t (y, t)| ≤ d0,κ,0

[ ∫
x:|x−y|2<tα

|Dκφ(x)|
t1+β|x− y|n−2

dx+

+

∫
x:|x−y|2>tα

tα−β−1

|x− y|n
( |x− y|2

tα

)n+2+2β−2α
2(2−α)

e−c
(

|x−y|2
tα

) 1
2−α

|Dκφ(x)|dx
]
≤
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≤ d0,κ,1

[ tα/2∫
0

rdr

t1+β
+

d0∫
tα/2

tα−β−1

r

(r2
tα

)n+2+2β−2α
2(2−α)

e−c
(

r2

tα

) 1
2−α

dr
]
||φ||Dk(Rn) ≤

≤ d0,κ,2t
α−β−1

[
1 +

∞∫
1

zn+1+2β−2αe−czdz
]
||φ||Dk(Rn) ≤

≤ d0,κ,3t
α−β−1||φ||Dk(Rn),

|Dκ
y (Ĝjφ)

(β)
t (y, t)| ≤ dj,κ,0

[ ∫
x:|x−y|2<tα

|Dκφ(x)|
t1+β+α−j |x− y|n−2

dx+

+

∫
x:|x−y|2>tα

tj−1−β

|x− y|n
( |x− y|2

tα

)n+2+2β−2j
2(2−α)

e−c
(

|x−y|2
tα

) 1
2−α

|Dκφ(x)|dx
]
≤

≤ dj,κ,1

[ tα/2∫
0

rdr

t1−j+β+α
+

+

d0∫
tα/2

tj−1−β

r

(r2
tα

)n+2+2β−2j
2(2−α)

e−c
(

r2

tα

) 1
2−α

dr
]
||φ||Dk(Rn) ≤

≤ dj,κ,2t
j−1−β

[
1 +

∞∫
1

zn+1+2β−2je−czdz
]
||φ||Dk(Rn) ≤

≤ dj,κ,3t
j−1−β||φ||Dk(Rn), (y, t) ∈ Q, k = |κ|, j = 1, 2.

�

3. Òåîðåìè iñíóâàííÿ òà ¹äèíîñòi

ßê ïðè äîâåäåííi òåîðåì 1 i 2 iç [10], âèêîðèñòîâóþ÷è ëåìó 1, ïî-
êàçó¹ìî, ùî çà ïðèïóùåííÿ (A1) ïðè íåïåðåðâíèõ r(t), b(t), t ∈ [0, T ]
áóäü-ÿêèé ðîçâ'ÿçîê u ∈ D′

C(Q̄) ðiâíÿííÿ

(
u(·, t), φ(·)

)
= hφ(t) +

t∫
0

r(τ)
(
u(β)τ (·, τ), (Ĝ0φ)(·, t− τ)

)
dτ+

+

t∫
0

b(τ)
(
u(·, τ), (Ĝ0φ)(·, t− τ)

)
dτ ∀φ ∈ D(Rn), t ∈ [0, T ],

(6)
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äå

hφ(t) =

2∑
j=1

(
Fj(·), (Ĝjφ)(·, t)

)
+

+

t∫
0

g(τ)
(
F0(·), (Ĝ0φ)(·, t− τ)

)
dτ, t ∈ [0, T ],

¹ ðîçâ'ÿçêîì çàäà÷i Êîøi (1), (2). ßê ó [10] ïîêàçó¹ìî, ùî iíòåãðàëè â
(6) i hφ(t) íåïåðåðâíi íà [0, T ] ïðè äîâiëüíié φ ∈ D(Rn).

Ç ðiâíÿííÿ (1) îòðèìó¹ìî(
u
(α)
t (·, t), φj(·)

)
− a2

(
u(·, t),∆φj(·)

)
=

= r(t)
(
u
(β)
t (·, t), φj

)
+ b(t)

(
u(·, t), φj

)
+ g(t)

(
F0, φj

)
, j = 1, 2,

à âèêîðèñòîâó÷è óìîâè (3), ìàòèìåìî

Φ
(α)
1 (t) = a2

(
u(·, t),∆φ1(·)

)
+ r(t)Φ

(β)
1 (t) + b(t)Φ1(t) + g(t)

(
F0, φ1

)
,

Φ
(α)
2 (t) = a2

(
u(·, t),∆φ2(·)

)
+ r(t)Φ

(β)
2 (t) + b(t)Φ2(t) + g(t)

(
F0, φ2

)
.
(7)

Çâiäñè, âðàõîâóþ÷è ïðèïóùåííÿ (A2), çíàõîäèìî íåïåðåðâíi ôóíêöi¨

r(t) =
[(

Φ
(α)
1 (t)− a2

(
u(·, t),∆φ1(·)

)
− g(t)

(
F0, φ1

))
Φ2(t)−

−
(
Φ
(α)
2 (t)− a2

(
u(·, t),∆φ2(·)

)
− g(t)

(
F0, φ2

))
Φ1(t)

]
/p(t),

b(t) =
[
−
(
Φ
(α)
1 (t)− a2

(
u(·, t),∆φ1(·)

)
− g(t)

(
F0, φ1

))
Φ
(β)
2 (t)+

+
(
Φ
(α)
2 (t)− a2

(
u(·, t),∆φ2(·)

)
− g(t)

(
F0, φ2

))
Φ
(β)
1 (t)

]
/p(t),

t ∈ [0, T ].

(8)

Ïîçíà÷èìî ÷åðåç H1(u, t), H2(u, t) ïðàâi ÷àñòèíè (8), ïiäñòàâèìî ¨õ ó
(6) âiäïîâiäíî çàìiñòü r(t), b(t). Îòðèìó¹ìî íåëiíiéíå îïåðàòîðíå ðiâíÿ-
ííÿ

(
u(·, t), φ(·)

)
= hφ(t) +

t∫
0

H1(u, τ)
(
u(β)τ (·, τ), (Ĝ0φ)(·, t− τ)

)
dτ+

+

t∫
0

H2(u, τ)
(
u(·, τ), (Ĝ0φ)(·, t− τ)

)
dτ ∀φ ∈ D(Rn), t ∈ (0, T ]

(9)

ùîäî íåâiäîìî¨ u ∈ D′
C(Q̄).
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Íàâïàêè, ÿêùî u ∈ D′
C(Q̄) � ðîçâ'ÿçîê ðiâíÿííÿ (9), r, b âèçíà÷åíi

ôîðìóëîþ (8), òî ç íàâåäåíîãî âèùå âèïëèâà¹, ùî òðiéêà (u, r, b) çàäî-
âîëüíÿ¹ çàäà÷ó Êîøi (1), (2). Ïîêàæåìî, ùî u çàäîâîëüíÿ¹ óìîâè (3).
Ïîçíà÷èìî(

u(·, t), φ1(·)
)
= Φ∗

1(t),
(
u(·, t), φ2(·)

)
= Φ∗

2(t), t ∈ (0, T ].

ßê âèùå, ç óìîâ ïåðåâèçíà÷åííÿ i ïîãîäæåííÿ äàíèõ, îäåðæó¹ìî

r(t)Φ
∗(β)
j (t) + b(t)Φ∗

j (t) = Φ
∗(α)
j (t)− a2

(
u(·, t),∆φj(·)

)
− g(t)

(
F0, φj

)
,

Φ∗
j (0) = Φj(0), Φ∗′

j (0) = Φ′
j(0), j = 1, 2.

Çâiäñè òà ç (7) âèïëèâà¹, ùî ôóíêöi¨ Ψj(t) = Φ∗
j (t) − Φj(t), j = 1, 2

çàäîâîëüíÿþòü ðiâíÿííÿ

Ψ
(α)
j − r(t)Ψ

(β)
j − b(t)Ψj = 0, t ∈ [0, T ], j = 1, 2.

Òàêi ðiâíÿííÿ åêâiâàëåíòíi îäíîðiäíèì iíòåãðàëüíèì ðiâíÿííÿì äðóãîãî
ðîäó ç iíòåãðîâíèìè ÿäðàìè i ìàþòü òiëüêè íóëüîâi ðîçâ'ÿçêè. Òîìó
Φ∗
j (t) = Φj(t), t ∈ [0, T ], j = 1, 2 òà òðiéêà (u, r, b) çàäîâîëüíÿ¹ çàäà÷ó

(1)�(3).

Òåîðåìà 1. Çà ïðèïóùåíü (A1), (A2), (4) iñíó¹ T ∗ ∈ (0, T ] (âiäïîâiä-
íî Q∗ = Rn× (0, T ∗]) i ðîçâ'ÿçîê (u, r, b) ∈ U(Q̄∗) çàäà÷i (1)-(3): ôóíêöiÿ
u � ðîçâ'ÿçîê ðiâíÿííÿ (9), r òà b âèçíà÷åíi ôîðìóëàìè (8).

Äîâåäåííÿ. Âèùå ïîêàçàíî, ùî íàáið (u, r, b) ∈ U(Q̄) ¹ ðîçâ'ÿçêîì
îáåðíåíî¨ çàäà÷i Êîøi (1)-(3) òîäi é òiëüêè òîäi, êîëè u ∈ D′

C(Q̄) �
ðîçâ'ÿçîê ðiâíÿííÿ (9), r, b âèçíà÷åíi ôîðìóëîþ (8). Çàëèøèëîñü äîâåñòè
ðîçâ'ÿçíiñòü îïåðàòîðíîãî ðiâíÿííÿ (9) ó ïðîñòîði D′

C(Q̄).
Ç âèêîðèñòàííÿì òåîðåìè Áàíàõà òà îäåðæàíèõ ó ëåìi 1 îöiíîê çà

ñõåìîþ äîâåäåííÿ òåîðåìè 2 â [10] äîâîäèìî ðîçâ'ÿçíiñòü ðiâíÿííÿ (9) ó

MR(Q
∗) =

{
v ∈ D′

C(Q̄
∗) : ||v|| = sup

t∈(0,T ∗]
sup

φ∈DK(Rn)

∣∣(v(·, t), φ(·))∣∣
||φ||DK(Rn)

≤ R
}

ïðè äåÿêèõ R ≥ 1 òà K ∈ Z+, ùî çàëåæèòü âiä ïîðÿäêiâ ñèíãóëÿðíîñòåé
çàäàíèõ óçàãàëüíåíèõ ôóíêöié. �

Òåîðåìà 2. Çà ïðèïóùåííÿ (A2) ðîçâ'ÿçîê (u, r, b) ∈ U(Q̄) çàäà÷i
(1)-(3) ¹äèíèé.

Äîâåäåííÿ. Äîâåäåííÿ ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè
3 â [10] ïðè s = 0, γ = 2 òà ç âèêîðèñòàííÿì îäåðæàíèõ ó ëåìi 1 îöiíîê.
�
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Lopushanska Halyna, Shumska Vitalia

INVERSE PROBLEM OF FINDING
MINOR COEFFICIENTS IN A TIME FRACTIONAL
TELEGRAPH EQUATION

We establish the unique solvability of an inverse Cauchy problem for
the equation

u
(α)
t − a2∆u− r(t)u

(β)
t − b(t)u = F0(x)g(t), (x, t) ∈ Rn × (0, T ]

with fractional derivatives, given distributions F0 and in right-hand
sides of the initial conditions. The problem is to �nd the generalized
solution u (continuous in time in generalized sense) and unknown
continuous coe�cients b(t), r(t), t ∈ [0, T ].
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Ðîìàí Ìàöþê1

ÏÐÎ ÂÀÐIßÖIÉÍIÑÒÜ ÃÅÎÄÅÇIÉÍÈÕ ÊIË Â
ÅÂÊËIÄIÂÑÜÊÈÕ ÏÐÎÑÒÎÐÀÕ E2 ÒÀ E3

Âèêëàäåíî îñíîâíi âiäîìîñòi ïðî iíâàðiÿíòíå âàðiÿöiéíå ðiâíÿí-
íÿ òðåòüîãî ïîðÿäêó íà åâêëiäiâñüêié ïëîùèíi òà â åâêëiäiâñüêî-
ìó ïðîñòîði.

1. Ïîïåðåäíi äîìîâëåíîñòi

Â öüîìó äîïèñi âèâ÷à¹òüñÿ ìîæëèâiñòü íàäàòè âàðiÿöiéíî¨ ïðèðîäè
ëiíiÿì ïîñòiéíî¨ ïåðøî¨ êðèâèíè Ôðåíå. Çàäëÿ òåõíi÷íèõ öiëåé ðîçði-
çíÿòèìåìî ïàðàìåòðèçîâàíi òà íåïàðàìåòðèçîâàíi êðèâi. Âñi âiäîáðàæå-
ííÿ ââàæàòèìóòüñÿ íàñòiëüêè ãëàäêèìè, íàñêiëüêè öå ïîòðiáíî äëÿ âè-
êîíàííÿ âiäïîâiäíî¨ êiëüêîñòi óïîõiäíåíü, çàêëàäåíèõ ó ôîðìóëàõ, ùî
âèêîðèñòîâóþòüñÿ. Ñëîâîì ½åâêëiäiâñüêèé� îçíà÷èìî, ÿê äiéñíî åâêëi-
äiâñüêèé ïðîñòið En, òàê i ïðîñòið çi ñè íàòóðîþ (1,−1, . . . ,−1). Ïî-
äiáíèì ÷èíîì âæèâàòèìåìî íàçâó ½ðiìàíiâñüêèé�. Îòðèìàíi âèñëiäè, ç
âiäïîâiäíîþ çìiíîþ òåðìiíîëîãi¨, ïî ñóòi ¹ ñïðàâåäëèâèìè ïðè äîâiëüíié
ñè íàòóði, àëå âèáðàíà òóò ñè íàòóðà âiäïîâiäà¹ çàñòîñóâàííþ ó ðåëÿ-
òèâiñüêié àíàëiòè÷íié ìåõàíiöi. Â ïðîñòîði En çàïðîâàäèìî êîîðäèíàòè
x0, x1, . . . , xn−1; ñóêóïíiñòü (xα), äå α = (0, . . . , n−1) ïîçíà÷àòèìåìî ãðó-
áîþ ïèñàíîþ ëiòåðîþ x, à ñóêóïíiñòü (xi), äå i = (1, . . . , n−1) ïîçíà÷àòè-
ìåìî ãðóáîþ ëiòåðîþ x. Çàìiñòü ëiòåðè x0 ÷àñòî âæèâàòèìåìî ëiòåðó t.
Âiäîáðàæåííÿ ζ : U ⊂ R → En çàäà¹ ïàðàìåòðèçîâàíó ïàðàìåòðîì (àáî
ìiðêîþ) ζ ñòåæèíó â ïðîñòîði En. Îáðàç ñòåæèíè ¹ íåïàðàìåòðèçîâà-
íîþ êðèâîþ â öüîìó ïðîñòîði, ÿêó íàçâåìî íèòòþ. Íèòü ìîæíà çàäàòè
ôóíêöiÿìè xi(x0) ≡ xi(t). Óïîõiäíåííÿ çà ìiðêîþ ζ ïîçíà÷àòèìåìî êðà-
ïêîþ çãîðè: u = ẋ = (ẋα), u̇ = (ẍα). Óïîõiäíåííÿ çà çìiííîþ t ≡ x0

ïîçíà÷àòèìåìî êëèí÷èêîì: v = x′ = (x′i), v′ = (x′′i). Ïðî¹êöiÿ

℘ :
(
xα, uα, u̇α

)
→
(
t; xi, vi, v′

i)
ïîäà¹òüñÿ ôîðìóëàìè

ṫ vi = ui,

(ṫ)3v′
i
= ṫu̇i − ẗui,

1IÏÏÌÌ ÍÀÍ Óêðà¨íè, romko.b.m@gmail.com



174 Ð. ß. Ìàöþê

(ṫ)5v′′
i
= (ṫ)2üi − 3 ṫ ẗ u̇i +

[
3(ẗ)2 − ṫ

...
t
]
ui.

Ïðèïóñòiìî, ùî â çìiííèõ
(
t; xi, vi, v′i, v′′i

)
ðîçãëÿäà¹òüñÿ íåàâòîíîìíå

(ùîäî çìiííî¨ t) âàðiÿöiéíå çàâäàííÿ, ïîâ'ÿçàíå ç iíòå ðàëîì∫
L
(
t; xi, vi, v′

i)
dt . (1)

Íåõàé âiäïîâiäíîþ ñèñòåìîþ âàðiÿöiéíèõ ðiâíÿíü (ùî çâóòüñÿ ðiâíÿí-
íÿìè Îéëåðà�Ïóàññîíà) ¹

Ei = 0. (2)

Âèðàçè ó ëiâié ÷àñòèíi öi¹¨ ñèñòåìè ðiâíÿíü çâóòüñÿ âèðàçàìè Îéëåðà�
Ïóàññîíà. Íåàâòîíîìíîìó âàðiÿöiéíîìó çàâäàííþ ç iíòå ðàëîì (1) ïî-
ñòàâèìî ó âiäïîâiäíiñòü àâòîíîìíå (ùîäî çìiííî¨ ζ) âàðiÿöiéíå çàâäàííÿ,
çàïèñàíå â çìiííèõ xα, uα, u̇α, ïîâ'ÿçàíå ç iíòå ðàëîì∫

L
(
xα, uα, u̇α

)
dζ , (3)

ç ôóíêöi¹þ Ëÿ ðàíæà
L =

(
L ◦ ℘

)
ṫ . (4)

Âàðiÿöiéíi çàâäàííÿ (1) i (3) ¹ ðiâíîçíà÷íèìè â òîìó ðîçóìiííi, ùî ìíî-
æèíè ¨õ ðîçâ'ÿçêiâ îäíàêîâi. Ðîçâ'ÿçêàìè ¹ íåâ�iäìiíi íèòi (íåïàðàìå-
òðèçîâàíi ùîäî çìiííî¨ ζ êðèâi) â ïðîñòîði En.

Ëåìà 1. Íåõàé âèðàçè Îéëåðà�Ïóàññîíà ç ðiâíÿíü (2) âiäïîâiäàþòü
âàðiÿöiéíîìó çàâäàííþ (1). Òîäi âèðàçè

Eα =
{
−uiEi ◦ ℘, ṫEi ◦ ℘

}
(5)

¹ âèðàçàìè Îéëåðà�Ïóàññîíà äëÿ ôóíêöi¨ Ëÿ ðàíæà (4).

Çàóâàæåííÿ 1. Âàðiÿöiéíå ðiâíÿííÿ (5) ìà¹ òàêó æ ñòðóêòóðó ó
çìiííèõ xα(ζ), ÿêó ìà¹ é ðiâíÿííÿ (29) íèæ÷å ó çìiííèõ xi(t):

Eα = Nαβ

(
xγ , uγ

)
üβ+u̇βu̇γ

∂

∂uγ
Nαβ+Qαβ

(
xγ , uγ

)
u̇β+hα

(
xγ , uγ

)
= 0, (6)

çi ñêiñíîþ2 ìàòðèöåþ

Nαβ =
∂L

∂u̇α∂uβ
− ∂L
∂uα∂u̇β

. (7)

2ìàòðèöÿ Aαβ çâåòüñÿ ñêiñíîþ, êîëè A[αβ]
def
= 1

2

(
Aαβ −Aβα

)
= Aαβ .
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Íàãàäà¹ìî ôîðìóëó äëÿ ïåðøî¨ êðèâèíè Ôðåíå êðèâî¨ ó ïðîñòîði En

k =
∥u̇ ∧ u∥
∥u∥3

=

√
(u · u) (u̇ · u̇)− (u̇ · u)2

∥u∥3
. (8)

Ó ðiìàíiâñüêîìó ïðîñòîði ïîõiäíi âiä âåêòîðíîãî ïîëÿ äîòè÷íî¨ øâèä-
êîñòi u óçäîâæ ñòåæèíè xα(ζ) çàìiíþþòüñÿ íà êîâàðiÿíòíi ïîõiäíi, ÿêi
ïîçíà÷àòèìåìî ÷åðåç u′, u′′. Ó äâîâèìiðíîìó ðiìàíiâñüêîìó ïðîñòîði
ìîæíà äîáóòè êâàäðàòíèé êîðiíü ó âçîði (8):

±k =
√

|g|
ϵαβu

αu′β

∥u∥3
, (9)

äå ïðàâà ÷àñòèíà ìà¹ íàçâó îçíàêîâàíî¨ êðèâèíè. Ëiòåðîþ g, ÿê çâè÷àé-
íî, ïîçíà÷à¹ìî det(gαβ).

2. Âàðiÿöiéíiñòü äîðiæîê ïîñòiéíî¨ êðèâèíè Ôðåíå íà åâ-
êëiäiâñüêié àáî ëæå-åâêëiäiâñüêié ïëîùèíi

Ó öüîìó ðîçäiëi ðîçïîâiìî ïðî iñíóâàííÿ âàðiÿöiéíîãî ïðèíöèïó â
ïàðàìåòðè÷íié ôîðìi, åêñòðåìàëi ÿêîãî çàäàþòü äóãè êië íà åâêëiäiâ-
ñüêié ïëîùèíi, àáî, âiäïîâiäíî, äóãè ãiïåðáîë íà ëæå-åâêëiäiâñüêié ïëî-
ùèíi ç ìåòðè÷íèì òåíçîðîì diag(1,−1). Êîîðäèíàòè ïîçíà÷àòèìåìî ÷å-
ðåç x = (x0, x1).

Òåîðåìà 1. Íåõàé àâòîíîìíà ñèñòåìà ðiâíÿíü òðåòüîãî ïîðÿäêó
E = 0 ó äâîâèìiðíîìó ïðîñòîði çàäîâîëüíÿ¹ òàêi óìîâè:

1. âîíà ¹ ñèñòåìîþ ðiâíÿíü Îéëåðà�Ïóàññîíà;

2. âîíà íàäiëåíà åâêëiäiâñüêîþ ñèìåòði¹þ;

3. ñèñòåìà {Eα = 0} ìà¹ ïåðøèì iíòå ðàëîì êðèâèíó Ôðåíå k, i
âìiùà¹, ÿê ðîçâ'ÿçêè, óñi êðèâi ñòàëî¨ êðèâèíè;

4. ìiñòèòü ðiâíÿííÿ ïðîñòèõ ëiíié â ïðèðîäíüîìó â�iäìiði,

u = 0 .

Òîäi

Eα =
ϵαβü

β

∥u∥3
− 3

(u̇ · u)
∥u∥5

ϵαβu̇
β +m

∥u∥2u̇α − (u̇ · u)uα
∥u∥3

.
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Ôóíêöiþ Ëÿ ðàíæà ìîæåìî ïiäíàéòè:

L =
ϵαβu

αu̇β

∥u∥3
−m∥u∥ . (10)

Äîâåäåííÿ öi¹¨ òåîðåìè ìîæíà çíàéòè â [1].
Óçàãàëüíåííÿ çîáðàæåííÿ (10) íà ðiìàíiâñüêèé ïðîñòið ïîäà¹òüñÿ

ôóíêöi¹þ Ëÿ ðàíæà
LR = k −m∥u∥ . (11)

Ðiâíÿííÿ Îéëåðà�Ïóàññîíà äëÿ (11) âèðàæàþòüñÿ âçîðîì, ÿêèé ïîêðè-
âà¹ âèïàäêè ðiçíî¨ ñè íàòóðè ìåòðè÷íîãî òåíçîðà gαβ ç äîïîìîãîþ îïå-
ðàòîðà Õîäæà ∗:

ER = −∗u′′

∥u∥3
+ 3

(u · u′)

∥u∥5
∗ u′+

+m
(u · u)u′ − (u′ · u)u

∥u∥3
−R = 0 , (12)

äå

Rα =

√
|g|

∥u∥3
ϵβγRαρ,λ

γuβuλuρ , (13)

ç î÷åâèäíîþ âëàñòèâiñòþ
Rαu

α = 0 . (14)

Äîêëàäíå âèâåäåííÿ âçîðó (12) ìîæíà çíàéòè ó ïðàöi [2]. Íàãàäà¹ìî, ÿê
äi¹ îïåðàòîð Õîäæà íà äîâiëüíèé âåêòîð a i íà äîâiëüíèé äâî-âåêòîð
a ∧ b ó äâîâèìiðíîìó ïðîñòîði:

(∗a)α =
√

|g| ϵβαaβ, ∗2a = −sgn(g)a , (15)

∗(a ∧ b) =

√
|g|
2

ϵαβ(a ∧ b)αβ . (16)

Çàóâàæåííÿ 2. Ç îãëÿäó íà âçið (9), ôóíêöiÿ Ëÿ ðàíæà (11) ñòà¹
àôiííîþ çà ñòàðøîþ ïîõiäíîþ, òîìó ðiâíÿííÿ Îéëåðà�Ïóàññîíà ¹ òðå-
òüîãî ïîðÿäêó.

Çàóâàæåííÿ 3. ½Ñèëó� R, ÿêà âèíèêà¹ â ïðàâié ÷àñòèíi ðiâíÿí-
íÿ (12) ìîæíà âèðàçèòè â òåðìiíàõ ôîðìàëüíî çàïðîâàäæåíîãî òåíçîðà
½ñïiíó�

Sγλ =
(u ∧ u′)γλ

∥u∥∥u ∧ u′∥ ,

Rα =
1

2
Rαβ,γλu

βSγλ . (17)
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Ùîá ïåðåêîíàòèñÿ ó ïðàâèëüíîñòi öüîãî òâåðäæåííÿ, ïîòðiáíî çà-
óâàæèòè, ùî ó äâîâèìiðíîìó ïðîñòîði òåíçîð (u ∧ u′)γλ ìà¹ âñüîãî ëèø
îäíó ñóòò¹âó êîìïîíåíòó, ÿêà ïðè ïiäñòàíîâöi ó âèðàç (17) ñêîðî÷ó¹òüñÿ
çi çíàìåííèêîì ó ÷ëåíàõ, ùî ìiñòÿòü u′α.

Òâåðäæåííÿ 1. Ðiâíÿííÿ (12) ìà¹ êðèâèíó Ôðåíå k ïåðøèì iíòå-
 ðàëîì.

Äîâåäåííÿ. Ó äâîâèìiðíîìó ïðîñòîði âåëè÷èíó R iç âçîðó (13) ìî-
æíà çîáðàçèòè â òåðìiíàõ êðèâèíè ìíîãîâèäó K = R12

12 òàêèì ÷èíîì:

R =
K

∥u∥
∗ u .

Òåïåð ïîäiéìî îïåðàòîðîì Õîäæà íà ðiâíÿííÿ (12). Îòðèìà¹ìî:

u′′

∥u∥3
= 3

(u · u′)

∥u∥5
u′−

−m · sgn(g) (u · u) ∗ u′ − (u′ · u) ∗ u
∥u∥3

− K

∥u∥
u . (18)

Óïîõiäíiì âèðàç (8):

dk

dζ
=

(u ∧ u′)·(u ∧ u′′)

∥u ∧ u′∥∥u∥3
− 3

(u · u′)∥u ∧ u′∥
∥u∥5

. (19)

Ïiäñòàâìî âèðàç äëÿ
u′′

∥u∥3
ç ðiâíÿííÿ (18) ó ôîðìóëó (19). Äàëi ñêîðè-

ñòàéìî iç âëàñòèâîñòi

(a ∧ ∗b)αβ =

√
|g|
2

(a · b) ϵαβ (20)

äëÿ äîâiëüíèõ âåêòîðiâ a òà b. Îòðèìà¹ìî, ùî
dk

dζ = 0. �

2.1. Ïðî ïîâíîòó âàðiÿöiéíîãî îïèñó ãåîäåçiéíèõ êië

Ó öüîìó ðîçäiëi äîâåäåìî, ùî êîæíå ãåîäåçiéíå êîëî ó äâîâèìiðíîìó
ïðîñòîði ìîæíà íàäiëèòè óçãîäæåíîþ ìiðêîþ ζ òàê, ùîá äîðiæêà xα(ζ)
áóëà åêñòðåìàëüíîþ êðèâîþ äëÿ âàðiÿöiéíîãî çàâäàííÿ (3) ç ôóíêöi¹þ
Ëÿ ðàíæà (11).
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3. Âèçíà÷àëüíå ðiâíÿííÿ äëÿ ãåîäåçiéíèõ êië.

Ç ìåòîþ âèâåñòè äèíàìi÷íå ðiâíÿííÿ, ÿêå á êåðóâàëî ðóõîì óçäîâæ
ãåîäåçiéíî¨ íèòi, ïðèðiâíÿéìî äî íóëÿ óïîõiäíåíèé âèðàç äëÿ êðèâèíè
Ôðåíå k (8) â ïðèðîäíié ìiðöi (½íàòóðàëüíié ïàðàìåòðèçàöi¨�)

us·us = 1 , (21)

ùî çàäà¹òüñÿ åëåìåíòîì äîâæèíè ds =
√
uiui dς:

dk

ds
= u′

s·u′′
s = 0. (22)

Äîëó÷iìî ñþäè ùå é î÷åâèäíó â'ÿçü

u′
s·u′

s + us·u′′
s = 0, (23)

ÿêà ¹ äèôåðåíöiéíèì íàñëiäêîì óêëàäó

us·u′
s = 0. (24)

Äàëi ðîçâ'ÿçó¹ìî ñèñòåìó ðiâíÿíü (22) òà (23) ñòîñîâíî u′′
s i îòðèìó¹ìî

(u′′s)α =
ϵαβ(u

′
s)
β

ϵβγ(u′s)
β(us)γ

u′
s·u′

s . (25)

×èòà÷ ïåðåâiðèòü çà äîïîìîãîþ ñïiââiäíîøåíü (24) òà (21), ùî ó äâîâè-
ìiðíîìó ïðîñòîði âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

ϵβα(u
′
s)
β = (us)αϵβγ(u

′
s)
β(us)

γ ,

ùî çâîäèòü ðiâíÿííÿ (25) äî äîáðå âiäîìîãî ðiâíÿííÿ ãåîäåçiéíèõ êië

u′′
s + (u′

s·u′
s)u = 0. (26)

Àáè ïîçáàâèòèñÿ â'ÿçi us·us = 1, ïåðåðàõóéìî ïîõiäíi â (26) øëÿõîì
ïåðåõîäó âiä ìiðêè s äî äîâiëüíî¨ ìiðêè ζ óçäîâæ ãåîäåçiéíî¨ äîðiæêè,
à âêiíöi ïåðåêîíà¹ìîñÿ, ùî ãåîäåçiéíi êîëà ìîæíà îõàðàêòåðèçóâàòè ÿê
iíòå ðàëüíi äîðiæêè îñü ÿêîãî áåçâ�iäìiðíîãî (òîáòî íåçàëåæíîãî âiä âè-
áîðó ïàðàìåòðà âçäîâæ iíòå ðàëüíî¨ êðèâî¨) äèôåðåíöiéíîãî ðiâíÿííÿ

u′′

∥u∥3
=

u·u′′

∥u∥5
u+ 3

u·u′

∥u∥5
u′ − 3

(u · u′)2

∥u∥7
u . (27)

Òâåðäæåííÿ 2. Ìíîæèíà ãåîäåçiéíèõ êië ó äâîâèìiðíîìó ðiìàíiâ-
ñüêîìó ïðîñòîði âè÷åðïó¹òüñÿ åêñòðåìàëüíèìè êðèâèìè âàðiÿöiéíîãî
çàâäàííÿ (3) ç ïiäiíòå ðàëüíîþ ôóíêöi¹þ (11).
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Äîâåäåííÿ. Äîïîâíiìî ðiâíÿííÿ (27) ùå òàêèì äîäàòêîâèì, ÿêå íå
ñóïåðå÷èòü ðiâíÿííþ (12) (áî ñàì�å ¹ éîãî íàñëiäêîì âiä çîâíiøíüîãî äî-
ìíîæóâàííÿ ∧ çëiâà íà âåêòîð u), i ÿêå çàôiêñó¹ âèáið â�iäìiðó ζ óçäîâæ
åêñòðåìàëüíèõ äîðiæîê:

(u · u′′)

∥u∥3
− 3

(u · u′)2

∥u∥5
= ∗

(
m

∥u∥
u ∧ u′ − u ∧R

)
. (28)

Äëÿ áiëüøî¨ çðó÷íîñòi ïîäàëüøîãî îá÷èñëåííÿ çäiéñíiìî çãîðòêó âèðà-
çiâ Îéëåðà�Ïóàññîíà (12) ç äîâiëüíèì ïðîáíèì âåêòîðîì a. Âçÿâøè äî
óâàãè âëàñòèâîñòi (15) i (20), îòðèìà¹ìî:

ER.a =
∗ (a ∧ u′′)

∥u∥3
− 3

u·u′

∥u∥5
∗
(
a ∧ u′)+

+
m

∥u∥3
(
u ∧ u′)·(u ∧ a)−R .a .

Êîëè òåïåð çàìiíèòè â öüîìó ðiâíÿííi âåêòîð u′′ éîãî âèðàçîì ç óêëà-
äó (27), îäíî÷àñíî áåðó÷è ïiä óâàãó äîäàòêîâå ðiâíÿííÿ (28) i îçíà÷åí-
íÿ (16), îòðèìà¹ìî:

ER.a = −∗ (a ∧ u) ∗ (u ∧ R)

∥u∥2
+

m

∥u∥3
∗ (a ∧ u) ∗

(
u ∧ u′)+

+
m

∥u∥3
(
u ∧ u′)·(u ∧ a)−R .a =

= −(a · u) (u · R)

∥u∥2
+ a·R−R .a ≡ 0 ,

ç îãëÿäó íà âëàñòèâiñòü (14). �

4. Âàðiÿöiéíiñòü ãâèíòîâèõ ëiíié ó òðèâèìiðíîìó ïðîñòîði

Ó òðèâèìiðíîìó ïðîñòîði øóêà¹ìî áåçâ�iäìiðíi äîðiæêè (ñåáòî íè-
òi), ùî ïiäêîðÿþòüñÿ (âåêòîðíîìó) âàðiÿöiéíîìó ðiâíÿííþ Îéëåðà�
Ïóàññîíà ç òðåòiìè ïîõiäíèìè. Òàêi íèòi îïèñóþòüñÿ ñèñòåìîþ äâîõ ðiâ-

íÿíü òðåòüîãî ïîðÿäêó ùîäî âåêòîð-ôóíêöi¨ x(t), äå x(t) =
(
x1(t), x2(t)

)
,

à íåçàëåæíà çìiííà t îòîòîæíþ¹òüñÿ ç êîîðäèíàòîþ x0 òðèâèìiðíîãî
ïðîñòîðó E. Êðèòåðié âàðiÿöiéíîñòè ¹ òàêèì [3]:

Ëåìà 2. Ñèñòåìà ðiâíÿíü òðåòüîãî ïîðÿäêó

Ei
(
t, xj , vj , v′j , v′′j

)
= 0

¹ ñèñòåìîþ ðiâíÿíü Îéëåðà�Ïóàññîíà, ÿêùî i òiëüêè ÿêùî âîíà ïðèáè-
ðà¹ âèãëÿäó

E = A . v′′ +
(
v′ . ∂v

)
A . v′ + B . v′ + c, (29)
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äå ñêiñíà ìàòðèöÿ A, ìàòðèöÿ B i ðÿäî÷îê c çàëåæàòü îä çìiííèõ t,
xj, vj i çàäîâîëüíÿþòü ñèñòåìó ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè:

∂
v[i
Ajl] = 0, (30i′)

2B[ij] − 3DxAij = 0, (30ii′)

2 ∂
v[i
Bj]l − 4 ∂

x[i
Aj]l + ∂

xl
Aij + 2Dx∂vl Aij = 0, (30iv′)

∂
v(i
cj) −DxB(ij) = 0, (30v′)

2 ∂
vl
∂
v[i
cj] − 4 ∂

x[i
Bj]l +Dx

2 ∂
vl
Aij + 6Dx∂x[iAjl] = 0, (30vi′)

4 ∂
x[i
cj] − 2Dx∂v[icj] −Dx

3 Aij = 0. (30vii)

Íàñòóïíó òåîðåìó ôîðìóëþ¹ìî îäðàçó â ðiâíîïðàâíèõ çìiííèõ

x(ζ) =
(
xα(ζ)

)
=
(
x0(ζ), x1(ζ), x2(ζ)

)
.

Çðîçóìiëî, ùî â�iäìiðíà áàéäóæiñòü ùîäî ìiðêè ζ óçäîâæ ðîçâ'ÿçîê ñè-
ñòåìè ìà¹òüñÿ íà óâàçi.

Òåîðåìà 2. Ó òðèâèìiðíîìó åâêëiäiâñüêîìó ïðîñòîði iíâàðiÿíòíå
â�iäìiðíî-áàéäóæå ðiâíÿííÿ Îéëåðà�Ïóàññîíà òðåòüîãî ïîðÿäêó ìîæå
áóòè òiëüêè òàêèì:

−
ü× u

∥u∥3
+ 3

u̇× u

∥u∥5
(u̇ · u)−

µ

∥u∥3
[
(u · u) u̇− (u̇ · u)u

]
= 0, (31)

Êðèâèíà Ôðåíå k ¹ iíòå ðàëîì ðiâíÿííÿ, ñêðóò κ = −µ. Âiäïîâiäíà
ñiì'ÿ ôóíêöié Ëÿ ðàíæà ìîæå áóòè, çîêðåìà, òàêîþ:

L(0) =
u0
(
u̇2u1 − u̇1u2

)
∥u∥

(
u1u1 + u2u2

) + µ∥u∥ ,

L(1) =
u1
(
u̇0u2 − u̇2u0

)
∥u∥

(
u0u0 + u2u2

) + µ∥u∥ ,

L(2) =
u2
(
u̇1u0 − u̇0u1

)
∥u∥

(
u0u0 + u1u1

) + µ∥u∥ .

Çàóâàæåííÿ 4. Óçàãàëüíåíà âåëè÷èíà êiëüêîñòè ðóõó íå çàëåæèòü
îä âèáîðó ôóíêöi¨ Ëÿ ðàíæà iç âêàçàíî¨ ñiì'¨ i ¹ äîáðå îçíà÷åíà:

∂L
∂u

− d

dζ

∂L
∂u̇

=
u̇× u

∥u∥3
+ µ

u

∥u∥
.

Íà÷åðê äîâåäåííÿ Òåîðåìè 2. Ñèñòåìó ðiâíÿíü Îéëåðà-Ïóàññî-
íà (29) ìîæíà ðîçãëÿäàòè ÿê âåêòîðíó äèôåðåíöiéíó ôîðìó Ïôàôôà

e = Eidt⊗ dxi. (32)
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Çàïðîâàäèìî èíüøó ôîðìó Ïôàôôà:

ϵ = Aijdv
′j ⊗ dxi + kidt⊗ dxi,

k = (v′. ∂v)A . v′ + B . v′ + c . (33)

Çîâíiøíi äèôåðåíöiéíi ñèñòåìè, ÿêi ðiæíÿòüñÿ ùîíàéáiëüøå ôîðìàìè,
êðàòíèìè äî ôîðì òîðêàííÿ

θi = dxi − vidt, θ′i = dvi − v′idt, θ′′i = dv′i − v′′idt,

ââàæàþòüñÿ ðiâíîçíà÷íèìè. Ôîðìè (33) i (32) ¹ ðiâíîçíà÷íèìè:

ϵ − e = Aijθ
′′j ⊗ dxi.

Êàæåìî, ùî çîâíiøíÿ äèôåðåíöiéíà ñèñòåìà, ïîðîäæåíà ôîðìîþ ϵ, ìà¹
ñèìåòði¹þ ç òâiðíèêîì X, êîëè iñíóþòü ìàòðèöi Φ, Ξ i Π, çàëåæíi îä
v òà v′, i òàêi, ùî

X(ϵ) = Φ . ϵ+Ξ . (dx− v dt) +Π . (dv − v′dt). (34)

Çîñåðåäüìîñÿ íà ñèìåòðiÿõ, ÿêi çàäàþòüñÿ ó òðèâèìiðíîìó ëæå-åâêëi-
äiâñüêîìó ïðîñòîði ìîäåëüíî¨ òåîði¨ âiäíîñíîñòi òâiðíèêàìè ãðóïè ëæå-
åâêëiäiâñüêèõ ðóõiâ. Â öüîìó âèïàäêó çàêëàäà¹ìî, ùî A i k â (33) íå
çàëåæàòü âiä t i x. Òîäi òâiðíèêè ëæå-åâêëiäiâñüêèõ îáåðòàíü ïàðàìå-
òðèçóþòüñÿ ñêiñíîþ ìàòðèöåþ Ω i âåêòîðîì π:

X =− (π · x) ∂t + g00 tπ .∂x +Ω · (x ∧ ∂x)+

+ g00 π .∂v + (π · v) v .∂v +Ω · (v ∧ ∂v)+

+ 2 (π · v) v′.∂v′ + (π · v′) v .∂v′ +Ω · (v′ ∧ ∂v′) .

(35)

Òóò öåíòðàëüíîþ êðàïêîþ ïîçíà÷åíî âíóòðiøíié äîáóòîê âåêòîðiâ
àáî òåíçîðiâ, îïóùåíîþ êðàïêîþ ïîçíà÷åíî çãîðòêó âåêòîð-ðÿäî÷êà ç
âåêòîð-ñòîâï÷èêîì.

Âèïàäîê âëàñíå åâêëiäiâñüêîãî ïðîñòîðó âèãëÿäà¹ ïîäiáíèì ÷èíîì.
Òåïåð ïîòðiáíî çíàéòè ðîçâ'ÿçîê ñèñòåìè äèôåðåíöiéíèõ ðiâíÿíü iç

÷àñòèííèìè ïîõiäíèìè (30) âêóïi çi ñèñòåìîþ äèôåðåíöiéíèõ ðiâíÿíü
iç ÷àñòèííèìè ïîõiäíèìè íà êîåôiöi¹íòè A, B i c ðiâíÿííÿ (29), ÿêà
âèíèêà¹ ç óìîâè ñèìåòði¨ (34) ç òâiðíèêîì, çàïèñàíèì ó âèãëÿäi (35).

Ó âèñëiäi îòðèìó¹ìî

A12 =
const

(1− v12 − v22)
3/2

≡ const

(1 + v1v1 + v2v2)
3/2

,

ùî äà¹ ïåðøèé äîäàíîê ó (29),

Bij = const · (1 + v·v))−3/2
(
vivj − (1 + v·v) gij

)
, c = 0 .

Âçið (31) îòðèìó¹ìî çãiäíî ç ðåöåïòîì (5) Ëåìè 1. �
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Äîêëàäíå äîâåäåííÿ ìîæíà âiäøóêàòè â ïðàöi [4].
Ó òåîðåìi 2 âèðàçè äëÿ ìîæëèâèõ ôóíêöié Ëÿ ðàíæà íå çàïèñàíi â

òåðìiíàõ äèôåðåíöiàëüíèõ íåçìiííèêiâ i, âiäïîâiäíî, íå ¹ iíâàðiàíòàìè
òà íå âèðàæàþòüñÿ â ñïîñiá, íå çàëåæíèé âiä ñèñòåìè êîîðäèíàò. Íàñòóï-
íèé ôàêò âèÿñíþ¹ ñèòóàöiþ.

Òâåðäæåííÿ 3. Ó (ëæå-)åâêëiäiâñüêîìó ïðîñòîði En, n > 2, çi
ñè íàòóðîþ ìåòðèêè íå ðiâíîþ 2, íå iñíó¹ iíâàðiÿíòíî¨ ôóíêöi¨ Ëÿ-
 ðàíæà, ðiâíÿííÿ Îéëåðà�Ïóàññîíà äëÿ ÿêî¨ ¹ òðåòüîãî ïîðÿäêó.

Äîâåäåííÿ. Ùîá ó ðiâíÿííÿõ Îéëåðà�Ïóàññîíà íå ç'ÿâëÿëèñÿ ïî-
õiäíi ÷åòâåðòîãî ïîðÿäêó, ôóíêöiÿ Ëÿ ðàíæà ïîâèííà íåñòè àôiííó çà-
ëåæíiñòü âiä äðóãèõ ïîõiäíèõ:

L = λ(uα).u̇+ ℓ(uα).

Óìîâà íåçìiííîñòi X(2)L ç äâi÷i ïðîäîâæåíèì òâiðíèêîì åâêëiäiâñüêèõ
îáåðòàíü

X(2) = M.(u ∧ ∂u)+M.(u̇ ∧ ∂u̇) (36)

â ÷ëåíàõ, ëiíiéíèõ çà çìiííîþ u̇, äà¹ óìîâó

u ∧ ∂u(λ.u̇) + u̇ ∧ λ = 0 . (37)

Îñêiëüêè âåêòîð-ôóíêöiÿ λ íå çàëåæèòü âiä çìiííî¨ u̇, ðiâíÿííÿ (37) ïî-
âèííî âèêîíóâàòèñü òîòîæíüî çà u̇, èíüøèìè ñëîâàìè, çìiííó u̇ ìîæíà
çàìiíèòè íà äîâiëüíèé âåêòîð a:

u ∧ ∂u(λ.a) + a ∧ λ = 0 . (38)

Ðîçãëÿíüìî âèðàç u ∧ ∂u(λ.u). Âií ¹ òîòîæíiì äî ëiâî¨ ÷àñòèíè ðiâíÿí-
íÿ (38) ïðè a = u. Òîìó óìîâó (37) ìîæíà çàïèñàòè îñü ÿêèì ÷èíîì:

u ∧ ∂u(λ.u) = 0 . (39)

Ðiâíÿííÿ (39) ìà¹ çàãàëüíèé ðîçâ'ÿçîê

λ.u = f
(
∥u∥2

)
. (40)

Çãîðíiìî ðiâíÿííÿ (38) ç âåêòîð-ñòîâï÷èêîì u:

∥u∥2∂u(λ . a)− u (u . ∂u) (λ . a)+ (u · a)λ− (λ . u)a = 0. (41)

Äîìíîæiìî ðiâíÿííÿ (41) çëiâà çîâíiøíiì ÷èíîì íà âåêòîð u:

∥u∥2u ∧ ∂u (λ . a)+ (u · a)u ∧ λ− (λ . u)u ∧ a = 0. (42)
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Äîìíîæiìî ðiâíÿííÿ (38) íà ∥u∥2 i âiä îäåðæàíîãî âiäíiìiìî ðiâíÿí-
íÿ (42):

∥u∥2 a ∧ λ− (u · a)u ∧ λ+ (λ . u)u ∧ a = 0 . (43)

Ïðè n ≤ 2 öå ðiâíÿííÿ ïåðåòâîðþ¹òüñÿ â òðèâiàëüíó òîòîæíiñòü. Êîëè
n > 2, âèïèøiìî êîåôiöi¹íò ïðè çìiííié a â ðiâíÿííi (43) â òåðìiíàõ
ìàòðèöi G = (gαβ),

∥u∥2
(
G⊗λ−λ⊗G

)
−u⊗u⊗λ+λ⊗u⊗u+(λ . u)

(
u⊗G−G⊗λ

)
= 0 ,

i âiçüìiìî ñëiä çà ïåðøèìè äâîìà iíäåêñàìè çëiâà:(
tr(G)− 2

)(
∥u∥2λ− (λ . u)u

)
= 0 .

Ïðè tr(G) ̸= 2, ç âðàõóâàííÿì (40), ìà¹ìî ðîçâ'ÿçîê λ = λ0
(
∥u∥2

)
u, i

òîìó
L = λ0

(
∥u∥2

)
(u · u̇)+ ℓ(uα). (44)

Çâåðíóâøèñü òåïåð äî âçîðiâ (6), (7), áà÷èìî, ùî ôóíêöiÿ Ëÿ ðàí-
æà (44) íå âèòâîðþ¹ ÷ëåíiâ ç òðåòiìè ïîõiäíèìè ó âiäïîâiäíîìó ðiâíÿííi
Îéëåðà�Ïóàññîíà. �
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Çáiðíèê ïðàöü äî 80-ði÷÷ÿ Á.É.Ïòàøíèêà

UDC 517.524+517.588

Oksana Medvid, Mykhaylo Symotyuk 1

CONVERGENCE OF EULER CONTINUED FRACTION FOR
THE RATIO OF HYPERGEOMETRIC FUNCTIONS IN Qp

The conditions of convergence of Euler continued fraction to the ratio
of hypergeometric functions in the �eld of p-adic numbers are establi-
shed.

1. Introduction

The following fraction is called Euler continued fraction [1]

b0(z) +
∞
D
n=1

anz

bn(z)
, z ∈ C, (1)

where
an = −(c− a+ n)(b+ n), n ≥ 1,

bn(z) = c+ n+ (b− a+ n+ 1)z, n ≥ 0,
(2)

and a, b, c are complex numbers, such that c /∈ Z\N. Let us notice that if at
least one of the numbers a, b belongs to the set Z\N, then the fraction (1)
reduces to a ratio of polynomials. The fraction (1) arises from the expansion
of the ratio of Gauss hypergeometric functions

c
F (a, b, c; z)

F (a, b+ 1, c+ 1; z)
(3)

into continued fraction [1]. Let us recall [2] that Gauss function F (a, b, c; z)
is given inside the disk {z ∈ C : |z| < 1} by the sum of Gauss hypergeometric
series

F (a, b, c; z) = 2F1(a, b, c; z) =
∞∑
n=0

(a)n(b)n
(c)n

zn

n!
, (4)

where a, b, c ∈ C, c /∈ Z\N, and (·)n are Pochhammer symbols:

(a)0 = 1, (a)n = a(a+ 1) . . . (a+ n− 1), n ∈ N.

The Gauss function F (a, b, c; z) is the analytic solution of the following dif-
ferential equation

z(1− z)y′′ + (c− (a+ b+ 1)z) y′ − aby = 0, z ∈ C, |z| < 1, (5)

1Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of

NAS of Ukraine, medoks@ukr.net, quaternion@ukr.net
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and satisfy the following di�erentiation formulas:

dnF (a, b, c; z)

dzn
=

(a)n(b)n
(c)n

F (a+ n, b+ n, c+ n; z), n ∈ N, c /∈ Z\N. (6)

From equalities (5), (6) we obtain the following relation

c
F (a, b, c; z)

F (a+ 1, b+ 1, c+ 1; z)
= c− (a+ b+ 1)−

− (a+ 1)(b+ 1)z(1− z)

(c+ 1)
F (a+ 1, b+ 1, c+ 1; z)

F (a+ 2, b+ 2, c+ 2; z)

. (7)

If we apply Pfa�'s transformation [1]

F (a, b, c; z) = (1− z)−bF (c− a, b, c; z/(z − 1))

to formula (7) and use the substitutions z → z/(z− 1), we get the following
recurrent relations

wn(z) = bn(z) +
an+1z

wn+1(z)
, n ∈ N ∪ {0}, (8)

where

wn(z) = (c+ n)
F (a+ n, b+ n, c+ n; z)

F (a+ n, b+ n+ 1, c+ n+ 1; z)
, n ∈ N ∪ {0}, (9)

and an, bn(z), n ∈ N, are de�ned by equalities (2). Then from equalities (8),
(9) we obtain

c
F (a, b, c; z)

F (a, b+ 1, c+ 1; z)
= b0(z) +

a1z

b1(z) +
a2z

. . . +
. . .

bn−1(z) +
anz

wn(z)

, n ≥ 2.

So we get a continued fraction expansion of the ratio (3) (see [1])

c
F (a, b, c; z)

F (a, b+ 1, c+ 1; z)
∼ b0(z) +

∞
D
n=1

anz

bn(z)
. (10)

The sequence of functions

f0(z) = b0(z), fn(z) ≡ b0(z) +
n
D
k=1

akz

bk(z)
, n ∈ N, (11)

is called the sequence of approximants of fraction (1).
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De�nition 1. The Euler fraction (1) is said to converge (uniformly) to
the function G(z) in the set M , if the sequence of its approximants fn(z)
converges (uniformly) in M to G(z) as n→ ∞.

In the work [1] it was established that for a, b, c ∈ C, c /∈ Z\N, Euler
continued fraction (1) converges to the ratio (3) if |z| < 1, or if z = −1
with Im(c − a + b) < Re(c + a − b − 1). In present work the results of the
work [1] are transferred to the case when the parameters a, b, c of the Euler
continued fraction (1) are p-adic numbers and the convergence of sequence
of approximants (11) is considered in the p-adic norm. The main result of
this work consists in the following propositions:

Theorem 1. Let a, b, c ∈ Qp be such that

|a|p ̸= |b|p, min{|a|p, |b|p} > 1, |c|p > max{|a|p, |b|p}. (12)

Then fraction (1) uniformly converges in the p-adic disk {z ∈ Qp : |z|p < 1}.

Theorem 2. Let a, b, c ∈ Qp be such that |c|p > |ab|p and inequalities
(12) hold. Then Euler fraction (1) uniformly converges in the p-adic circle
{z ∈ Qp : |z|p < p1/(1−p)} to ratio (3).

2. Basic concepts of the p-adic numbers

In order to prove Theorems 1, 2 let us recall some concepts of the theory
of p-adic numbers [3]. The p-adic norm is de�ned in the set of rational
numbers Q by the rule

|0|p = 0, |x|p =
1

p ord p x
, x ∈ Q\{0},

where p is a prime number, and the p-adic ordinal ord p x of the rational
number x is de�ned by means by the equality

ord p x =

{
max{m ∈ Z+ : x ≡ 0 (mod pm)}, if x ∈ Z, x ̸= 0,

ord p a− ord p b, if x = a
b , a, b ∈ Z\{0}.

The �eld of p-adic numbers, denoted by the symbol Qp, is de�ned as the
completion of the �eld Q with respect to the p-adic norm introduced above.
For the p-adic norm the strengthened triangle inequality holds, namely

|x+ y|p ≤ max{|x|p, |y|p}.

This inequality implies the principle of isosceles triangle [4] for the �eld
Qp, which consists in that for any x, y ∈ Qp the alternative holds: either
|x|p = |y|p, or |x± y|p = max{|x|p, |y|p}, if |x|p ̸= |y|p.
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3. Properties of the partial numerators and denominators

Now we shall obtain properties of an, bn(z), n ≥ 1, de�ned by the equali-
ties (2). Let us denote: D(r) = {z ∈ Qp : |z|p < r}, r > 0.

Lemma 1. Let a, b, c ∈ Qp be such that inequalities (12) hold, then for
all z ∈ D(1):

|an|p = |bc|p, n ≥ 0, |bn(z)|p = |c|p, n ≥ 1.

Proof. As |n|p ≤ 1 for any n ∈ Z, then from the conditions of Lemma
1 together with the principle of the isosceles triangle [3] it follows that for
z ∈ D(1)

|a+ n|p = |a|p, |b+ n|p = |b|p, |c+ n|p = |c|p, n ∈ N,

|c− a+ n|p = |c|p, |c+ n+ (b− a+ n+ 1)z| = |c|p, n ∈ N.
(13)

From the relations (2), (13) we obtain that the following relations hold

|an|p = |bc|p, n ≥ 0, |bn(z)|p = |c|p, n ≥ 1.

�

4. Properties of the canonical numerators and denominators

Let us de�ne p-adic norms of the canonical numerators and denomi-
nators of the Euler fraction. Let us remark that the recurrence sequences of
functions {An(z)}∞n=0, {Bn(z)}∞n=0 which are de�ned by the equalities{

A0(z) = b0(z), A1(z) = a1z + b0(z)b1(z),

B0(z) = 1, B1(z) = b1(z),{
An(z) = bn(z)An−1(z) + anzAn−2(z), n ≥ 2,

Bn(z) = bn(z)Bn−1(z) + anzBn−2(z), n ≥ 2,
(14)

are the sequences of canonical numerators and denominators of the approxi-
mants of the Euler fraction, so that

fn(z) = An(z)/Bn(z), n ∈ N.

Lemma 2. Let a, b, c ∈ Qp be such that inequalities (12) hold. If z ∈
D(1), then

|An(z)|p = |c|n+1
p , |Bn(z)|p = |c|np , n ∈ N ∪ {0}. (15)
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Proof. We shall apply the method of mathematical induction on n.
It is obvious that

|A0(z)|p = |b0(z)|p = |c|p, |B0(z)|p = 1, |B1(z)|p = |b1(z)|p = |c|p.

Therefore from Lemma 1 and the principle of isosceles triangle for all z ∈
D(1) we obtain |A1(z)|p = |b0(z)|p|b1(z)|p = |c|2p. Thus the equalities (15)
are true for n = 0, 1 and the base of induction is established.

We assume that equalities (15) are true for all n < k, where k ≥ 3.
Then from Lemma 1 and from the inductive hypothesis it follows that for
all z ∈ D(1)

|bk(z)Ak−1(z)|p = |c|k+1
p , |akzAk−2(z)|p = |b|p|c|kp|z|p < |c|k+1

p ,

|bk(z)Bk−1(z)|p = |c|kp, |akzBk−2(z)|p = |akz|p|c|k−2
p = |b|p|c|k−1

p |z|p < |c|kp.

From these relations together with the recurrent relations (14) and the prin-
ciple of isosceles triangle we obtain

|Ak(z)|p = max{|bk(z)Ak−1(z)|p, |akzAk−2(z)|p} = |c|k+1
p ,

|Bk(z)|p = max{|bk(z)Bk−1(z)|p, |akzBk−2(z)|p} = |c|kp,

what means that the equalities (15) hold for n = k. Therefore, the step of
induction is obtained. �

5. The convergence of the sequence of approximants

Let us establish the conditions of convergence of the sequence {fn(z)}∞n=0

de�ned by formula (11).

Lemma 3. Let a, b, c ∈ Qp be such that inequalities (12) hold. If z ∈
D(1), then for all n ∈ N

|fn(z)− fn−1(z)|p =
|a1|p · . . . · |an|p

|c|2n−1
p

|z|np . (16)

Proof. We shall use the method of mathematical induction on n ∈ N.
For n = 1 we have

|f1(z)− f0(z)|p =
∣∣∣∣A1(z)

B1(z)
− A0(z)

B0(z)

∣∣∣∣
p

=

∣∣∣∣A1(z)B0(z)−A0(z)B1(z)

B0(z)B1(z)

∣∣∣∣
p

=

=
|a1z + b0(z)b1(z)− b0(z)b1(z)|p

|B0(z)|p|B1(z)|p
=

|a1|p|z|p
|c|p

.
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Let us assume that formula (16) is true for n = k, k ≥ 1. Now we shall prove
that it is true for n = k+1. In fact, on the basis of Lemma 2, |Bn(z)|p = |c|np
for all n ∈ N, so that

|fk+1(z)− fk(z)|p =
∣∣∣∣Ak+1(z)

Bk+1(z)
− Ak(z)

Bk(z)

∣∣∣∣
p

=

=
|Ak+1(z)Bk(z)−Ak(z)Bk+1(z)|p

|c|2k+1
p

, z ∈ D(1).

By applying the recurrent relations (14) to the functions Ak+1(z), Bk+1(z)
in complience with the induction assumptions and according to Lemmas 1,
2, we obtain that

|fk+1(z)− fk(z)|p =
∣∣∣∣bk+1(z)Ak(z)Bk(z) + ak+1zAk−1(z)Bk(z)

Bk(z)Bk+1(z)
−

− bk+1(z)Ak(z)Bk(z) + ak+1zAk(z)Bk−1(z)|p
Bk(z)Bk+1(z)

∣∣∣∣
p

=

=
|ak+1z(Ak−1(z)Bk(z)−Ak(z)Bk−1(z))|p

|c|2|Bk−1(z)|p|Bk(z)|p
=

= |ak+1z|p|c|−2
p |fk(z)− fk−1(z)|p =

|a1|p · . . . · |ak+1||z|k+1
p

|c|2k+1
p

.

�
Proof of the Theorem 1. Based on the assumptions of the Theorem 1

and of Lemmas 1, 3, it follows that for any m,n ∈ N, m > n, and z ∈ D(1)
the following estimates are true:

|fn(z)− fm(z)|p ≤ max
n+1≤j≤m

|fj(z)− fj−1(z)|p <

< |b|p
(
|b|p
|c|p

|z|p
)n

< |b|p
(
|b|p
|c|p

)n
.

From the inequality |b|p < |c|p the fundamentality of sequence (11) in Qp

follows and so its convergence in Qp follows too.

6. Convergence of the sequence of approximants to the ratio
of hypergeometric functions

The Theorem 1 brings us to the fact that in the circle D(1) there exists
a function f : D(1) → Qp, which is the pointwise limit of the sequence
{fn(z)}∞n=0:

f(z) = lim
n→∞

fn(z), z ∈ D(1).
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From Lemma 2 it follows that the image of the map f in fact is a subset
of the unit circle {z ∈ Qp : |z|p = |c|p}. Let us establish the requirements on
the parameters a, b, c ∈ Qp for which the function f(z) to be equal to the
ratio (3).

Lemma 4 ( [4]). Let a, b, c ∈ Qp and min{|a|p, |b|p} > 1, |c|p > |ab|p. If
z ∈ D(p1/(1−p)), then

|F (a, b, c; z)|p = 1.

Lemma 5. Let a, b, c ∈ Qp be such that |c|p > |ab|p and inequalities (12)
hold. If z ∈ D(p1/(1−p)), then for all n ∈ N∣∣∣∣fn(z)− c

F (a, b; c; z)

F (a, b+ 1; c+ 1; z)

∣∣∣∣
p

=
|a1|p · . . . · |an+1|p

|c|2n+1
p

|z|n+1
p . (17)

Proof. Let us prove that for all n ∈ N the following formula is true

c
F (a, b; c; z)

F (a, b+ 1; c+ 1; z)
=
an+1zAn−1(z) + wn+1(z)An(z)

an+1zBn−1(z) + wn+1(z)Bn(z)
, (18)

where wn(z), n ∈ N, are de�ned by the equation (9). Let us use the method
of mathematical induction on n ∈ N. For n = 1 we have

c
F (a, b; c; z)

F (a, b+ 1; c+ 1; z)
= b0 +

a1z

w1(z)
.

Let us assume that the formula (18) it true for n = k. Now we shall prove
that it holds for n = k + 1. From the induction assumptions we obtain

c
F (a, b; c; z)

F (a, b+ 1; c+ 1; z)
=
akzAk−2(z) + wk(z)Ak−1(z)

akzBk−2(z) + wk(z)Bk−1(z)
.

Since wk(z) = bk(z) +
ak+1z

wk+1(z)
(see formula (7)), then

c
F (a, b; c; z)

F (a, b+ 1; c+ 1; z)
=
akzAk−2(z) +

(
bk(z) +

ak+1z
wk+1(z)

)
Ak−1(z)

akzBk−2(z) +
(
bk(z) +

ak+1z
wk+1(z)

)
Bk−1(z)

=

=
ak+1zAk−1(z) + wk+1(z)Ak(z)

ak+1zBk−1(z) + wk+1(z)Bk(z)
.

Therefore from the formula (18) and from Lemma 2 it follows that∣∣∣∣fn(z)− c
F (a, b; c; z)

F (a, b+ 1; c+ 1; z)

∣∣∣∣
p

=
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=

∣∣∣∣bn(z)An−1(z) + anzAn−2(z)

bn(z)Bn−1(z) + anzBn−2(z)
− anzAn−2(z) + wn(z)An−1(z)

anzBn−2(z) + wn(z)Bn−1(z)

∣∣∣∣
p

=

=
|fn−1(z)− fn−2(z)|p|anz|p|bn(z)− wn(z)|p

|c|3p
.

Since from Lemma 4 and formula (9) it follows that for all n ∈ N, |wn(z)|p =
|c|p, then from Lemma 3 and formula (8) we obtain (17). �

Proof of the Theorem 2. Since from the assumptions of Theorem 2
and from Lemmas 1, 5 it follows that for any n ∈ N and for z ∈ D(p1/(1−p))
it is holds∣∣∣∣fn(z)− c

F (a, b, c; z)

F (a, b+ 1, c+ 1; z)

∣∣∣∣
p

= |c|p
(
|b|p
|c|p

|z|p
)n+1

< |c|p
(
|b|p
|c|p

)n+1

.

From this inequality and from inequality |b|p < |c|p it follows that the
sequence of functions (11) converges to the ratio (3).
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ÓÄÊ 524.1

Îëåã Ïåòðóê1

ÍÅËIÍIÉÍÈÉ ÐÎÇÂ'ßÇÎÊ ÍÅÑÒÀÖIÎÍÀÐÍÎÃÎ
ÊIÍÅÒÈ×ÍÎÃÎ ÐIÂÍßÍÍß

Îòðèìàíî íàáëèæåíèé ðîçâ'ÿçîê íåñòàöiîíàðíîãî êiíåòè÷íîãî
ðiâíÿííÿ, ÿêå îïèñó¹ äèôóçiéíå ïðèñêîðåííÿ çàðÿäæåíèõ ÷àñòè-
íîê íà ñèëüíié óäàðíié õâèëi ó âèïàäêàõ, êîëè çâîðîòíié âïëèâ
÷àñòèíîê íà ñòðóêòóðó òå÷i¨ ¹ ñóòò¹âèì, à ïðèñêîðåííÿ íå-
ëiíiéíèì. Öüîãî ðåçóëüòàòó áóëî äîñÿãíóòî çàâäÿêè ó÷àñòi ó
ðîáîòi íàóêîâîãî ñåìiíàðó, ÿêèé î÷îëþâàâ Áîãäàí Ïòàøíèê.

1. Âñòóï

Äèôåðåíöiàëüíå ðiâíÿííÿ, ÿêå îïèñó¹ çàëåæíó âiä ÷àñó t ôóíêöiþ
ðîçïîäiëó f(t, x, p) çà êîîðäèíàòîþ x òà iìïóëüñîì p ðåëÿòèâiñòñüêèõ
÷àñòèíîê, ÿêi ïðèñêîðþþòüñÿ íà ñèëüíié íåðåëÿòèâiñòñüêié óäàðíié õâè-
ëi, ìà¹ âèãëÿä

∂f

∂t
+ u

∂f

∂x
=

∂

∂x

[
D
∂f

∂x

]
+

1

3

du

dx
p
∂f

∂p
+Q, (1)

äå D � êîåôiöi¹íò äèôóçi¨. Ñèñòåìà êîîðäèíàò îáðàíà òàêèì ÷èíîì, ùî
óäàðíà õâèëÿ çíàõîäèòüñÿ â òî÷öi x = 0, à ïîòiê ðóõà¹òüñÿ çi øâèäêiñòþ
u â äîäàòíüîìó íàïðÿìêó. Êðàéíié ïðàâîðó÷ ÷ëåí ó ðiâíÿííi (1) îïèñó¹
iíæåêöiþ ÷àñòèíîê â ïðîöåñ ïðèñêîðåííÿ:

Q = Qt(t)Qp(p)Qx(x). (2)

Òèïîâî ðîçãëÿäà¹òüñÿ ìîíîåíåðãåòè÷íà iíæåêöiÿ ÷àñòèíîê ç ìîìåíòîì
pi íà ôðîíòi óäàðíî¨ õâèëi:

Qp(p) =
ηn1u1
4πp2i

δ(p− pi), Qx = δ(x), (3)

äå iíäåêñ '1' ïîçíà÷à¹ âåëè÷èíè áåçïîñåðåäíüî ïåðåä ôðîíòîì (â òî÷öi
x = 0−), η � åôåêòèâíiñòü iíæåêöi¨. Âîíà âèçíà÷à¹ ÷àñòêó óñiõ ÷àñòèíîê,
ÿêi ïî÷èíàþòü ïðèñêîðþâàòèñÿ â ðåæèìi ñòàöiîíàðíî¨ iíæåêöi¨, òîáòî
êîëè Qt(t) = 1.

Ïðèñêîðåíi ÷àñòèíêè ìîæóòü îòðèìàòè ïîìiòíó ÷àñòèíó êiíåòè÷íî¨
åíåðãi¨ óäàðíî¨ õâèëi. Òîäi âîíè ñòâîðþþòü ïåðåä ¨¨ ôðîíòîì òèñê, ñïiâ-
ìiðíèé ç ãiäðîäèíàìi÷íèì. Âií ó ñâîþ ÷åðãó ñïîâiëüíþ¹ ïîòiê ïëàçìè,

1IÏÏÌÌ iì.ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, petruk@astro.franko.lviv.ua
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ÿêà íàëiòà¹ íà óäàðíó õâèëþ. Ó öüîìó ïîëÿãà¹ íåëiíiéíiñòü (äàëi ñêîðî-
÷åíî 'ÍË') çàäà÷i: ôóíêöiÿ u(x) çàëåæèòü âiä f(t, x, p). ßêùî æ åíåðãiÿ,
ÿêó îòðèìàëè ÷àñòèíêè, ¹ çíåõòóâàíî ìàëîþ, òî ìà¹ìî ïðèñêîðåííÿ, ÿêå
âiäáóâà¹òüñÿ â ðåæèìi 'òåñòîâî¨ ÷àñòèíêè' (äàëi 'Ò×'). Òîäi ñòðóêòóðà
òå÷i¨ íå ìîäèôiêó¹òüñÿ ÷àñòèíêàìè, é âîíà ìà¹ ðiçíi øâèäêîñòi: u1 ïåðåä
(äëÿ x < 0) i u2 çà ôðîíòîì (äëÿ x > 0), ÿêi íå çàëåæàòü âiä x ó ñâî¨õ
îáëàñòÿõ.

Ðîçâ'ÿçîê ðiâíÿííÿ (1) â ãðàíèöi Ò× òà çi ñòàöiîíàðíîþ iíæåêöi¹þ,
Qt = 1, îòðèìàíî â ðîáîòàõ [3, 4], äå âèâåäåíî òàêîæ íåîáõiäíèé äëÿ
ïðàêòè÷íèõ çàñòîñóâàíü âèðàç äëÿ ñåðåäíüîãî ÷àñó ïðèñêîðåííÿ ⟨t(p)⟩.
Ò×-ðîçâ'ÿçîê äëÿ íåñòàöiîíàðíî¨ iíæåêöi¨, Qt = Qt(t), îäåðæàíî â íà-
øié ðîáîòi [5]. Ñòàöiîíàðíà (òîáòî ∂f/∂t = 0) ÍË-çàäà÷à áóëà ðîçâ'ÿ-
çàíà â [1]. Äåÿêi àñïåêòè íåñòàöiîíàðíî¨ ÍË-ïðîáëåìè áóëî äîñëiäæåíî
â [2]. Òàì ðîçãëÿäàëàñÿ ñòàöiîíàðíà iíæåêöiÿ òà áóëî îòðèìàíî íàáëè-
æåíèé âèðàç äëÿ ñåðåäíüîãî ÷àñó ïðèñêîðåííÿ. Â íàñòóïíîìó ðîçäiëi
íàìè îòðèìàíî íàáëèæåíèé ÍË ðîçâ'ÿçîê íåñòàöiîíàðíîãî ðiâíÿííÿ (1)
ç íåñòàöiîíàðíîþ iíæåêöi¹þ.

2. Ðîçâ'ÿçîê

Çàñòîñóâàâøè ïåðåòâîðåííÿ Ëàïëàñà çà çìiííîþ t äî ðiâíÿííÿ (1),
îòðèìà¹ìî ðiâíÿííÿ äëÿ Ëàïëàñ-îáðàçó ôóíêöi¨ ðîçïîäiëó f :

sf + u
∂f

∂x
=

∂

∂x

[
D
∂f

∂x

]
+

1

3

du

dx
p
∂f

∂p
+Qt(s)Qp(p)δ(x). (4)

Ïåðåòâîðåííÿ ðiâíÿííÿ (1) äëÿ f äî ðiâíÿííÿ äëÿ f ó ôîðìi (4) ìîæëèâå
ëèøå òîäi, êîëè u(x) i D(x) íå çàëåæàòü âiä ÷àñó.

Iíòåãðóþ÷è ðiâíÿííÿ (4) çà çìiííîþ x âiä x = 0− äî x = 0+ òà âiä
x = −∞ äî x = 0− òà ïðèïóñêàþ÷è, ùî u i D ¹ ïîñòiéíèìè çà ôðîíòîì
(òîáòî äëÿ x > 0), îòðèìó¹ìî [2]:[

D
∂f

∂x

]
2

−
[
D
∂f

∂x

]
1

+
u2 − u1

3
p
∂fo
∂p

+QpQt(s) = 0, (5)

[
D
∂f

∂x

]
1

= foup
Fp

2
+ foupIp −

u1 − up
3

p
∂fo
∂p

, (6)

[
D
∂f

∂x

]
2

= −fou2
F2

2
, (7)

äå

F2(s, p) =

(
1 +

4sD2

u22

)1/2

− 1, (8)



194 Î.Ïåòðóê

Fp =
2sΛ

up
, (9)

Λ =
1

fo(s, p)

∫ 0

−∞
f(s, x, p)dx, (10)

up = u1 −
1

fo(s, p)

∫ 0

−∞
f(s, x, p)

du

dx
dx, (11)

Ip = 1 +
1

3

d lnup
d ln p

. (12)

Iíäåêñ 'o' ïîçíà÷à¹ âåëè÷èíè íà ôðîíòi (â òî÷öi x = 0), à '2' ïîêëèêà¹-
òüñÿ íà ðîçòàøóâàííÿ îäðàçó çà ôðîíòîì óäàðíî¨ õâèëi (â òî÷öi x = 0+).
Â Ò×-ðåæèìi, up = u1 i Ip = 1. Âèðàç (7) ìà¹ òàêèé ñàìèé âèãëÿä ó
ãðàíèöi Ò×, à (6) ¹ ÍË-óçàãàëüíåííÿì Ò×-âèðàçó (21) ç ðîáîòè [5].

2.1. Ôóíêöiÿ fo(p)

Ïiäñòàíîâêà (6) i (7) ó (5) äà¹ ðiâíÿííÿ äëÿ Ëàïëàñ-îáðàçó ôóíêöi¨
ðîçïîäiëó íà ôðîíòi fo:

∂fo
∂p

+
ς

p
fo = q(p)δ(p− pi)Qt, (13)

äå

q =
ηn1u1
4πp2i p

3

up − u2
, (14)

à

ς = sf +
3

2

upFp + u2F2

up − u2
(15)

¹ ñïåêòðàëüíèì iíäåêñîì ôóíêöi¨ fo, òîáòî fo ∝ p−ς(p). ×ëåí

sf =
3upIp
up − u2

(16)

¹ ñïåêòðàëüíèì iíäåêñîì ñòàöiîíàðíî¨ ÍË ôóíêöi¨ fo(p) ≡ fo(t=∞, p),
ÿêó çíàéäåíî â [1].

Ðîçâ'ÿçêîì ðiâíÿííÿ (13) ¹ ôóíêöiÿ

fo(s, p) = q(pi)Qt exp

[
−
∫ p

pi

ς(s, p′)
dp′

p′

]
. (17)

Âîíà ìîæå áóòè çàïèñàíà ÿê äîáóòîê

fo(s, p) = fo(p)Qt(s)φo(s, p), (18)
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äå ñòàöiîíàðíèé ðîçïîäië fo(p) äà¹òüñÿ âèðàçîì [1]

fo(p) =
ηn1
4πp3i

3σs
σp − 1

exp

[
−
∫ p

pi

3σp′

σp′ − 1

dp′

p′

]
(19)

çi σs = u1/u2 òà σp = up/u2. Ñòàöiîíàðíèé ðîçâ'ÿçîê â ãðàíèöi Ò×
îòðèìó¹òüñÿ ç âèðàçó(19) ïiäñòàíîâêîþ ïîñòiéíî¨ σp(p) = σs.

Òðåòié ìíîæíèê ó (18) ¹ òàêèì:

φo(s, p) = exp (−ho(s, p)), (20)

äå

ho(s, p) =
3

2

∫ p

pi

upFp(s, p
′) + u2F2(s, p

′)

up − u2

dp′

p′
. (21)

Çàïèñàíèé ó òàêîìó âèãëÿäi, ho ó ÍË ðåæèìi ìà¹ âèãëÿä, ïîäiáíèé äî
àíàëîãi÷íî¨ ôóíêöi¨ â Ò×-ãðàíèöi (äèâ. íàïðèêëàä âèðàç (3.28) â [3]):
âiäìiííiñòü ïîëÿãà¹ ëèøå â òîìó, ùî ìà¹ìî òóò Fp i up çàìiñòü âåëè÷èí
áåçïîñåðåäíüî ïåðåä ôðîíòîì óäàðíî¨ õâèëi F1 i u1.

Ôóíêöiÿ ðîçïîäiëó fo(t, p) çàäà¹òüñÿ îáåðíåíèì ïåðåòâîðåííÿì Ëà-
ïëàñà âèðàçó (18):

fo(t, p) = fo(p)

∫ t

0
Qt(t− t′)φo(t

′, p)dt′, (22)

äå φo(t) � çâîðîòí¹ ïåðåòâîðåííÿ Ëàïëàñà âiä exp[−ho(s)], à Qt(t) çàäà¹
çìiíó åôåêòèâíîñòi iíæåêöi¨ â ÷àñi.

2.2. Iìîâiðíiñòü φo(t)

Ôîðìóëà ïåðåòâîðåííÿ Ëàïëàñà∫ ∞

0
φo(t)e

−stdt = exp (−ho(s, p)) , (23)

çàïèñàíà äëÿ s = 0, äîâîäèòü, ùî ôóíêöiÿ φo(t) ¹ íîðìîâàíîþ íà îäè-
íèöþ [3] ∫ ∞

0
φo(t) = 1. (24)

Òîìó ìè ìîæåìî ðîçãëÿäàòè φo(t, p; pi) ÿê iìîâiðíiñòü òîãî, ùî ÷àñòèíêè,
iíæåêòîâàíi ç iìïóëüñîì pi, ìîæóòü áóòè ïðèñêîðåíèìè äî iìïóëüñà p
âïðîäîâæ ÷àñó t.

Âiäòàê, äèôåðåíöiþâàííÿ ðiâíîñòi (23) çà s ç íàñòóïíîþ ïiäñòàíîâ-
êîþ s = 0 äà¹ ñåðåäíié ÷àñ ïðèñêîðåííÿ [3]

⟨t(p)⟩ ≡
∫ ∞

0
tφo(t)dt =

∂ho(s)

∂s

∣∣∣∣
s=0

. (25)
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ßê çàçíà÷àëîñÿ, ïðîôiëü u(x) ââàæà¹òüñÿ íåçìiííèì â ÷àñi. Ìè áó-
äåìî âèêîðèñòîâóâàòè ùå îäíå íàáëèæåííÿ. Íàâiòü çà ïðèïóùåííÿ ïðî
ñòàöiîíàðíiñòü u(x) ôóíêöiÿ up(p) ïîâèííà çìiíþâàòèñÿ ç t. À òîìó, ÿê
öå âèäíî ç (11), é âiäíîøåííÿ

f(s, x, p)/fo(s, p) ≡ F(s, x, p) (26)

ïîâèííî çàëåæàòè âiä s, ÿê öå ¹ â ðåæèìi Ò× [4, 5]. ßêùî òàê, òî ïî-
õiäíà (25) ¹ äîñèòü ñêëàäíîþ: Fp, F2 i up â (21) çàëåæàòü âiä s. Îäíàê,
ÿêùî ðîçãëÿíóòè ðîçâèíåííÿ F(s, x, p) â ðÿä Ìàêëîðåíà çà ìàëèì s òà
îáìåæèòèñÿ ëèøå äîìiíóþ÷èì ïåðøèì ÷ëåíîì ðÿäó, òîäi ìàòèìåìî, ùî
âiäíîøåííÿ f(s, x, p)/fo(s, p) íå çàëåæèòü âiä ÷àñó. Çà òàêîãî íàáëèæåí-
íÿ çàäà÷à çíà÷íî ñïðîùó¹òüñÿ. Çîêðåìà, ôóíêöiÿ up(p) ¹ ñòàöiîíàðíîþ.

Çà òàêîãî íàáëèæåííÿ é Λ, îçíà÷åíà âèðàçîì (10), íå çàëåæèòü âiä
÷àñó:

Λ(p) =

∫ 0

−∞
F(x, p)dx. (27)

Òîäi ç (25) îäåðæó¹ìî âèðàç äëÿ ñåðåäíüîãî ÷àñó ïðèñêîðåííÿ â ÍË-
ðåæèìi, ÿêå îòðèìàíî â [2] (ôîðìóëà (25) ó öüîìó ïîêëèêàííi):

⟨t(p)⟩ =
∫ p

pi

3

up − u2

(
Λ +

D2

u2

)
dp′

p′
. (28)

Çàïèñàíèé òàêèì ÷èíîì, âèðàç ¹ äóæå ïîäiáíèì äî âiäîìî¨ ôîðìóëè ç [3]
äëÿ ãðàíèöi Ò×:

⟨t(p)⟩ =
∫ p

pi

3

u1 − u2

(
D1

u1
+
D2

u2

)
dp′

p′
. (29)

Âàæëèâî, ùî â íàáëèæåííi ñòàöiîíàðíîñòi up ìîæíà òàêîæ çíàéòè
ÍË ðîçâ'ÿçîê ðiâíÿííÿ (1).

Çàïèøåìî φo ÿê äîáóòîê:

φo = φop · φo2, (30)

äå

φop(s, p) = exp

(
−3

2

∫ p

pi

upFp(s, p
′)

up − u2

dp′

p′

)
(31)

i

φo2(s, p) = exp

(
−3

2

∫ p

pi

u2F2(s, p
′)

up − u2

dp′

p′

)
. (32)

Ó ôîðìóëi (32) ëèøå F2 çàëåæèòü âiä s. Öå F2 ¹ äóæå ïîäiáíèì
äî F2 â ãðàíèöi Ò×, çà âèíÿòêîì òîãî, ùî φo2 ìiñòèòü up çàìiñòü u1 â
çíàìåííèêó (äèâ. ðîçäië 3.3 â [5]). Ïiäñòàíîâêà

u2
up − u2

=
u2

u1 − u2
− u2
u1 − u2

up − u1
up − u2

(33)
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â (32) ïåðåòâîðþ¹ öåé âèðàç ó äîáóòîê

φo2(s, p) = φTP
o2 (s, p) · exp

(
s ∆T2(p)

)
, (34)

äå

φTP
o2 (s, p) = exp

(
−3

2

∫ p

pi

u2F2(s, p
′)

u1 − u2

dp′

p′

)
(35)

¹ òî÷íî òàêèì æå æ, ÿê φo2 â Ò×-ãðàíèöi, à

∆T2(p) =

∫ p

pi

3(D2/u2)

u1 − u2

up − u1
up − u2

dp′

p′
. (36)

Ïiä ÷àñ ïåðåòâîðåíü â (34) áóëî çàëèøåíî ëèøå ïåðøèé ÷ëåí ó ðîçâè-
íåííi F2 â ðÿä çà ìàëèì ïàðàìåòðîì 4sD2/u

2
2, ùî âèïðàâäàíå äëÿ ìàëèõ

çíà÷åíü s; òîáòî áðàëîñÿ, ùî F2 ≈ 2sD2/u
2
2.

Îáåðíåíå ïåðåòâîðåííÿ Ëàïëàñà ïåðøîãî ìíîæíèêà â (34) îòðèìàíî
â [4, 5]:

φTP
o2 (t) =

e2A2

22A2+1t2
√
π

e−ξ(τ)
2

τA2/2+1

(
HA2+1 (ξ)− 2τ1/2HA2 (ξ)

)
, (37)

äå Hm(x) � ½ôiçè÷íèé� ïîëiíîì Åðìiòà (÷ëåí H1(x) = 2x), ξ(τ) = τ1/2 +
A2/(2τ

1/2), τ = t/t2, t2 = 4D2u
−2
2 , A2 = 3(σs − 1)−1α−1, α � ñòåïiíü â çà-

ëåæíîñòi êîåôiöi¹íòà äèôóçi¨ âiä iìïóëüñó ÷àñòèíêè D(p) ∝ pα (çíà÷åí-
íÿ α ïîâèííî áóòè òàêèì, ùîá A2 áóëî öiëèì). Îáåðíåíå ïåðåòâîðåííÿ
Ëàïëàñà äðóãîãî ìíîæíèêà â (34) ¹ äåëüòà-ôóíêöi¹þ δ(t+∆T2). Îòæå,
çâîðîòí¹ ïåðåòâîðåííÿ (34) ¹ òàêèì

φo2(t) =

∫
φTP
o2 (t− t′)δ(t′ +∆T2)dt

′ = φTP
o2 (t+∆T2). (38)

Âèðàç (31), çàâäÿêè (9), ìîæíà ïåðåïèñàòè ÿê φop = exp (−sT1), äå

T1(p) =

∫ p

pi

3Λ(p′)

up − u2

dp′

p′
. (39)

Òåïåð, çãiäíî ïðàâèëà îáåðíåíîãî ïåðåòâîðåííÿ Ëàïëàñà äîáóòêó âè-
ãëÿäó φo = e−sT · φo2(s), ìà¹ìî, ùî

φo(t) = φo2(t− T1)H(t− T1). (40)

Ç (38) òà (40) îñòàòî÷íî îòðèìó¹ìî, ùî

φo(t) = φTP
o2 (t− T1 +∆T2)H(t− T1). (41)

Âèêîðèñòàííÿ öüîãî âèðàçó â ôîðìóëi (22) äà¹ ðîçâ'ÿçîê ïîñòàâëåíî¨
ïðîáëåìè, à ñàìå, çàäà¹ íåñòàöiîíàðíó ôóíêöiþ ðîçïîäiëó fo(t, p) äëÿ
÷àñòèíîê çi çàëåæíîþ âiä ÷àñó iíæåêöi¹þ òà íåëiíiéíèì ðåæèìîì
ïðèñêîðåííÿ. Íåëiíiéíi åôåêòè âðàõîâàíî òóò ó íàáëèæåííi ìàëîãî s,
ùî âiäïîâiäà¹ (íàáëèæåíîìó) ïðèïóùåííþ ïðî ñòàöiîíàðíiñòü ôóíêöié
u(x) òà up(p).
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2.3. Ôóíêöiÿ f(t, x, p)

Ç íåçàëåæíèì âiä ÷àñó F ëåãêî çíàéòè òàêîæ ðîçïîäië ÷àñòèíîê
äîâêîëà óäàðíî¨ õâèëi. Ñïðàâäi, îáåðíåíå ïåðåòâîðåííÿ Ëàïëàñà âèðà-
çó f(s, x, p) = fo(s, p)F(x, p) îäðàçó äà¹ f(t, x, p) = fo(t, p)F(x, p) ïå-
ðåä ôðîíòîì óäàðíî¨ õâèëi (x < 0). Âèðàçè äëÿ ðîçïîäiëó çà ôðîíòîì
(x > 0) ïîäàíî â ðîçäiëi 3.4 ðîáîòè [5].

Äëÿ ïðàêòè÷íèõ çàñòîñóâàíü ìîæíà âèêîðèñòîâóâàòè íàáëèæåííÿ
ôóíêöi¨ F(x, p), çàïðîïîíîâàíå â [2]:

F(x, p) ≈ exp

[
sf(p)

3

(
1− u2

u1

)∫ x

0

u(x′)

D(x′, p)
dx′
]
, (42)

ÿêå ¹ ïåðøèì ÷ëåíîì ðîçêëàäó F(s) çà ìàëèì s.
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Oleh Petruk

NON-LINEAR SOLUTION OF THE TIME-DEPENDENT
KINETIC EQUATION

The approximate solution of the non-stationary kinetic equation whi-
ch describes the di�usive shock acceleration of particles is derived for
the regime when the back-reaction of particles on the �ow is essential
and acceleration is therefore non-linear.
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Íàòàëiÿ Ïðîöàõ1

ÌIØÀÍÀ ÇÀÄÀ×À ÄËß ÍÅËIÍIÉÍÎÃÎ
ÓËÜÒÐÀÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß
ÑÏÅÖIÀËÜÍÎÃÎ ÂÈÃËßÄÓ

Ñâiòëié ïàì'ÿòi Á.É. Ïòàøíèêà
ïðèñâÿ÷ó¹òüñÿ

Ó ñòàòòi ðîçãëÿíóòî ìiøàíó çàäà÷ó äëÿ íåëiíiéíîãî óëüòðà-
ïàðàáîëi÷íîãî ðiâíÿííÿ ç iíòåãðàëüíèì äîäàíêîì ñïåöiàëüíîãî
âèãëÿäó. Âñòàíîâëåíî äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi
ðîçâ'ÿçêó ç ïðîñòîðiâ Ñîáîë¹âà öi¹¨ çàäà÷i, à òàêîæ óìîâè, çà
ÿêèõ íîðìà ðîçâ'ÿçêó çàäà÷i â ïðîñòîði Ëåáåãà ïðÿìó¹ äî íóëÿ
ïðè çðîñòàííi ÷àñîâî¨ çìiííî¨.

1. Âñòóï

Íàóêîâi ïðàöi Áîãäàíà Éîñèïîâè÷à Ïòàøíèêà ïðèñâÿ÷åíi òåîði¨
óìîâíî êîðåêòíèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü. Ðàçîì iç ó÷íÿ-
ìè âií ðîçðîáèâ îðèãiíàëüíi ìåòîäè äîñëiäæåííÿ ðîçâ'ÿçíîñòi áàãàòüîõ
íåêëàñè÷íèõ çàäà÷ äëÿ ëiíiéíèõ i ñëàáêîíåëiíiéíèõ ðiâíÿíü òà ñèñòåì
ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè ñêií÷åííîãî é áåçìåæíîãî ïîðÿäêiâ,
à òàêîæ äëÿ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü, ñëàáêîíåëiíiéíèõ ií-
òåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü [4], íåëiíiéíèõ ðiâíÿíü ç äîäàíêîì òèïó
îïåðàòîðà ïàì'ÿòi [3].

Ó ñòàòòi ðîçãëÿíóòî íåëiíiéíå óëüòðàïàðàáîëi÷íå ðiâíÿííÿ ç iíòå-
ãðàëüíèì äîäàíêîì. Âñòàíîâëåíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi â ïðî-
ñòîðàõ Ñîáîë¹âà ìiøàíî¨ çàäà÷i äëÿ öüîãî ðiâíÿííÿ òà ïîêàçàíî, ùî çà
ïåâíèõ óìîâ íà êîåôiöi¹íòè ðiâíÿííÿ íîðìà ðîçâ'ÿçêó öi¹¨ çàäà÷i â ïðî-
ñòîði Ëåáåãà L2(G), äå G � îáìåæåíà îáëàñòü, ÿêié íàëåæàòü ïðîñòîðîâi
çìiííi, ïðÿìó¹ äî íóëÿ ïðè çðîñòàííi ÷àñîâî¨ çìiííî¨. Çàóâàæèìî, ùî
çíàõîäæåííþ óìîâ îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi ìiøàíèõ çàäà÷ òà çàäà÷i
Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü áåç iíòåãðàëüíèõ äîäàíêiâ ïðè-
ñâÿ÷åíî, çîêðåìà, ïðàöi [1], [2], [5], à äëÿ íåëiíiéíèõ óëüòðàïàðàáîëi÷íèõ
ðiâíÿíü ç iíòåãðàëüíèì äîäàíêîì òèïó îïåðàòîðà ïàì'ÿòi � ïðàöþ [3].

1Íàöiîíàëüíèé ëiñîòåõíi÷íèé óíiâåðñèòåò Óêðà¨íè, protsakh@ukr.net
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2. Îñíîâíi ïîçíà÷åííÿ òà ôóíêöiîíàëüíi ïðîñòîðè

Íåõàé Ω i D îáìåæåíi îáëàñòi âiäïîâiäíî â Rn i Rl, ç ìåæàìè ∂Ω ∈ C1

i ∂D ∈ C1; l, n ∈ N, ïðè÷îìó l 6 n; x ∈ Ω, y ∈ D, t ∈ (0, T ), äå
T ∈ (0,∞), Qτ = Ω×D × (0, τ), τ ∈ (0, T ], G = Ω×D.

Ïîçíà÷èìî: ΣT := ∂Ω×D×(0, T ), ST := Ω×∂D×(0, T ), ν � îäèíè÷íà

çîâíiøíÿ íîðìàëü äî ST , S
1
T := {(x, y, t) ∈ ST :

l∑
i=1
xi cos(ν, yi) < 0},

S2
T := {(x, y, t)∈ST :

l∑
i=1
xi cos(ν, yi)>0}.

Ââåäåìî ïðîñòîðè:
L∞(QT ) := {w : w � âèìiðíà òà iñíó¹ òàêà ñòàëà C, ùî |w(x, y, t)| 6 C
ì. â. íà QT }, ∥w;L∞(QT )∥ = inf{C : |w(x, y, t)| 6 C ì. â. íà QT };
L2(G) := {w : w � âèìiðíà,

∫
G

|w(x, y)|2 dxdy <∞},

∥w;L2(G)∥ =
( ∫
G

|w(x, y)|2 dxdy
) 1

2 ;

L2(0, T ) := {w : w � âèìiðíà,
T∫
0

|w(t)|2 dt <∞},

∥w;L2(0, T )∥ =
( T∫
0

|w(t)|2 dt
) 1

2 ;

L2(QT ) := {w : w � âèìiðíà,
∫
QT

|w(x, y, t)|2 dxdydt <∞},

∥w;L2(QT )∥ =
( ∫
QT

|w(x, y, t)|2 dxdydt
) 1

2 ;

W 1,2(QT ) � ìíîæèíà âñiõ ðîçïîäiëiâ w, ÿêi ðàçîì çi ñâî¨ìè ïîõiäíèìè
ïåðøîãî ïîðÿäêó çà âñiìà çìiííèìè íàëåæàòü äî ïðîñòîðó L2(QT ),
∥w;W 1,2(QT )∥ =

( ∫
QT

[|w(x, y, t)|2 + |wt(x, y, t)|2+

+
l∑

i=1
|wyi(x, y, t)|2 +

n∑
i=1

|wxi(x, y, t)|2] dt
) 1

2 ;

Ck(O) � ïðîñòið k�ðàç íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié íà O;
C([0, T ];L2(G)) � ïðîñòið íåïåðåðâíèõ ôóíêöié ([0, T ] → L2(G));
C1(D;C2(Ω)) � ïðîñòið íåïåðåðâíî-äèôåðåíöiéîâíèõ ôóíêöié (D →
C2(Ω)).

3. Ôîðìóëþâàííÿ çàäà÷i

Ðîçãëÿíåìî ôóíêöi¨, äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè

(A): aij ∈ L∞(QT ), i, j = 1, . . . , n,
n∑
i=1

aij(x, y, t)ξiξj > a0|ξ|2

ä. ì. â. (x, y, t) ∈ QT òà äëÿ âñiõ ξ ∈ Rn, a0 − äîäàòíà ñòàëà;
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(C): c ∈ C(QT ), c(x, y, t) > c0 ä. ì. â. (x, y, t) ∈ QT , c0 ∈ R;
(E): E ∈ L2(0, T );

(F): F ∈ C([0, T ];L2(G));

(G): g ∈ C([0, T ]);

(S): iñíó¹ òàêà ïîâåðõíÿ ç äîäàòíîþ ìiðîþ Ëåáåãà Γ1 ⊂ ∂D ⊂ Rl−1,

ùî S1
T = Ω× Γ1 × (0, T );

(K): k ∈ C1(D;C2(Ω)), k
∣∣
∂Ω×D = 0, k|Ω×Γ2 = 0, äå Γ2 = ∂D\Γ1;

(U): u0, u0,yj ∈ L2(G), j = 1, . . . , l, u0|∂Ω×D = 0, u0|Ω×Γ1 = 0.

Ïîçíà÷èìî:

d(x, y, t) :=
l∑

i=1

xikyi(x, y) +
n∑

i,j=1

(aij(x, y, t)kxj (x, y))xi − k(x, y)c(x, y, t),

K1(t) :=

∫
G

k(x, y)F (x, y, t) dx dy,

b(x, y, t) := F (x, y, t)(K1(t))
−1,

f(x, y, t) := b(x, y, t)E(t).

Â îáëàñòi QT ðîçãëÿíåìî ìiøàíó çàäà÷ó äëÿ óëüòðàïàðàáîëi÷íîãî
ðiâíÿííÿ ñïåöiàëüíîãî âèãëÿäó

ut +

l∑
i=1

xiuyi −
n∑

i,j=1

(aij(x, y, t)uxi)xj + c(x, y, t)u+
√
u2 + (g(t))2+

+b(x, y, t)

∫
G

(
d(x, y, t)u− k(x, y)

√
u2 + (g(t))2

)
dx dy = f(x, y, t), (1)

u(x, y, 0) = u0(x, y), (x, y) ∈ G, (2)

u|ΣT
= 0, u|S1

T
= 0. (3)

Ââåäåìî ïðîñòîðè:
V1(QT ) := {w : w, wxi ∈ L2(QT ), i = 1, . . . , n, w

∣∣
ΣT

= 0};
V2(QT ) := {w : w ∈W 1,2(QT ), w|S1

T
= 0, w

∣∣
ΣT

= 0}.

Îçíà÷åííÿ 1. Ôóíêöiþ u(x, y, t) íàçâåìî ðîçâ'ÿçêîì çàäà÷i (1) �
(3), ÿêùî u ∈ V2(QT ) ∩ C([0, T ];L2(G)), ñïðàâäæó¹òüñÿ óìîâà (2) òà
äëÿ âñiõ ôóíêöié v ∈ V1(QT ) âèêîíó¹òüñÿ ðiâíiñòü∫

QT

[
utv +

l∑
i=1

xiuyiv +

n∑
i,j=1

aij(x, y, t)uxivxi + c(x, y, t)uv+
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+b(x, y, t)v

∫
G

(
d(x, y, t)u− k(x, y)

√
u2 + (g(t))2

)
dx dy+

+v
√
u2 + (g(t))2

]
dx dy dt =

∫
QT

f(x, y, t)v dx dy dt. (4)

4. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (1) � (3)

Íåõàé K1(t) ̸= 0 äëÿ âñiõ t ∈ [0, T ]. Ðîçãëÿíåìî äîïîìiæíó çàäà÷ó :

çíàéòè ïàðó ôóíêöié (u(x, y, t), q(t)), äëÿ ÿêèõ âèêîíó¹òüñÿ óìîâà (2),
òàêèõ, ùî u ∈ V2(QT ) ∩ C([0, T ];L2(G)), q ∈ L2(0, T ) çàäîâîëüíÿþòü
ðiâíiñòü∫

QT

[
utv +

l∑
i=1

xiuyiv +
n∑

i,j=1

aij(x, y, t)uxivxi + c(x, y, t)uv+

+v
√
u2 + (g(t))2

]
dx dy dt =

∫
QT

F (x, y, t)q(t)v dx dy dt (5)

äëÿ âñiõ v ∈ V1(QT ), òà

q(t)=
(
K1(t)

)−1
(
E(t)−

∫
G

(
d(x, y, t)u−k(x, y)

√
u2 + (g(t))2

)
dx dy

)
(6)

äëÿ âñiõ t ∈ [0, T ].
Óìîâè ðîçâ'ÿçíîñòi çàäà÷i (2), (5), (6) íàâåäåíî â íàñòóïíié òåîðåìi.

Òåîðåìà 1. Íåõàé K1(t) ̸= 0 äëÿ âñiõ t ∈ [0, T ] òà âèêîíóþòüñÿ
óìîâè (A), (C), (E), (F), (G), (K), (S), (U), òà aijyk , aijxi , cyk ∈ L∞(QT ),
Fyk ∈ L2(QT ), i, j = 1, . . . , n, k = 1, . . . , l, F |S1

T
= 0. Òîäi iñíó¹ ¹äèíèé

ðîçâ'ÿçîê çàäà÷i (2), (5), (6).

Äîâåäåííÿ. Ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåì 3 i 4 iç [2]. �
Î÷åâèäíî, ùî ÿêùî (u, q) ¹ ðîçâ'ÿçêîì çàäà÷i (2), (5), (6), òî ôóí-

êöiÿ u ¹ ðîçâ'ÿçêîì çàäà÷i (1) � (3). Îòæå, â òåîðåìi 1 çàïèñàíî óìîâè
iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1) � (3). Ëåãêî âñòàíîâèòè, âèêîðèñòîâóþ÷è
ñõåìó äîâåäåííÿ òåîðåìè 2 ç [1], ùî öåé ðîçâ'ÿçîê ¹äèíèé.

5. Àñèìïòîòè÷íà ïîâåäiíêà ðîçâ'ÿçêó

Ââåäåìî òàêi ïîçíà÷åííÿ:

f1 = max
[0,T ]

∫
G

(F (x, y, t))2 dxdy

 1
2

,
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c0 = sup
[0,T ]

(
sup
G

|c(x, y, t)|2
) 1

2 ,

a1 = max
ij

ess sup
[0,T ]

(ess sup
G

|aij(x, y, t)|2)
1
2 ,

a2 = max
ij

ess sup
[0,T ]

(ess sup
G

|aijxi(x, y, t)|2)
1
2 ,

K1 ∈ R òàêà ñòàëà, ùî

n∑
i=1

∫
G

(kxi(x, y))
2 dxdy

 1
2

+

n∑
i,j=1

∫
G

(kxixj (x, y))
2 dxdy

 1
2

+

+

l∑
i=1

∫
G

(kyi(x, y))
2 dxdy

 1
2

+

∫
G

(k(x, y))2 dxdy

 1
2

6 K1,

β =
a0
κ

+ 2c0 − 3− 2f1K1(na1 + a2 + 1 +mesG+ c0)

k0
,

δ(t) =
2f21
(
(mesG)2K2

1 (g(t))
2 + (E(t))2

)
k20

.

Òåîðåìà 2. Íåõàé u ¹ ðîçâ'ÿçêîì çàäà÷i (1) � (3); ôóíêöiÿ K1(t)
òàêà, ùî |K1(t)| > k0 > 0 äëÿ âñiõ t > 0 i β > 0; âèêîíóþòüñÿ óìî-
âè (A), (C), (E), (F), (G), (K), (S), (U) òà aijxi ∈ L∞(QT ). ßêùî

lim
k→∞

k+1∫
k

|E(τ)|2 dτ = 0, lim
k→∞

k+1∫
k

|g(t)|2 dt = 0, òî lim
t→+∞

∥u(·, ·, t);L2(G)∥ =

0.

Äîâåäåííÿ. Äîìíîæèìî ðiâíÿííÿ (1) íà u òà ïðîiíòåãðó¹ìî ïî G:

∫
G

[
utu+

l∑
i=1

xiuyiu+

n∑
i,j=1

aij(x, y, t)uxiuxj+

+c(x, y, t)(u)2 + u
√
u2 + (g(t))2

]
dx dy+

+

∫
G

b(x, y, t)u dx dy

∫
G

(
d(x, y, t)u− k(x, y)

√
u2 + (g(t))2

)
dx dy =

=

∫
G

f(x, y, t)u dx dy, t > 0. (7)
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Îöiíèìî îêðåìî äîäàíêè ó ëiâié ÷àñòèíi ðiâíîñòi (7), âèêîðèñòàâøè óìî-
âè (A)�(U).

I1 :=
∫
G

[
utu+

l∑
i=1

xiuyiu+

n∑
i,j=1

aij(x, y, t)uxiuxj + c(x, y, t)(u)2+

+u
√
u2 + (g(t))2

]
dx dy > 1

2

d

dt

(∫
G

(u)2 dx dy

)
+

+
1

2

∫
Ω

∫
Γ2

l∑
i=1

xi(u)
2 cos(ν, yi) dσ dx+ a0

∫
G

n∑
i=1

(uxi)
2 dx dy+

+(c0 − 1)

∫
G

(u)2 dx dy − (g(t))2mesG
2

;

I2 :=
∫
G

b(x, y, t)u dx dy

∫
G

(
d(x, y, t)u− k(x, y)

√
u2 + (g(t))2

)
dx dy 6

6
f1K1

(
mesΩ+ na1 + a2 + c0 + 1

)
k0

∫
G

(u)2 dx dy+

+
f1K1|g(t)|mesG

k0

∫
G

(u)2 dx dy

1/2

;

I3 :=
∫
G

f(x, y, t)u dx dy 6 |E(t)|
k0

f1

(∫
G

(u)2 dx dy

)1/2

.

Âðàõîâóþ÷è îöiíêè äîäàíêiâ I1 � I3, ç (7) äëÿ t > 0 îòðèìó¹ìî

1

2

d

dt

∫
G

(u)2 dx dy

+
1

2

∫
Ω

∫
Γ2

l∑
i=1

xi(u)
2 cos(yi, νi) dσ dx+

+

∫
G

(
a0

n∑
i=1

(uxi)
2 + (c0 − 1)(u)2

)
dx dy 6

6 |E(t)|f1 + f1K1|g(t)|mesG
k0

(∫
G

(u)2 dx dy

)1/2

+

+
f1K1

(
mesΩ+ na1 + a2 + c0 + 1

)
k0

∫
G

(u)2 dx dy +
(g(t))2mesG

2
. (8)
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Âèêîðèñòàâøè â (8) íåðiâíiñòü 2|vw| 6 |v|2 + |w|2, v, w ∈ R, îòðèìà¹ìî

1

2

d

dt

∫
G

(u)2 dx dy

+
1

2

∫
Ω

∫
Γ2

l∑
i=1

xi(u)
2 cos(yi, νi) dσ dx+

∫
G

[
a0

n∑
i=1

(uxi)
2 +

(
c0 −

3

2
−

−
f1K1

(
mesΩ+ na1 + a2 + c0 + 1

)
k0

)
(u)2

]
dx dy 6 δ(t)

2
, t > 0. (9)

Çàñòîñîâóþ÷è â (9) íåðiâíiñòü Ôðiäðiõñà
∫
Ω

(v(x))2 dx≤κ
∫
Ω

n∑
i=1

(vxi(x))
2 dx,

ÿêà âèêîíó¹òüñÿ äëÿ äîâiëüíî¨ ôóíêöi¨ v ∈W 1,2
0 (Ω), à ñòàëà κ çàëåæèòü

âiä Ω, îòðèìà¹ìî

d

dt

∫
G

(u)2 dx dy

+ β

∫
G

(u)2 dx dy 6 δ(t), t > 0. (10)

Ïðîiíòåãðóâàâøè íåðiâíiñòü (10), çíàéäåìî

∫
G

(u)2 dx dy 6 e−βt
∫
G

(u0(x, y))
2 dx dy +

t∫
0

e−β(t−τ)δ(τ) dτ, t > 0. (11)

Iç (11) îòðèìó¹ìî íåðiâíiñòü

∫
G

(u)2 dx dy 6 e−βt
∫
G

(u0(x, y))
2 dx dy+

∑
06k6[t]

e−β(t−k−1)

k+1∫
k

δ(τ) dτ. (12)

Ç óìîâ òåîðåìè âèïëèâà¹, ùî
∑

06k6[t]

e−β(t−k)
k+1∫
k

δ(τ) dτ → 0 ïðè t→ +∞.

Òîäi ç (12) çíàéäåìî, ùî
∫
G

(u(x, y, t))2 dx dy → 0 ïðè t→ ∞.

�
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Nataliya Protsakh

INITIAL-BOUNDARY VALUE PROBLEM FOR NONLINEAR
SPECIAL TYPE ULTRAPARABOLIC EQUATION

The initial-boundary value problem for nonlinear ultraparabolic equa-
tion with the integral term of a special type is considered in this paper.
Some su�cient conditions of the existence and uniqueness of solution
from Sobolev spaces and conditions when the norm of the solution in
Lebesque spases tends to zero as the time variable grows are obtained
for this problem.
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Mariya Ptashnyk1

HOMOGENIZATION OF DEGENERATE
PSEUDOPARABOLIC VARIATIONAL INEQUALITIES

Multiscale analysis of a degenerate pseudoparabolic variational
inequality, modelling two-phase �ow with dynamical capillary pressure
in a perforated domain, is the main topic of this work. Regularizati-
on and penalty operator methods are applied to show the existence
of a solution of the microscopic variational inequality. A priori esti-
mates and the method of two-scale convergence are used to derive the
corresponding macroscopic obstacle problem.

1. Introduction

Pseudoparabolic equations are used to model �uid �ltration in �ssured
porous media [3], heat transfer in a heterogeneous medium [29], two-phase
�ow in porous media with dynamical capillary pressure [9], or to regularise
ill-posed transport problems [4, 22]. Pseudoparabolic variational inequaliti-
es can be used to describe obstacle [31] and free boundary problems [10].
The well-posedness for pseudoparabolic equations and variational inequa-
lities was considered by many authors [5, 6, 10, 15, 19, 25, 26, 31, 32]. Multi-
scale analysis for non-degenerate pseudoparabolic equations was considered
in [24] and the method of two-scale convergence was applied to derive the
corresponding macroscopic equations. Along with multiscale analysis results
for elliptic [7, 11, 14, 28, 30] and parabolic [13, 18] variational inequalities,
to the best of our knowledge, there are no results on homogenization of
pseudoparabolic variational inequalities.

In this paper we consider multiscale analysis of degenerate pseudopara-
bolic variational inequalities modelling an obstacle problem for unsaturated
�ow in porous media with dynamic capillary pressure. Global existence
results for the corresponding degenerale pseudoparabolic equations are obtai-
ned in [6, 19]. Models for two-phase �ow with dynamical capillary pressure,
originally proposed by [12,23], consider a �ux for moisture content u de�ned
by a Darcy's law

J = −Ak(u)∇(p+ xn),

1Mathematics, University of Dundee, DD1 4HN Dundee, Scotland, UK,

mptashnyk@maths.dundee.ac.uk
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with some constant A and permeability function k(u), and the pressure in
the wetting phase p is assumed to be a function of moisture content u and
its time derivative ∂tu, e.g.,

p = −P̃c(u) + τ∂tu,

in a simpli�ed form. Then for u we obtain a pseudoparabolic equation of the
from

∂tu = ∇ ·
(
Ak(u)[Pc(u)∇u+ τ∇∂tu+ en]

)
, (1)

where Pc(u) = −P̃ ′
c(u), A and τ are positive constants, and vector en =

(0, . . . , 0, 1) determines the direction of �ow due to gravity.
In this work we consider a two-phase �ow problem in a perforated domain

with Signorini's type conditions on the surfaces of perforations:

u ≥ 0, A k(u)(Pc(u)∇u+ τ∇∂tu+ en) · ν ≥ −f(t, x, u),
u[Ak(u)(Pc(u)∇u+ τ∇∂tu+ en) · ν + f(t, x, u)] = 0.

(2)

Then a weak formulation of equation (1) together with conditions (2) results
in a pseudoparabolic variational inequality of the form (5). In our analysis
of the thin obstacle problem (1), (2), de�ned in a heterogeneous perforated
domain Gε, where ε denotes a characteristic size of perforations, we shall
consider a function A(x) describing the heterogeneity of the medium, instead
of a constant A, and a more general convection term, describing �ow trans-
port by a given velocity �eld.

The paper is organised as follows. In Section 2 we formulate the micro-
scopic thin obstacle problem de�ned in a perforated domain Gε. In Section 3
we derive a priori estimates and show the existence of a solution of pseudo-
parabolic variational inequality (5). In Section 4 we prove convergence results
as ε→ 0 and derive macroscopic problem de�ned in a homogeneous domain
G with the constraint u(t, x) ≥ 0 in (0, T )×G. In Appendix we summarize
main compactness results for the two-scale convergence.

2. Formulation of mathematical problem

In this work we consider an obstacle problem formulated as a variational
inequality of the form

u ∈ K(t),

⟨∂tb(u), v − u⟩+ ⟨A(x,∇u, ∂t∇u),∇(v − u)⟩ ≥ ⟨R(t, x, u), v − u⟩
(3)

for v ∈ L2(0, T ;K(t)), where K(t) is a closed convex set in H1(G). We shall
consider the variational inequality (3) de�ned in a perforated domain with
a periodic microscopic structure.
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To de�ne the microscopic perforated domain Gε, where ε denotes the
characteristic size of perforations, we consider a bounded domain G ⊂ Rn,
for n ≤ 3, with a Lipschitz boundary ∂G, a unit cell Y , a subset Y 0, with
Y 0 ⊂ Y and Lipschitz boundary Γ = ∂Y 0, and denote Y ∗ = Y \ Y 0. Then

Gε0 =
∪
ξ∈Ξε

ε(Y 0 + ξ),

where Ξε = {ξ ∈ Zn : ε(Y 0 + ξ) ⊂ G} and the microscopic domain Gε is
given by Gε = G \Gε0. The boundaries of perforations are de�ned as

Γε =
∪
ξ∈Ξε

ε(Γ + ξ).

In the variational inequality in (3) we consider

Aε(x,∇uε, ∂t∇uε) = Aε(x)k(uε)(Pc(u
ε)∇uε +∇∂tuε)− F ε(t, x, uε),

and R(t, x, u) = 0, where the functions b, Aε, k, Pc, and F ε are speci�ed
below. On the microscopic boundaries Γε we specify following conditions

uε ≥ 0,(
Aε(x)k(uε)[Pc(u

ε)∇uε + ∂t∇uε]− F ε(t, x, uε)
)
· ν ≥ −εfε(t, x, uε),

uε
[(
Aε(x)k(uε)[Pc(u

ε)∇uε + ∂t∇uε]− F ε(t, x, uε)
)
· ν + εfε(t, x, uε)

]
= 0.

Then the closed convex set Kε is de�ned as

Kε = {v ∈ H1(Gε) : v = κD on ∂G, v ≥ 0 on Γε}, (4)

with some constant 0 < κD ≤ 1, and the corresponding variational inequality
reads

⟨∂tb(uε), v − uε⟩Gε
T

+ ⟨Aε(x)k(uε)[Pc(uε)∇uε + ∂t∇uε],∇(v − uε)⟩Gε
T

− ⟨F ε(t, x, uε),∇(v − uε)⟩Gε
T
+ ⟨εfε(t, x, uε), v − uε⟩Γε

T
≥ 0,

(5)

for v − κD ∈ L2(0, T ;V ) and v(t) ∈ Kε, where

V = {v ∈ H1(Gε) : v = 0 on ∂G}.

We use notation GT = (0, T )×G, GεT = (0, T )×Gε, ΓT = (0, T )× Γ, and
ΓεT = (0, T )× Γε, and

⟨ϕ, ψ⟩Gε
T
=

∫ T

0

∫
Gε

ϕψdxdt, for ϕ ∈ Lp(0, T ;Lq(Gε)), ψ ∈ Lp
′
(0, T ;Lq

′
(Gε)),

⟨ϕ, ψ⟩Γε
T
=

∫ T

0

∫
Γε

ϕψdγdt, for ϕ ∈ Lp(0, T ;Lq(Γε)), ψ ∈ Lp
′
(0, T ;Lq

′
(Γε)).
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Assumption 1.

1) k : R → R is Lipschitz continuous, with k(z) > 0 for z > 0 and

k(0) = 0, e.g. k(z) = ϑkz
β

1+γkzβ
for some ϑk, γk > 0 and β ≥ 1,

Pc(z) =
ϑpz−λ

1+γpzλ
for ϑp, γp, λ > 0 and |k(z)Pc(z)| ≤ C <∞ for z ≥ 0.

2) A ∈ L∞(Y ) is extended Y -periodically to Rn, and A(y) ≥ a0 > 0 for
y ∈ Y , and Aε(x) = A(x/ε).

3) b : R → R is continuous, nondescreasing, and continuously di�erenti-
able for z > 0, b(z) ≥ 0 for z ≥ 0, b(0) = 0, and |b′(z)| ≤ γb(1 + z2)
for z ≥ 1 and γb > 0, e.g. b(z) = ϑbz

α, with 0 < α ≤ 3 and ϑb > 0.

4) F ε : R+ × Rn × R → Rn is Lipschitz continuous, and F ε(t, x, z) =

Qε(t, x)H(z) + k(z)g, where |H ′(z)(b′(z))−
1
2 | ≤ C for z ≥ 0, g ∈ Rn,

∇x ·Qε(t, x) = 0 for (t, x) ∈ GεT , Q
ε(t, x) ·ν = 0 on ΓεT , and Q

ε(t, x) →
Q(t, x, y) strongly two-scale, Q ∈ L2(GT ,Hdiv(Y

∗)) ∩ L∞(GT × Y ∗),
where Hdiv(Y

∗) = {v ∈ L2(Y ∗)n,∇y · v = 0, v is Y -periodic}.

5) fε(t, x, ξ) = f0(t, x/ε)f1(ξ), where f1 ∈ C1
0 (R), with ξf1(ξ) ≥ 0,

f1(0) = 0, and
∣∣∣f1(ξ) ∫ κDξ 1/k(η) dη

∣∣∣ ≤ C for 0 ≤ ξ ≤ κD, and

f0 ∈ C1([0, T ];C1
per(Γ)) with f0(t, y) ≥ 0 for (t, y) ∈ ΓT .

6) Initial condition u0 ∈ K and
∫ uεδ(0)
κD

b′(ξ)
∫ ξ
κD

dz
k(z) dξ ∈ L1(G), where

K = {v ∈ H1(G) : v = κD on ∂G, v ≥ 0 in G}. (6)

De�nition 1. A solution of (5) is a function uε−κD ∈ L2(0, T ;V ), such
that ∂tb(uε) ∈ L2(0, T ;Lr(Gε)), with r ≥ 6/5,

√
k(uε)∇∂tuε ∈ L2(GεT ), and

uε(t) ∈ Kε, and uε satis�es variational inequality (5) for v ∈ L2(0, T ;Kε),
and initial condition uε(t) → u0 in L2(Gε) as t→ 0.

3. A priori estimates and existence result

Similar to [19], in order to prove the existence result for variational
inequality (5), we �rst consider a regularisation of functions b, k, and Pc,
given by bδ(v) = b(v+ + δ) and bδ(v) = b(v) if b(v) = ϑbv for ϑb > 0,
kδ(v) = k(v++δ), and Pc,δ(v) = Pc(v

++δ), where δ > 0 and v+ = sup{v, 0}.
Then the corresponding regularised problem reads

⟨∂tbδ(uεδ), v − uεδ⟩Gε
T
+ ⟨Aε(x)kδ(uεδ)[Pc,δ(uεδ)∇uεδ + ∂t∇uεδ],∇(v − uεδ)⟩Gε

T

−⟨F ε(t, x, uεδ),∇(v − uεδ)⟩Gε
T
+ ⟨εfε(t, x, uεδ), v − uεδ⟩Γε

T
≥ 0, (7)
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and uεδ(t) ∈ Kε, for v ∈ L2(0, T ;Kε).

To show the existence of a solution of problem (7) we apply the penalty
method and consider

∂tbδ(u
ε
δ,µ)−∇ ·

(
Aε(x)kδ(u

ε
δ,µ)[Pc,δ(u

ε
δ,µ)∇uεδ,µ + ∂t∇uεδ,µ]

)
+∇ · F ε(t, x, uεδ,µ) +

1

µ
B(uεδ,µ − κD) = 0 in GεT ,(

Aε(x)k(uεδ,µ)[Pc,δ(u
ε
δ,µ)∇uεδ,µ + ∂t∇uεδ,µ]− F ε(t, x, uεδ,µ)

)
· ν

= −εfε(t, x, uεδ,µ) on ΓεT ,

(8)

where µ > 0 and a penalty operator B : L2(0, T ;V ) → L2(0, T ;V ′) is
monotone, bounded, hemicontinuous, and B(v − κD) = 0 for v(t) ∈ Kε.
Then performing calculations in the same way as in [6, 19, 25], by using the
Galerkin method and a priori estimates similar to those in (9), we obtain the
existence of a unique weak solution uεδ −κD ∈ H1(0, T ;V ), with uεδ(t) ∈ Kε,
of regularised problem (7), for every �xed ε > 0 and δ > 0. Notice that
in (7) we have 0 < ϑkδ

β ≤ kδ(ξ) ≤ k1 < ∞, 0 ≤ Pc,δ(ξ) ≤ pc(δ) < ∞, and
b′δ(ξ) ≥ ϑbδ

α−1 > 0. In the derivation of a priori estimates for (8) we use
that B(u0 − κD) = 0 and∫ T

0
⟨B(uεδ,µ − κD), ∂tu

ε
δ,µ⟩V ′,V dt ≥ 0,

where ⟨ϕ, ψ⟩V ′,V denotes the dual product between ϕ ∈ V ′ and ψ ∈ V .
Assumptions on b and estimates for uεδ,µ in H1(0, T ;H1(Gε)) ensure the
boundedness of ∂tbδ(uεδ,µ) in L

2(GεT ).

Lemma 1. Under Assumption 1 and if β ≥ λ > 4 + α for n = 3 and
β ≥ λ > 3 + α for n = 1, 2, solutions of variational inequality (7) are
non-negative and satisfy the following a priori estimates

∥(uεδ + δ)1+α−β∥L∞(0,T ;L1(Gε)) + ∥
√
Pc,δ(u

ε
δ)∇u

ε
δ∥L2((0,T )×Gε) ≤ C,

∥∇uεδ∥L∞(0,T ;L2(Gε)) + ∥bδ(uεδ)∥L∞(0,T ;L2(Gε)) ≤ C,

∥
√
kδ(u

ε
δ)∂t∇u

ε
δ∥L2((0,T )×Gε) + ∥

√
b′δ(u

ε
δ)∂tu

ε
δ∥L2((0,T )×Gε) ≤ C,

∥∂tbδ(uεδ)∥L2(0,T ;Lr(Gε)) + ∥∇∂tuεδ∥Lp((0,T )×Gε) ≤ C,

(9)

for 1 < p < 2 de�ned in (18), r = 6/5 for n = 3 and 1 < r < 4/3 for
n = 1, 2, and the constant C > 0 is independent of ε and δ.

Proof. To show that solutions of (7) are non-negative we consider vεδ =
uεδ − h̃((uεδ)

−) as a test function in (7), where u− = min{u, 0} and

h̃(w) =

∫ w

0

1

kδ(ξ)
dξ.
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Notice that vεδ(t, x) = κD ≥ 0 on ∂G and vεδ(t, x) ≥ 0 on Γε for t ∈ (0, T ).
The de�nition of h̃ implies that h̃((uεδ)

−) = 0 if uεδ ≥ 0 and h̃((uεδ)
−) < 0 for

uεδ < 0, we have that h̃((uεδ)
−) = kδ(δ)

−1(uεδ)
−. Then we obtain

⟨∂tbδ(uεδ), h̃((uεδ)−)⟩Gε
T
+ ⟨Aε(x)(Pc,δ(uεδ)∇uεδ + ∂t∇uεδ),∇(uεδ)

−⟩Gε
T

−⟨F ε(t, x, uεδ),∇h̃((uεδ)−)⟩Gε
T
+ ε⟨fε(t, x, uεδ), h̃((uεδ)−)⟩Γε

T
≤ 0.

(10)

Using the de�nition of h̃ and properties of f ε, for the boundary term we
have

⟨εfε(t, x, uεδ), h̃((uεδ)−)⟩Γε
T
= ⟨εfε(t, x, uεδ), h̃((uεδ)−)χuεδ≤0⟩Γε

T
≥ 0.

Assumptions on F ε and the boundary conditions on ∂Gε imply

⟨F ε(uεδ, t, x),∇h̃((uεδ)−)⟩Gε
T
= ⟨g,∇(uεδ)

−⟩Gε
T

+

∫ T

0

∫
Gε

∇ · H̃ε
δ (t, x, (u

ε
δ)

−)dxdt = 0,

where H̃ε
δ (t, x, v) = Qε(t, x)

∫ v
0 H(ξ)/kδ(ξ) dξ. Assumptions on b, the de�ni-

tion of h̃, and the non-negativity of initial data ensure

⟨∂tbδ(uεδ), h̃((uεδ)−)⟩Gε
T
= ⟨∂tbδ((uεδ)−), h̃((uεδ)−)⟩Gε

T

=

∫
Gε

∫ (uεδ(T ))
−

0
b′δ(ξ)

∫ ξ

0

dη

kδ(η)
dξdx ≥ 0.

Then the non-negativity of initial conditions, i.e. u0(x) ≥ 0 in G, and
assumptions on A yield

sup
(0,T )

∥∇(uεδ)
−∥L2(Gε) = 0,

and using the non-negativity of uεδ on (0, T )× ∂Gε we conclude uεδ(t, x) ≥ 0
a.e. in (0, T )×Gε.

To derive a priori estimates in (9), we �rst consider vεδ = uεδ − hδ(u
ε
δ) as

a test function in (7), where

hδ(v) = θ

∫ v

κD

1

kδ(ξ)
dξ and θ = min

z≥κD
k(z) > 0,

and obtain

⟨∂tbδ(uεδ), hδ(uεδ)⟩Gε
s
+ θ⟨Aε(x)(Pc,δ(uεδ)∇uεδ + ∂t∇uεδ),∇uεδ⟩Gε

s

−⟨F εδ (t, x, uεδ),∇hδ(uεδ)⟩Gε
s
+ ⟨εfε(t, x, uεδ), hδ(uεδ)⟩Γε

s
≤ 0

(11)

for s ∈ (0, T ]. Notice that hδ(v) < 0 for v < κD, hδ(κD) = 0, and 0 <
hδ(v) ≤ v for v > κD. Using those results we obtain that vεδ(t) ∈ Kε for



Homogenization of degenerate pseudoparabolic variational inequalities 213

uεδ(t) ∈ Kε, since vεδ(t) ≥ 0 on Γε if uεδ(t) ≥ 0 on Γε and vεδ(t) = κD on ∂G
if uεδ(t) = κD on ∂G.

We shall estimate each term in (11) separately. The boundary integral
can be written as

⟨εfε(t, x, uεδ), hδ(uεδ)⟩Γε
s
= ⟨εfε(t, x, uεδ), hδ(uεδ)χuεδ<κD⟩Γε

s

+⟨εfε(t, x, uεδ), hδ(uεδ)χuεδ≥κD⟩Γε
s
.

Then assumptions on fε imply

⟨εfε(t, x, uεδ), hδ(uεδ)χuεδ≥κD⟩Γε
s
≥ 0,∣∣⟨εfε(t, x, uεδ), hδ(uεδ)χuεδ<κD⟩Γε

s

∣∣ ≤ C,

where the constant C is independent of δ and ε. To estimates the third term
in (11) we consider the properties of Qε and H and obtain

⟨F ε(t, x, uεδ),∇hδ(uεδ)⟩Gε
s
= ⟨g,∇uεδ⟩Gε

s
+

∫ s

0

∫
Gε

∇ · Hε
δ(t, x, u

ε
δ)dxdt,

where Hε
δ(t, x, v) = θ Qε(t, x)

∫ v
κD
H(ξ)/kδ(ξ) dξ. Using Qε(t, x) ·ν = 0 on Γε

and Hε
δ(t, x, κD) = 0 yields∫ s

0

∫
Gε

∇ · Hε
δ(t, x, u

ε
δ)dxdt =

∫ s

0

∫
∂Gε

Hε
δ(t, x, u

ε
δ) · ν dγxdt = 0.

The �rst term in (11) can be write as

⟨∂tbδ(uεδ), hδ(uεδ)⟩Gε
s
=

∫
Gε

s

∂t

∫ uεδ

κD

b′δ(ξ)hδ(ξ) dξdxdt

=

∫
Gε

∫ uεδ(s)

κD

b′δ(ξ)hδ(ξ) dξdx−
∫
Gε

∫ uεδ(0)

κD

b′δ(ξ)hδ(ξ) dξdx.

The de�nition of hδ and properties of function b ensure that for uεδ ≤ κD∫
Gε

∫ uεδ(s)

κD

b′δ(ξ)hδ(ξ) dξdx =

∫
Gε

∫ κD

uεδ(s)
b′δ(ξ)

∫ κD

ξ

dη

kδ(η)
dξdx

≥ C1

∫
Gε

|uεδ + δ|(1+α−β)dx− C2

for s ∈ (0, T ], where the constants C1 and C2 are independent of δ and ε.
For uεδ > κD, the monotonicity of b ensures∫

Gε

∫ uεδ(s)

κD

b′δ(ξ)hδ(ξ) dξdx = θ

∫
Gε

∫ uεδ(s)

κD

b′δ(ξ)

∫ ξ

κD

1

kδ(η)
dη dξ dx ≥ 0
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for s ∈ (0, T ]. Then integrating by parts and using assumptions on the initial
condition yield

∫
Gε

[∫ uεδ(s)

κD

b′δ(ξ)hδ(ξ)dξ χuεδ≤κD + bδ(u
ε
δ(s))hδ(u

ε
δ(s))χuεδ≥κD

]
dx

+

∫
Gε

|∇uεδ(s)|2dx+

∫
Gε

s

Pc,δ(u
ε
δ)|∇uεδ|2dxdt

≤ C1 + C2

∫
Gε

∫ uεδ(0)

κD

b′δ(ξ)hδ(ξ) dξdx+ C3

∫
Gε

|∇uεδ(0)|2dx

(12)

for s ∈ (0, T ], where the constants Cj , with j = 1, 2, 3, are independent of ε
and δ. Hence, using assumptions on u0, we obtain

sup
(0,T )

∫
Gε

|uεδ + δ|1+α−βχuεδ≤κDdx+ sup
(0,T )

∫
Gε

|∇uεδ|2dx

+

∫ T

0

∫
Gε

Pc,δ(u
ε
δ)|∇uεδ|2dxdt ≤ C,

(13)

with a constant positive C independent of ε and δ.
To derive an estimate for

√
kδ(u

ε
δ)∂t∇u

ε
δ we need to use the equation

with the penalty operator (8). Testing (8) by vε = ∂tu
ε
δ,µ yields

⟨Aε(x)kδ(uεδ,µ)[Pc,δ(uεδ,µ)∇uεδ,µ + ∂t∇uεδ,µ], ∂t∇uεδ,µ⟩Gε
τ

+ ⟨∂tbδ(uεδ,µ), ∂tuεδ,µ⟩Gε
τ
− ⟨F ε(t, x, uεδ,µ),∇∂tuεδ,µ⟩Gε

τ

+ ⟨εfε(t, x, uεδ,µ), ∂tuεδ,µ⟩Γε
τ
+

1

µ
⟨B(uεδ,µ − κD), ∂tu

ε
δ,µ⟩V ′,Vτ = 0,

(14)

for τ ∈ (0, T ], where the penalty operator is given by B = J(I − PKε),
with PKε : V → Kε − κD being the projection operator on Kε − κD and
J : V → V ′ a dual mapping, which can be chosen as

⟨J(u), v⟩V ′,V =

∫
Gε

(
u v +∇u∇v

)
dx.

Using the following property of the projection operator

⟨J(u− PKεu), PKεu− v⟩V ′,V ≥ 0 for v ∈ Kε − κD,

for the di�erence quotient of PKεu with respect to the time variable we
obtain

0 ≤ 1

h
⟨J(u− PKεu), PKu− PKεu(· − h)⟩V ′,V .
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Then, the last inequality, together with the regularity ∂tuεδ,µ ∈ L2(0, T ;V )
and the fact that u0, κD ∈ Kε, yields

∫ τ

0
⟨B(ũεδ,µ), ∂tuεδ,µ⟩V ′,V dt = lim

h→0

N∑
j=1

⟨
B(ũεδ,µ(tj)), uεδ,µ(tj)− uεδ,µ(tj−1)

⟩
V ′,V

= lim
h→0

N∑
j=1

[⟨
J(ũεδ,µ − PKε ũεδ,µ)(tj), (ũ

ε
δ,µ − PKε ũεδ,µ)

∣∣∣ti
tj−1

⟩
V ′,V

+
⟨
J(ũεδ,µ − PKε ũεδ,µ)(tj), PKε ũεδ,µ(tj)− PKε ũεδ,µ(tj−1)

⟩
V ′,V

]
dt

≥ 1

2

∫
Gε

[
|(ũεδ,µ − PKε ũεδ,µ)(τ)|2 + |∇(ũεδ,µ − PKε ũεδ,µ)(τ)|2

]
dx ≥ 0,

where ũεδ,µ = uεδ,µ − κD and tj = jh for j = 1, . . . , N , N ∈ N, with tN =
Nh = τ . Using assumptions on k and Pc and applying H�older's inequality
yield

⟨Aε(x)kδ(uεδ,µ)Pc,δ(uεδ,µ)∇uεδ,µ, ∂t∇uεδ,µ⟩Gε
τ
≤ σ∥

√
kδ(u

ε
δ,µ)∂t∇u

ε
δ,µ∥L2(Gε

τ )

+Cσ∥kδ(uεδ,µ)Pc,δ(uεδ,µ)∥L∞(Gε
τ )
∥
√
Pc,δ(u

ε
δ,µ)∇u

ε
δ,µ∥L2(Gε

τ )

for some 0 < σ ≤ a0/8. The boundary term can be written as

⟨εfε(t, x, uεδ,µ), ∂tuεδ,µ⟩Γε
τ
= ε

∫
Γε
τ

∂t

∫ uεδ,µ

κD

fε(t, x, ξ) dξdγdt

−ε
∫
Γε
τ

∫ uεδ,µ

κD

∂tf
ε(t, x, ξ) dξdγdt.

Then assumptions on fε imply

∣∣⟨εfε(t, x, uεδ,µ), ∂tuεδ,µ⟩Γε
τ

∣∣ ≤ σε
[ ∫

Γε

|uεδ,µ(τ)|2dγ +

∫
Γε
τ

|uεδ,µ|2dγdt
]
+ Cσ,

with some C independent of µ, ε and δ. Then the trace estimate

ε∥v∥2L2(Γε) ≤ C
[
∥v∥2L2(Gε) + ε2∥∇v∥2L2(Gε)

]
,

which follows from the de�nition of Gε and Γε, the standard trace estimate
for v ∈ H1(Y ∗), and a scaling argument, combined with the properties of an
extension of uεδ,µ from Gε into G, see Lemma 2, and the Dirichlet boundary
condition on ∂G, ensures∣∣⟨εfε(t, x, uεδ,µ), ∂tuεδ,µ⟩Γε

τ

∣∣ ≤ σ1
[
∥∇uεδ,µ(τ)∥2L2(Gε) + ∥∇uεδ,µ∥2L2(Gε

τ )

]
+ C,
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with 0 < σ1 ≤ a0/8. The assumptions on F ε and k and the fact that
∂tu

ε
δ,µ(t, x) = 0 on (0, T )× ∂G yield

⟨F ε(t, x, uεδ,µ),∇∂tuεδ,µ⟩Gε
τ
= ⟨g kδ(uεδ,µ),∇∂tuεδ,µ⟩Gε

τ

− ⟨Qε(t, x)H ′(uεδ,µ)(b
′
δ(u

ε
δ,µ))

− 1
2∇uεδ,µ,

√
b′δ(u

ε
δ,µ)∂tu

ε
δ,µ⟩Gε

τ

and, applying H�older inequality,

|⟨F ε(t, x, uεδ,µ),∇∂tuεδ,µ⟩Gε
τ
| ≤ σ1∥

√
kδ(u

ε
δ,µ)∇∂tu

ε
δ,µ∥2L2(Gε

τ )

+ σ2∥
√
b′δ(u

ε
δ,µ)∂tu

ε
δ,µ∥2L2(Gε

τ )
+ C1∥∇uεδ,µ∥2L2(Gε

T ) + C2,

for 0 < σ1 ≤ a0/8, 0 < σ2 ≤ 1/4 and C1, C2 are independent of µ, ε, and δ.
Then, using the estimate for ∇uεδ,µ in L∞(0, T ;L2(Gε)), which can be

derived in a similar way as the corresponding estimate for ∇uεδ in (13), we
obtain

∥
√
b′δ(u

ε
δ,µ)∂tu

ε
δ,µ∥L2(Gε

τ )
+ ∥
√
kδ(u

ε
δ,µ)∂t∇u

ε
δ,µ∥L2(Gε

τ )
≤ C,

for any τ ∈ (0, T ] and a constant C independent of µ, ε and δ. Considering
µ→ 0 and using continuity and strict positivity of kδ and b′δ, together with
lower-semicontinuity of a norm, we obtain the third estimate in (9).

If b is Lipschitz continuous we also have

∥∂tbδ(uεδ)∥2L2(Gε
T ) ≤ sup

(t,x)∈Gε
T

|b′δ(uεδ)| ∥
√
b′δ(u

ε
δ)∂tu

ε
δ∥2L2(Gε

T ) ≤ C.

Otherwise, we can consider

∥∂tbδ(uεδ)∥L2(0,T ;Lr(Gε)) = ∥b′δ(uεδ)∂tuεδ∥L2(0,T ;Lr(Gε))

≤ sup
(0,T )

∥
√
b′δ(u

ε
δ)∥

2−r
r

L
2r
2−r (Gε)

∥
√
b′δ(u

ε
δ)∂tu

ε
δ∥2L2(Gε

T ),

for some 1 < r < 2. Then the �rst estimate in (9) for 0 ≤ uεδ(t, x) ≤ 1 and
assumptions on b′ for uεδ(t, x) ≥ 1, combined with the uniform boundedness
of ∥uεδ∥L∞(0,T ;H1(Gε)), ensure

sup
(0,T )

∥
√
b′δ(u

ε
δ)∥

2−r
r

L
2r
2−r (Gε)

≤ C,

where r = 6/5 for n = 3 and 1 < r < 4/3 for n = 1, 2.
From assumptions on b and the estimate for uεδ in L

∞(0, T ;H1(Gε)), we
also obtain the boundedness of bδ(uεδ) in L

∞(0, T ;L2(Gε)), uniformly in ε
and δ.
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To derive the estimate for ∇∂tuεδ in Lp((0, T ) × Gε), with some p > 1,
we follow the same ideas as in [19]. Using assumptions on Pc and uεδ ≥ 0 we
can rewrite the term

√
Pc,δ(u

ε
δ)∇u

ε
δ as

∇
∫ uεδ

0

√
Pc,δ(ξ)dξ,

where ∫ uεδ

0

√
Pc,δ(ξ)dξ = C1

[
(uεδ + δ)1−λ/2 − δ1−λ/2

]
+ C2,

with some constants C1 and C2 independent of ε and δ. Then the estimate
for Pc,δ(uεδ)|∇uεδ|2, together with the Dirichlet boundary condition on ∂G,
implies that (uεδ + δ)1−λ/2 ∈ L2(0, T ;H1(Gε)). Considering an extension

(uεδ + δ)
1−λ

2 of (uεδ + δ)1−
λ
2 from Gε into G, see Lemma 2 applied to vε =

(uεδ + δ)1−
λ
2 , we obtain

∥∇(uεδ + δ)
1−λ/2∥L2((0,T )×G) ≤ C1∥∇(uεδ + δ)1−λ/2∥L2((0,T )×Gε) ≤ C2,

∥(uεδ + δ)1−λ/2∥L2((0,T )×Gε) ≤ ∥(uεδ + δ)
1−λ/2∥L2((0,T )×G)

≤ C3∥∇(uεδ + δ)
1−λ/2∥L2((0,T )×G) + C4 ≤ C5,

where the constants Cj , with j = 1, . . . , 5, are independent of δ and ε.

Notice that the extension (uεδ + δ)
1−λ/2

satis�es the same Dirichlet boundary
condition as the original function (uεδ+δ)

1−λ/2. Then the Sobolev embedding
theorem ensures

∥(uεδ + δ)
1−λ/2∥L2(0,T ;C(G)) ≤ C, for n = 1,

∥(uεδ + δ)
1−λ/2∥L2(0,T ;Lr(G)) ≤ C, for n = 2, r ∈ (1,+∞),

∥(uεδ + δ)
1−λ/2∥L2(0,T ;Lq(G)) ≤ C, for n ≥ 3, q = 2n/(n− 2),

(15)

with a constant C > 0 independent of ε and δ.
For θ and θ1 such that (1− λ/2)θ+ (1+ α− β)θ1 = −γβ, where β is as

in the assumption on k and γ > 1, we obtain∫
Gε

(uεδ + δ)−γβdx =

∫
Gε

(uεδ + δ)(1−λ/2)θ(uεδ + δ)(1+α−β)θ1dx

≤
(∫

Gε

(uεδ + δ)(1−λ/2)pdx
)θ/p(∫

Gε

(uεδ + δ)(1+α−β)θ1p1dx
)1/p1

≤
(∫

G
(uεδ + δ)(1−λ/2)pdx

)θ/p(∫
Gε

(uεδ + δ)(1+α−β)θ1p1dx
)1/p1

.

(16)

For n = 3 we have p = 6 and p1 = 6/(6 − θ). Then the estimate for
(uεδ + δ)(1+α−β) in L1((0, T )×Gε) yields θ1 = 1− θ/6 and the integrability
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of (uεδ + δ)
1−λ/2

with respect to the time variable implies θ = 2. Hence
−γβ = 2− λ+ 2

3(1 + α− β) and in order to ensure that γ > 1 we require

− 1

β

(
8

3
+

2

3
α− λ− 2

3
β

)
> 1 ⇐⇒ 8

3
+

2

3
α+

β

3
< λ.

If n = 2 the H�older exponents in (16) are p = r/θ and 1/p1 = 1 − θ/r, for
any r ≥ 2. Thus we obtain θ = 2, θ1 = 1− 2/r and

−γβ = (2− λ) + (1 + α− β)(1− 2/r).

For n = 1 the estimate ∥(uεδ + δ)
1−λ/2∥L2(0,T ;C(G)) ≤ C ensures

−γβ = (2− λ) + (1 + α− β) = 3 + α− λ− β,

and for γ > 1 we require that β ≥ λ > 3 + α.
Then, using (15) and (16), we obtain the following estimate∫ T

0

∫
Gε

|∇∂tuεδ|pdxdt =
∫ T

0

∫
Gε

|kδ(uεδ)
1
2∇∂tuεδ|pkδ(uεδ)−

p
2 dxdt

≤
(∫ T

0

∫
Gε

kδ(u
ε
δ)|∇∂tuεδ|2dxdt

) p
2
(∫ T

0

∫
Gε

kδ(u
ε
δ)

− p
2−pdxdt

)1− p
2

≤ C1

(∫ T

0

∫
Gε

kδ(u
ε
δ)

− p
2−pdxdt

)1− p
2

(17)

for some 1 < p < 2. Assumptions on k and conditions on α, β and λ,
speci�ed in the formulation of the lemma, ensure that there exists such
p = p(β, λ, α, n) > 1 that

∥kδ(uεδ)−p/(2−p)∥L1((0,T )×Gε) ≤ C2,

where C2 is independent of ε and δ and the exponent p is de�ned as

p =
2(3λ+ 2β − 2α− 8)

3λ+ 5β − 2α− 8
for n = 3,

with β ≥ λ > 4 + α,

p =
2[2(1 + α− β) + r(λ+ β − 3− α)]

2(1 + α− β) + r(λ+ 2β − 3− α)
for n = 2, any r ≥ 2,

and β ≥ λ > 3 + α,

p =
2[λ+ β − 3− α]

2β + λ− 3− α
for n = 1, with β ≥ λ > 3 + α.

(18)

This implies the last estimate in (9). �
To ensure that in the derivation of a priori estimates the embedding and

Poincar�e constants are independent of ε, we considered an extension of uεδ
and of (uεδ + δ)1−λ/2 from Gε to G with the following properties:
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Lemma 2. There exists an extension vε of vε from Lp(0, T ;W 1,p(Gε))
into Lp(0, T ;W 1,p(G)) such that

∥vε∥Lp(GT ) ≤ C∥vε∥Lp(Gε
T ), ∥∇vε∥Lp(GT ) ≤ C∥∇vε∥Lp(Gε

T ), (19)

where 1 ≤ p <∞ and the constant C is independent of ε.

Proof. The assumptions on the geometry ofGε and a standard extension
operator, see e.g. [1, 8], ensure the existence of an extension of vε satisfying
estimates (19). �

A priori estimates (9) ensure the following convergence results for a
subsequence of {uεδ} as δ → 0:

Lemma 3. Under assumptions in Lemma 1, there exists a function
uε ∈ L2(0, T ;H1(Gε)), with ∂tu

ε ∈ Lp(0, T ;W 1,p(Gε)), such that, up to
a subsequence,

uεδ → uε, bδ(u
ε
δ) → b(uε) strongly in L2((0, T )×Gε),

kδ(u
ε
δ) → k(uε) strongly in Lq((0, T )×Gε),

bδ(u
ε
δ)⇀ b(uε) weakly-∗ in L∞(0, T ;L2(Gε)),

uεδ ⇀ uε weakly-∗ in L∞(0, T ;H1(Gε)),

(20)

for any 1 < q <∞, and

∂tbδ(u
ε
δ)⇀ ∂tb(u

ε) weakly in L2(0, T ;Lr(Gε)),

∂tu
ε
δ ⇀ ∂tu

ε weakly in Lp(0, T ;W 1,p(Gε)),

kδ(u
ε
δ)∇∂tuεδ ⇀ k(uε)∇∂tuε weakly in L2((0, T )×Gε),

kδ(u
ε
δ)Pc,δ(u

ε
δ)∇uεδ ⇀ k(uε)Pc(u

ε)∇uε weakly in L2((0, T )×Gε),

(21)

as δ → 0, where p is de�ned in (18), r = 6/5 for n = 3 and 1 < r < 4/3 for
n = 1, 2. Due to the lower semicontinuity of a norm we also have

∥∇uε∥L∞(0,T ;L2(Gε)) + ∥
√
k(uε)∂t∇uε∥L2(Gε

T ) + ∥∇∂tuε∥Lp(Gε
T )

+∥b(uε)∥L∞(0,T ;L2(Gε)) + ∥∂tb(uε)∥L2(0,T ;Lr(Gε)) ≤ C,
(22)

with a constant C > 0 independent of ε, and uε(t, x) ≥ 0 in (0, T )×Gε.

Proof. A priori estimates in (9) and assumptions on functions b, k,
and Pc stated in Assumption 1, together with Lions-Aubin compactness
lemma [17], ensure convergences stated in (20) and (21). �

Theorem 1. Under assumptions in Lemma 1, there exists a nonnegative
solution of microscopic variational inequality (5), for every �xed ε > 0.
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Proof. Using the convergence results in Lemma 3, together with the
assumptions on k, Pc, b, H, f0, and f1 stated in Assumption 1, and taking
δ → 0 in the regularised problem (7), we obtain that uε satis�es the vari-
ational inequality (5). The regularity of uε implies uε ∈ C([0, T ];L2(Gε))
and uε(t) → u0 in L2(Gε). The weak convergence of uεδ in L

2(0, T ;H1(Gε))
and non-negativity of uεδ in G

ε
T ensure that uε(t, x) ≥ 0 in (0, T ) × Gε and

also on (0, T ) × Γε and uε(t, x) = κD on (0, T )× ∂G. Hence uε(t) ∈ Kε for
t ∈ [0, T ]. �

4. Derivation of macroscopic inequality

Using estimates (22) and compactness theorems for the two-scale con-
vergence, see [2,20,21] or Appendix for more details, we obtain the following
convergence results for a subsequence of the sequence {uε} of solutions of
microscopic problem (5), as ε→ 0.

Lemma 4. Under assumptions in Lemma 1, there exist functions u ∈
L2(0, T ;H1(G)) and w ∈ L2(GT ;H

1
per(Y

∗)/R), with ∂tu∈Lp(0, T ;W 1,p(G))

and ∂tw ∈ Lp(GT ;W
1,p
per(Y ∗)/R), such that, up to a subsequence,

uε → u, b(uε) → b(u) strongly in L2((0, T )×G),

k(uε) → k(u) strongly in Lq((0, T )×G),

b(uε)⇀ b(u) weakly-∗ in L∞(0, T ;L2(G)),

∂tb(u
ε)⇀ ∂tb(u) weakly in L2(0, T ;Lr(G)),

(23)

for any 1 < q <∞, r = 6/5 for n = 3 and 1 < r < 4/3 for n = 1, 2, and uε

is extended by zero into G \Gε, and

∇uε ⇀ ∇u+∇yw two-scale,

∇∂tuε ⇀ ∇∂tu+∇y∂tw two-scale,

k(uε)∇∂tuε ⇀ k(u)(∇∂tu+∇y∂tw) two-scale,

k(uε)Pc(u
ε)∇uε ⇀ k(u)Pc(u)(∇u+∇yw) two-scale,

ε∥uε∥2L2((0,T )×Γε) → |Y |−1∥u∥2L2((0,T )×G×Γ),

(24)

as ε→ 0, where p is de�ned in (18).

Proof. The estimate for ∇∂tuε in (22), combined with the Dirichlet
boundary condition on ∂G and the Poincar�e and Sobolev inequalities, en-
sures that ∂tuε and its extension ∂tuε, see Lemma 2, satisfy the following
estimate

∥∂tuε∥Lp(0,T ;W 1,p(Gε)) + ∥∂tuε∥Lp(0,T ;W 1,p(G))

+ ∥∂tuε∥Lq1 ((0,T )×Gε) + ∥∂tuε∥Lq1 ((0,T )×G) ≤ C,
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for 1 < p < 2 as in (18), q1 = np/(n−p) for n ≥ 2 and q1 ≥ 2 for n = 1, and
a constant C > 0 independent of ε. Then using Lions-Aubin compactness
lemma [17] we obtain the strong convergence of uε in L2((0, T )×G), extended
by zero into G\Gε. Strong convergence of uε, continuity of k and b, bounded-
ness of k(uε) and estimates for b(uε) in L∞(0, T ;L2(Gε)) and for ∂tb(uε)
in L2(0, T ;Lr(Gε)) ensure the strong convergence of {k(uε)} and {b(uε)}
and weak convergence of {∂tb(uε)}. A priori estimates (22), the strong
convergence of uε, continuity and boundedness of k(ξ) and k(ξ)Pc(ξ) for
ξ ≥ 0, together with compactness theorems for the two-scale convergence,
see e.g. [2, 20, 21], imply the �rst four convergence results in (24). The last
convergence in (24) follows from the estimate

ε∥v∥2L2(Γε) ≤ C∥v∥2Hσ(Gε), σ > 1/2,

with a constant C > 0 independent of ε, see [27] for the proof, and the
compactness of the embedding H1(G) ⊂ Hσ(G) for 1/2 < σ < 1. �

Theorem 2. Under assumptions in Lemma 1, a subsequence {uε} of
solutions of problem (5) convergences to a function u ∈ κD+L

2(0, T ;H1
0 (G)),

with ∂tu ∈ Lp(0, T ;W 1,p(G)), ∂tb(u) ∈ L2(0, T ;Lr(G)), with 6/5 ≤ r < 4/3,
and u(t) ∈ K, satisfying macroscopic variational inequality

⟨∂tb(u), v − u⟩GT
+
⟨
Ahomk(u)[Pc(u)∇u+ ∂t∇u],∇(v − u)

⟩
GT

−⟨Fhom(t, x, u),∇(v − u)⟩GT
+ ⟨fhom(t, u), v − u⟩GT

≥ 0
(25)

for v − κD ∈ L2(0, T ;H1
0 (G)), with v(t) ∈ K, where K is de�ned in (6),

Fhom(t, x, u) = −
∫
Y ∗
Q(t, x, y) dy H(u) + k(u)g,

fhom(t, u) = −
∫
Y ∗
f0(t, y) dy f1(u),

and matrix Ahom is de�ned in (31).

Proof. To derive macroscopic inequality (25) we consider

vε(t, x) = uε(t, x) + ϕ(t, x) + σ(ε)φ(t, x) + εψ(t, x, x/ε)

as a test function in (5), where ψ ∈ C1
0 (GT , C

1
per(Y )), ϕ, φ ∈ H1

0 ((0, T )×G),
with ϕ(t, x) + u(t, x) ≥ 0 and φ(t, x) ≥ 0 in (0, T ) × G, and σ(ε) → 0 as
ε→ 0. Notice that since uε → u strongly two-scale on (0, T )× Γε as ε→ 0,
there exist such functions φ and σ(ε) > 0 that vε(t, x) ≥ 0 on (0, T ) × Γε

for su�ciently small ε > 0. We also have that vε(t, x) = κD on (0, T )× ∂G.
Then convergence results in (23) and (24) yield∫
GT

∫
Y ∗
A(y)k(u)[∂t(∇u+∇yw) + Pc(u)(∇u+∇yw)][∇ϕ+∇yψ]dydxdt
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+|Y ∗|
∫
GT

∂tb(u)ϕdxdt−
∫
GT

∫
Y ∗
F (t, x, y, u)(∇ϕ+∇yψ)dydxdt (26)

+

∫
GT

∫
Γ
f(t, x, y, u)ϕdγydxdt ≥ 0.

Assumptions on F ε, i.e. ∇ · Qε(t, x) = 0 in GεT and Qε(t, x) · ν = 0 on ΓεT ,
which implies that ∇y · Q(t, x, y) = 0 in GT × Y ∗ and Q(t, x, y) · ν = 0 on
GT × Γ, Q is Y -periodic, and the fact that u is independent of y ensure∫

GT

∫
Y ∗
F (t, x, y, u)∇yψ dydxdt = 0.

By choosing ϕ = 0 and ψ = 0, respectively, we obtain∫
GT

∫
Y ∗
A(y)k(u) [∂t(∇u+∇yw) + Pc(u)(∇u+∇yw)]∇yψ dydxdt ≥ 0

and∫
GT

−
∫
Y ∗
A(y)k(u) [∂t(∇u+∇yw) + Pc(u)(∇u+∇yw)]∇ϕdydxdt

−
∫
GT

−
∫
Y ∗
F (t, x, y, u)dy∇ϕdydxdt+

∫
GT

∂tb(u)ϕdxdt

+

∫
GT

1

|Y ∗|

∫
Γ
f(t, y, u)ϕdγy dxdt ≥ 0.

(27)

Considering ±ψ in the inequality for w yields∫
GT

∫
Y ∗
A(y)k(u) [∂t(∇u+∇yw) + Pc(u)(∇u+∇yw)]∇yψ dydxdt = 0,

for all ψ ∈ C1
0 (GT ;C

1
per(Y

∗)). For a give u ∈ L2(GT ), the last equation is a
pseudoparabolic equation for w with respect to microscopic variables y:

∇y ·
(
A(y)k(u)[∂t(∇u+∇yw) + Pc(u)(∇u+∇yw)]

)
= 0 in Y ∗

T ,

A(y)k(u)[∂t(∇u+∇yw) + Pc(u)(∇u+∇yw)] · ν = 0 on ΓT ,

w Y − periodic,

(28)

for x ∈ G, where Y ∗
T = (0, T )× Y ∗. Using a regularisation of k and Pc, in a

similar way as for (5), we can show the existence of a solution of problem (28).
Considering the equation for a di�erence of two solutions w1 and w2 of
(28), taking ψ = (w1 − w2)/k(u + δ), with δ > 0, as a test function, using
assumptions on A, and letting δ → 0, yield

∥∇y(w1 − w2)∥L∞(0,T ;L2(Ω×Y ∗)) = 0.
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Hence a solution of (28) is de�ned uniquely up to an additive function
independent of y. The structure of (28) suggests that w is of the form

w(t, x, y) =
n∑
j=1

∂xju(t, x)ω
j(y) + w(t, x), (29)

where ωj , for j = 1, . . . , n, satisfy the following unit cell problems

divy(A(y)(∇yω
j + ej)) = 0 in Y ∗,

∫
Y ∗
ωj(y)dy = 0,

A(y)(∇yω
j + ej) · ν = 0 on Γ, ωj Y − periodic,

(30)

where {ej}j=1,...,n is the standard basis of Rn. Notice that the well-posedness
of (30) follows directly from the assumptions on A in Assumption 1.
Substituting expression (29) for w into (27) determines the matrix Ahom =
(Aijhom)i,j=1,...,n, with

Aijhom = −
∫
Y ∗
A(y)

(
δij +

∂ωj

∂yi

)
dy. (31)

For any ψ ∈ C0(GT , Cper(Γ)), with ψ(t, x, y) ≥ 0 in (0, T ) × G × Γ, using
the non-negativity and two-scale convergence of uε on Γε, we obtain

0 ≤ lim
ε→0

ε⟨uε(t, x), ψ(t, x, x/ε)⟩Γε
T
= |Y |−1⟨u(t, x), ψ(t, x, y)⟩GT×Γ

= ⟨u(t, x), ψ(t, x)⟩GT
,

where

ψ(t, x) =
1

|Y |

∫
Γ
ψ(t, x, y)dγy ≥ 0 in (0, T )×G.

Hence u(t, x) ≥ 0 in (0, T ) × G. The weak convergence in L2(0, T ;H1(G))
of the extension uε of uε, given by Lemma 2, ensures that u(t, x) = κD on
(0, T )× ∂G. Thus we have that u(t) ∈ K.

Considering ϕ = v−u, for any v ∈ κD+L2(0, T ;H1
0 (G)) with v(t, x) ≥ 0

in (0, T ) × G, as a test function in (27) yields the macroscopic variational
inequality (25). �

Remark.Notice that if in pseudoparabolic and elliptic parts we have two
di�erent functions depending on microscopic variables y, i.e. A(y)k(u)∇∂tu
and B(y)k(u)Pc(u)∇u, with A(y) ≥ a0 > 0 and B(y) ≥ b0 > 0, we need to
consider a modi�ed form for function w, i.e.

w(t, x, y) =
n∑
j=1

∂u(t, x)

∂xj
ϑj(y) +

n∑
j=1

∫ t

0

∂2u(s, x)

∂s∂xj
χj(t− s, x, y)ds

+w(t, x),

(32)
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instead of (29), where ϑj and χj satisfy the following unit cell problems:

divy(B(y)(∇yϑ
j + ej)) = 0 in Y ∗,

∫
Y ∗
ϑj(y)dy = 0,

B(y)(∇yϑ
j + ej) · ν = 0 on Γ, ϑj Y − periodic,

(33)

and

divy
(
k(u(t+ s))

[
A(y)∇y∂tχ

j +B(y)Pc(u(t+ s))∇yχ
j
])

= 0 in Y ∗
T−s,

k(u(t+ s))[A(y)∇y∂tχ
j +B(y)Pc(u(t+ s))∇yχ

j ] · ν = 0 on ΓT−s,

χj Y − periodic, (34)

χj(0, x, y) = ωj(y)− ϑj(y) in Y ∗,

for s ∈ [0, T ], x ∈ G, and j = 1, . . . , n, with ωj satisfying (30).
The well-posedness of (30) and (33) follows from the strict positivity

of functions A and B. To show the well-posedness of (34) we consider the
regularised problem

divy

(
k(u+ δ)

[
A(y)∇y∂tχ

j
δ +B(y)Pc(u+ δ)∇yχ

j
δ

])
= 0 in Y ∗

T−s,

k(u+ δ)[A(y)∇y∂tχ
j
δ + Pc(u+ δ)B(y)∇yχ

j
δ] · ν = 0 on ΓT−s,

χjδ Y − periodic,

χjδ(0, x, y) = ωj(y)− ϑj(y) in Y ∗.

(35)

Assumptions on k, Pc, A, and B ensure that problem (35) has a unique
solution χjδ ∈ H1(0, T ;L2(G;H1

per(Y
∗))). Then considering χjδ/k(u+ δ) and

∂tχ
j
δ as test functions in the weak formulation of (35) we obtain

∥∇yχ
j
δ∥L∞(0,T ;L2(Y ∗)) + ∥

√
Pc(u+ δ)∇yχ

j
δ∥L2((0,T )×Y ∗)

+∥
√
k(u+ δ)∇y∂tχ

j
δ∥L2((0,T )×Y ∗) ≤ C,

(36)

for x ∈ G and a constant C > 0 independent of δ. Assumptions on k
and Pc in Assumption 1, together with the additional assumption that k is
continuously di�erentiable for z ≥ 0, combined with the regularity ∂tu ∈
Lq1((0, T )×G), where q1 = n/(n− 1) for n ≥ 2 and q1 ≥ 2 for n = 1, imply

⟨k(u+ δ)∇y∂tχ
j
δ,∇yψ⟩Y ∗

T
= −⟨k′(u+ δ)∂tu∇yχ

j
δ,∇yψ⟩Y ∗

T

−⟨k(u+ δ)∇yχ
j
δ,∇y∂tψ⟩Y ∗

T

for ψ ∈ C1
0 (GT × Y ∗). Taking the limit as δ → 0 and considering estimates

in (36) yield√
k(u+ δ)∇y∂tχ

j
δ ⇀

√
k(u)∇y∂tχ

j in L2(GT × Y ∗).
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Then, using the continuity of k and Pc, regularity of ∂tu and the estimate
for ∇yχ

j
δ in L∞(0, T ;L2(G × Y ∗)), we can pass to the limit as δ → 0

in the weak formulation of (35) and obtain that the limit function χj ∈
L2(GT ;H

1
per(Y

∗)), with
√
k(u)∂tχ

j ∈ L2(GT ;H
1
per(Y

∗)), is a solution of (34).
Considering the expression (32) for w in (27) and choosing ϕ = v − u yield
the corresponding macroscopic variational inequality

⟨∂tb(u), v − u⟩GT
+
⟨
k(u)[Ahom∂t∇u+BhomPc(u)∇u],∇(v − u)

⟩
GT

+
⟨∫ t

0
Khom(t− s, x)∂s∇u ds,∇(v − u)

⟩
GT

−⟨Fhom(t, x, u),∇(v − u)⟩GT
+ ⟨fhom(t, u), v − u⟩GT

≥ 0,

where Ahom, Fhom and fhom are de�ned in Theorem 2, and matrices Bhom =
(Bij

hom) and Khom(t, x) = (Kij
hom(t, x)) are determined by

Bij
hom = −

∫
Y ∗
B(y)

(
δij +

∂ϑj

∂yi

)
dy,

Kij
hom(t, x) = −

∫
Y ∗
k(u(t+ s, x))[A(y)∂t∂yiχ

j +B(y)Pc(u(t+ s, x))∂yiχ
j ]dy.
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Appendix

De�nition 2. [2,21] A sequence {uε} ⊂ Lp(G) converges two-scale to u, with
u ∈ Lp(G× Y ), i� for any ϕ ∈ Lq(G,Cper(Y )) we have

lim
ε→0

∫
G

uε(x)ϕ
(
x,
x

ε

)
dx =

∫
G

−
∫
Y

u(x, y)ϕ(x, y)dxdy,

where 1/p+ 1/q = 1.

De�nition 3. [2,20] A sequence {uε} ⊂ L2(Γε) converges two-scale to u, with
u ∈ L2(G× Γ), i� for ψ ∈ L2(G,C∞

per(Γ)) holds

lim
ε→0

ε

∫
Γε

uϵ(x)ψ(x, x/ε) dγx =
1

|Y |

∫
G

∫
Γ

u(x, y)ψ(x, y) dxdγy.

Theorem 3 (Compactness [2,21]). Let {uε} be a bounded sequence in H1(G),
which converges weakly to u ∈ H1(G). Then there exists u1 ∈ L2(G,H1

per(Y )) such
that, up to a subsequence, uε two-scale converges to u and ∇uε two-scale converges
to ∇u(x) +∇yu1(x, y).

Let {uε} and {ε∇uε} be bounded sequences in L2(G). Then there exists u0 ∈
L2(G,H1

per(Y )) such that, up to a subsequence, uε and ε∇uε two-scale converge to
u0(x, y) and ∇yu0(x, y), respectively.
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Let {
√
εuε} be a bounded sequences in L2(Γε). Then there exists u0 ∈ L2(G×Γ)

such that, up to a subsequence, uε two-scale converge to u0(x, y).

Let Φ : Rn → R+ be a continuous and convex function and {vε} is a bounded
in L2((0, T )×Gε)n sequence which two-scale converge to v. Then

lim inf
ε→0

∫ T

0

∫
Gε

Φ(vε)dxdt ≥
∫ T

0

∫
G

1

|Y |

∫
Y ∗

Φ(v) dydxdt,

see [13] for the proof.

Ìàðiÿ Ïòàøíèê

ÏÐÎ ÓÑÅÐÅÄÍÅÍÍß ÂÈÐÎÄÆÅÍÈÕ
ÏÑÅÂÄÎÏÀÐÀÁÎËI×ÍÈÕ ÂÀÐIÀÖIÉÍÈÕ ÍÅÐIÂÍÎÑÒÅÉ

Ó ðîáîòi ïðîâåäåíî áàãàòîìàñøòàáíèé àíàëiç âèðîäæåíî¨ ïñåâ-
äîïàðàáîëi÷íî¨ âàðiàöiéíî¨ íåðiâíîñòi, ÿêà ìîäåëþ¹ äâîôàçíèé
ïîòiê ç äèíàìi÷íèì êàïiëÿðíèì òèñêîì â ïåðôîðîâàíié îáëà-
ñòi. Äëÿ âñòàíîâëåííÿ ðîçâ'ÿçíîñòi âàðiàöiéíî¨ íåðiâíîñòi âè-
êîðèñòàíî àïðiîðíi îöiíêè, ìåòîäè ðåãóëÿðèçàöi¨, äâîìàñøòà-
áíî¨ çáiæíîñòi òà ìåòîä îïåðàòîðà øòðàôó.
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Ó öèëiíäðè÷íié îáëàñòi, ùî ¹ äåêàðòîâèì äîáóòêîì âiäðiçêà íà
áàãàòîâèìiðíèé òîð, äîñëiäæåíî çàäà÷ó ñïðÿæåííÿ ç íåëîêàëü-
íîþ áàãàòîòî÷êîâîþ óìîâîþ çà ÷àñîâîþ çìiííîþ äëÿ ïàðàáîëî-
ãiïåðáîëi÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó. Âñòàíîâëåíî óìîâè
iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó çàäà÷i ó ïðîñòîðàõ Ñîáîë¹âà. Äîâå-
äåíî ìåòðè÷íi òåîðåìè ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ, ÿêi
âèíèêëè ïðè ïîáóäîâi ðîçâ'ÿçêó çàäà÷i.

1. Âñòóï

Ïðîöåñè ó äâîøàðîâèõ ñåðåäîâèùàõ iç ðiçêî âiäìiííèìè ôiçè÷íèìè
âëàñòèâîñòÿìè ïðèâîäÿòü äî ðîçãëÿäó çàäà÷ ñïðÿæåííÿ, êîëè íà îäíié
÷àñòèíi îáëàñòi çàäàíî ïàðàáîëi÷íå ðiâíÿííÿ, à íà iíøié � ãiïåðáîëi-
÷íå [1]. Ïðè öüîìó îñîáëèâà óâàãà ïðèäiëÿ¹òüñÿ âèáîðó êðàéîâèõ óìîâ
i óìîâ ñïðÿæåííÿ íà ìåæi ðîçäiëó ïiäîáëàñòåé (êîíòàêòó øàðiâ) öüî-
ãî ñåðåäîâèùà. Òàêèé âèáið çóìîâëåíèé íåîáõiäíiñòþ ïîøóêó êîðåêòíî
ïîñòàâëåíèõ êðàéîâèõ çàäà÷, ñôîðìóëüîâàíèõ îäíî÷àñíî äëÿ îáîõ äè-
ôåðåíöiàëüíèõ ðiâíÿíü.

Êðàéîâi çàäà÷i ç ðiçíèìè òèïàìè óìîâ äëÿ ïàðàáîëî-ãiïåðáîëi÷íèõ
ðiâíÿíü äðóãîãî ïîðÿäêó âèâ÷àëèñü áàãàòüìà àâòîðàìè (Âðàãîâ Â., Äæó-
ðà¹â Ò., �ë¹¹â Â., Êîðçþê Â., Íàõóøåâ À., Ñàáiòîâ Ê., Ñàëàõiòäiíîâ Ì.,
Lions J., Al-Droubi A., Ashyralyev A. òà iíøi). Çîêðåìà, ó ðîáîòàõ Cà-
áiòîâà Ê.Á. òà éîãî ó÷íiâ (íàïðèêëàä, äèâ. [7]) ìåòîäîì ñïåêòðàëüíî-
ãî àíàëiçó äëÿ ïàðàáîëî-ãiïåðáîëi÷íîãî ðiâíÿííÿ â ïðÿìîêóòíié îáëàñòi
äâîõ çìiííèõ (t, x) äîñëiäæåíî êðàéîâi çàäà÷i ñïðÿæåííÿ ç ëîêàëüíèìè
òà íåëîêàëüíèìè óìîâàìè çà çìiííèìè x òà t, à ó ðîáîòi [9] � íåëîêàëüíà
áàãàòîòî÷êîâà çàäà÷à äëÿ ãiïåðáîëî-ïàðàáîëi÷íîãî ðiâíÿííÿ â ãiëüáåð-
òîâîìó ïðîñòîði iç ñàìîñïðÿæåíèì äîäàòíî âèçíà÷åíèì îïåðàòîðîì.

1IÏÏÌÌ iì.ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, s-i@ukr.net
2Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Â. Ñòåôàíèêà,

pbvasylyshyn@ukr.net
3Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Â. Ñòåôàíèêà,

tarasgoy@yahoo.com
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Ó ðîáîòi [8] âñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü ó øêàëi ïðîñòîðiâ
Ñîáîë¹âà çàäà÷i ñïðÿæåííÿ ç iíòåãðàëüíîþ óìîâîþ çà ÷àñîâîþ çìií-
íîþ òà óìîâàìè ïåðiîäè÷íîñòi çà ïðîñòîðîâèìè çìiííèìè äëÿ ïàðàáîëî-
ãiïåðáîëi÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó, à ó ðîáîòi [5] iç âèêîðèñòàííÿì
ìåòðè÷íîãî ïiäõîäó äîñëiäæåíî çàäà÷ó ç íåëîêàëüíîþ çà ÷àñîì óìîâîþ,
ùî ìiñòèòü iíòåãðàëüíèé äîäàíîê, â êëàñi ôóíêöié, ìàéæå ïåðiîäè÷íèõ
çà ïðîñòîðîâèìè çìiííèìè.

2. Ôîðìóëþâàííÿ çàäà÷i

Íåõàé Dp = (−α, β) × Ωp � öèëiíäðè÷íà îáëàñòü çìiííèõ (t, x), äå
α > 0, β > 0, Ωp � p-âèìiðíèé òîð (R/2πZ)p, x = (x1, . . . , xp), p ∈ N.
Ïîâåðõíÿ {t = 0} × Ωp ðîçáèâà¹ îáëàñòü Dp íà äâi ïiäîáëàñòi: Dp

+ =
Dp ∩ {t > 0} i Dp

− = Dp ∩ {t < 0}.
Â îáëàñòi Dp äîñëiäæó¹ìî çàäà÷ó ñïðÿæåííÿ ïðè t = 0 ç

m-áàãàòîòî÷êîâîþ íåëîêàëüíîþ óìîâîþ, ÿêà ïîâ'ÿçó¹ øóêàíèé ðîçâ'ÿ-
çîê u(t, x) ó r òî÷êàõ ïðè t < 0 òà ó (m − r) òî÷êàõ ïðè t > 0, äëÿ
ïàðàáîëî-ãiïåðáîëi÷íîãî ðiâíÿííÿ:

Lu ≡
{
ut − b∆u = 0, (t, x) ∈ Dp

+,
utt − a2∆u = 0, (t, x) ∈ Dp

−,
(1)

lim
ε→+0

u(−ε, x) = lim
ε→+0

u(ε, x), lim
ε→+0

ut(−ε, x) = lim
ε→+0

ut(ε, x), x ∈ Ωp, (2)

m∑
j=1

µju(tj , x) = φ(x), x ∈ Ωp, (3)

äå a, b ∈ R, µ1, . . . , µm ∈ R\{0}, a > 0, b > 0, ∆ = ∂2

∂x21
+ · · · + ∂2

∂x2p
,

−α = t1 < t2 < . . . < tr < 0 < tr+1 < tr+2 < . . . < tm−1 < tm = β, φ(x) �
çàäàíà ôóíêöiÿ.

Íàäàëi âèêîðèñòîâóâàòèìåìî òàêi ïðîñòîðè ôóíêöié:
Hq = Hq(Ωp), q ∈ R, � ïðîñòið Ñîáîë¹âà, îòðèìàíèé ïîïîâíåííÿì

ìíîæèíè cêií÷åííèõ òðèãîíîìåòðè÷íèõ ìíîãî÷ëåíiâ φ(x) =
∑
k

φke
i(k,x),

äå k = (k1, . . . , kp) ∈ Zp, (k, x) = k1x1 + · · ·+ kpxp, çà íîðìîþ

∥φ;Hq∥ =

(∑
k∈Zp

(
1 + λ2k

)q|φk|2
)1/2

, λk =
√
k21 + · · ·+ k2p.

Cn(I;Hq), n ∈ Z+, I � âiäðiçîê ïðÿìî¨ R, � ïðîñòið ôóíêöié

u(t, x) =
∑
k∈Zp

uk(t)e
i(k,x) (uk(t) ∈ Cn(I))
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òàêèõ, ùî äëÿ êîæíîãî ôiêñîâàíîãî t ∈ I ôóíêöi¨

∂ju(t, x)/∂tj ≡
∑
k∈Zp

u
(j)
k (t)ei(k,x), 0 ≤ j ≤ n,

íàëåæàòü ïðîñòîðó Hq i ÿê åëåìåíòè öüîãî ïðîñòîðó ¹ íåïåðåðâíèìè çà
t íà I; íîðìó â ïðîñòîði Cn(I;Hq) çàäà¹ìî ôîðìóëîþ

∥u;Cn(I;Hq)∥2 =
n∑
j=0

max
t∈I

∥∂ju(t, x)/∂tj ;Hq∥2.

Îçíà÷åííÿ 1. Ðîçâ'ÿçêîì çàäà÷i (1)�(3) íàçèâà¹ìî ôóíêöiþ u(t, x)
ç êëàñó

C1([0, β];Hq) ∩C2([−α, 0];Hq),

äëÿ ÿêî¨ ñïðàâæóþòüñÿ ðiâíîñòi

∥Lu;C([−α, 0];Hq−2)∥ = 0, ∥Lu;C([0, β];Hq−2)∥ = 0, (4)

lim
ε→+0

∥u(−ε, ·)−u(ε, ·);Hq∥ = 0, lim
ε→+0

∥ut(−ε, ·)−ut(ε, ·);Hq−1∥ = 0, (5)

∥∥∥ m∑
j=1

µju(tj , ·)− φ;Hq

∥∥∥ = 0. (6)

3. Óìîâè êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i

Ðîçâ'ÿçîê çàäà÷i (1)�(3) øóêà¹ìî ó âèãëÿäi ðÿäó Ôóð'¹

u(t, x) =
∑
k∈Zp

uk(t)e
i(k,x). (7)

Ç óìîâ (4)-(6) âèïëèâà¹, ùî äëÿ êîæíîãî k ∈ Zp êîåôiöi¹íò uk(t)
ðÿäó (7) ¹ ðîçâ'ÿçêîì çàäà÷i{

u′k(t) + bλ2kuk(t) = 0, 0 < t < β
u′′k(t) + a2λ2kuk(t) = 0, −α < t < 0,

(8)

ç óìîâàìè ñïðÿæåííÿ ïðè t = 0

uk(−0) = uk(+0), u′k(−0) = u′k(+0) (9)

òà íåëîêàëüíîþ áàãàòîòî÷êîâîþ óìîâîþ

m∑
j=1

µjuk(tj) = φk, (10)



232 I.ß. Ñàâêà, Ï.Á. Âàñèëèøèí, Ò.Ï. Ãîé

äå φk, k ∈ Zp, � êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ φ(x).
Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (8) ìà¹ âèãëÿä

uk(t) =

 Dke
−bλ2kt, t > 0,

Ak cos(aλkt) +Bk
sin(aλkt)

aλk
, t < 0,

k ∈ Zp, (11)

äå Ak, Bk i Dk � äîâiëüíi ñòàëi, äëÿ âåêòîðà k = 0⃗ çíà÷åííÿ âèðàçó
sin(aλkt)
aλk

ïðèéìà¹ìî ðiâíèì t. Ôóíêöiÿ (11) çàäîâîëüíÿ¹ óìîâè (9) òiëüêè
òîäi, êîëè

Ak = Dk, Bk = −bλ2kDk.

Ðîçâ'ÿçîê ðiâíÿííÿ (8), ùî ñïðàâäæó¹ óìîâè ñïðÿæåííÿ (9), çîáðà-
æó¹òüñÿ ôîðìóëîþ

uk(t) =

{
Dke

−bλ2kt, t ≥ 0,

Dk

(
cos(aλkt)− b

aλk sin(aλkt)
)
, t < 0,

k ∈ Zp.

Äëÿ çíàõîäæåííÿ êîåôiöi¹íòiâ Dk ñêîðèñòà¹ìîñü óìîâîþ (10). Òîäi

Dkδk = φk, k ∈ Zp,

äå

δk =
r∑
j=1

µj

(
cos(aλktj)−

b

a
λk sin(aλktj)

)
+
m−r∑
j=1

µje
−bλ2ktr+j , k ∈ Zp.

Òåîðåìà 1. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1)�(3) íåîáõiäíî i äî-
ñèòü, ùîá âèêîíóâàëèñü óìîâè(

∀ k ∈ Zp
)

δk ̸= 0. (12)

ßêùî âèêîíóþòüñÿ óìîâè òåîðåìè 1, òî ôîðìàëüíèé ðîçâ'ÿçîê çà-
äà÷i (1)�(3) çîáðàæó¹òüñÿ ðÿäîì

u(t, x) =
φ0
m∑
j=1

µj

+
∑

k∈Zp\{0}

uk(t)e
i(k,x), (13)

äå

uk(t) =

{
φkδ

−1
k

(
cos(aλkt)− b

aλk sin(aλkt)
)
, t < 0,

φkδ
−1
k e−bλ

2
kt, t ≥ 0,

k ∈ Zp. (14)

Ïèòàííÿ iñíóâàííÿ ðîçâ`ÿçêó çàäà÷i (1)�(3) ó ïðîñòîði

C1
(
[0, β];Hq

)
∩C2([−α, 0];Hq),
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âçàãàëi êàæó÷è, ïîâ'ÿçàít ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ [6], ÿêà ïîëÿ-
ãà¹ â òîìó, ùî âiäìiííi âiä íóëÿ âèðàçè δk ìîæóòü íàáóâàòè ÿê çàâãîäíî
ìàëèõ çíà÷åíü äëÿ íåñêií÷åííî¨ êiëüêîñòi âåêòîðiâ k. Öå ñïðè÷èíÿ¹ ðîç-
áiæíiñòü ðÿäó (13) ó âêàçàíèõ øêàëàõ ïðîñòîðiâ.

ßêùî ìàëi çíàìåííèêè δk ìàþòü ïîëiíîìiàëüíó ÷è åêñïîíåíöiéíó
àñèìòîòè÷íó ïîâåäiíêó ïðè λk → ∞, òî çà âiäïîâiäíîãî îáìåæåííÿ íà
ïðàâó ÷àñòèíó íåëîêàëüíî¨ óìîâè (3) ìîæíà âñòàíîâèòè iñíóâàííÿ ¹äè-
íîãî ðîçâ'ÿçêó çàäà÷i (1)�(3).

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (12) òà iñíó¹ òàêà ñòàëà
γ > 0, ùî äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ
k ∈ Zp

|δk| ≥ λ−γk . (15)

Òîäi, ÿêùî φ ∈ Hq+γ+3, òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê u çàäà÷i (1)�(3), ÿêèé
çîáðàæó¹òüñÿ ðÿäîì (13); ïðè öüîìó âèêîíóþòüñÿ íåðiâíîñòi

∥u;C1([−α, 0];Hq)∥ ≤ C1∥φ;Hq+γ+3∥,

∥u;C1([0, β];Hq)∥ ≤ C2∥φ;Hq+γ+2∥,

äå äîäàòíi ñòàëi C1 i C2 íå çàëåæàòü âiä ôóíêöi¨ φ.

Äîâåäåííÿ. Ïîçíà÷èìî ÷åðåç K ìíîæèíó òèõ âåêòîðiâ k ∈ Zp, äëÿ
ÿêèõ âèêîíó¹òüñÿ ïðîòèëåæíà äî (15) íåðiâíiñòü, òîáòî

K = {k ∈ Zp : |δk| < λ−γk }.

Îñêiëüêè çà óìîâîþ òåîðåìè ìíîæèíà K ¹ ñêií÷åííà òà inf
k∈Zp

|δk| > 0, òî

äëÿ âñiõ âåêòîðiâ k ∈ Zp âèêîíóþòüñÿ íåðiâíîñòi

|δk| ≥ C0λ
−γ
k (16)

çi ñòàëîþ C0 = min

{
1,min
k∈K

{
λγk |δk|

}}
> 0.

Âðàõîâóþ÷è îöiíêó (16), ç ôîðìóëè (14) âèïëèâàþòü òàêi îöiíêè:

|u(j)k (t)| ≤ (1 + b/a)ajλj+1
k

|φk|
|δk|

≤ (1 + b/a)(1 + a2)C0λ
3+γ
k |φk|, j = 0, 1, 2,

äëÿ t ∈ [−α, 0],

|u(j)k (t)| ≤ bjλjk
|φk|
|δk|

≤ (1 + b)C0λ
2+γ
k |φk|, j = 0, 1, t ∈ [0, β].

Òîäi äëÿ ðîçâ'ÿçêó u çàäà÷i (1)�(3) îòðèìó¹ìî íåðiâíîñòi

∥u;C2([−α, 0];Hq)∥2 =
2∑
j=0

max
t∈[−α,0]

∥∂ju(t, x)/∂tj ;Hq∥2 ≤
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≤ 3(1 + b/a)2(1 + a2)2C2
0

∑
k∈Zp

(
1 + λ2k

)q
λ
2(3+γ)
k |φk|2 ≤

≤ 3(1 + b/a)2(1 + a2)2C2
0

∑
k∈Zp

(
1 + λ2k

)q+3+γ |φk|2 = C2
1∥φ;Hq+γ+3∥2,

∥u;C1([0, β];Hq)∥2 = max
t∈[0,β]

∥u;Hq∥2 + max
t∈[0,β]

∥ut;Hq∥2 ≤

≤ 2(1 + b)2C2
0

∑
k∈Zp

(
1 + λ2k

)q+2+γ |φk|2 = C2
2∥φ;Hq+γ+2∥2,

äå
C1 =

√
3(1 + b/a)(1 + a2)C0, C2 =

√
2(1 + b)2C0,

ç ÿêèõ âèïëèâà¹ äîâåäåííÿ òåîðåìè. �

4. Îöiíêà ìàëèõ çíàìåííèêiâ çàäà÷i

Ç'ÿñó¹ìî òåïåð ìîæëèâiñòü âèêîíàííÿ îöiíêè (15). Äëÿ öüîãî ñêîðè-
ñòà¹ìîñü ìåòðè÷íèì ïiäõîäîì [4], ÿêèé ïîëÿãà¹ ó âèâ÷åííi ìiðè ìíîæèí
ïàðàìåòðiâ çàäà÷i (êîåôiöi¹íòiâ ðiâíÿííÿ, êîåôiöi¹íòiâ óìîâ àáî ïàðàìå-
òðiâ îáëàñòi), äëÿ ÿêèõ âêàçàíi îöiíêè âèêîíóþòüñÿ àáî ïîðóøóþòüñÿ.

Ëåìà 1 (Áîðåëÿ�Êàíòåëëi, [2]). Íåõàé {Am}∞m=1 � ïîñëiäîâíiñòü
âèìiðíèõ (çà ìiðîþ Ëåáåãà) ìíîæèí ç R òàêèõ, ùî

∞∑
m=1

measAm <∞.

Òîäi ìiðà Ëåáåãà â R ìíîæèíè òèõ òî÷îê, ÿêi ïîòðàïëÿþòü äî íåñêií-
÷åííî¨ êiëüêîñòi ìíîæèí öi¹¨ ïîñëiäîâíîñòi, äîðiâíþ¹ íóëþ, òîáòî

measA = 0, A = lim sup
m→∞

Am =

∞∩
m=1

∞∪
r=m

Ar.

Îçíà÷åííÿ 2. Ìíîæèíó E(f, ε, I), ÿêà çàäà¹òüñÿ ðiâíiñòþ

E(f, ε, I) = {t ∈ I : |f(t)| < ε}, ε > 0,

áóäåìî íàçèâàòè ε−âèíÿòêîâîþ ìíîæèíîþ äëÿ ôóíêöi¨ f íà âiäðiçêó I,
I ⊂ R.

Ëåìà 2 (Ïÿðòëi, [3]). ßêùî ôóíêöiÿ f ∈ Cn(I) ¹ òàêîþ, ùî(
∀t ∈ I

)
|f (n)(t)| ≥ δ > 0,

òî ìiðà ε−âèíÿòêîâî¨ ìíîæèíè äëÿ ôóíêöi¨ f ñïðàâäæó¹ íåðiâíiñòü

measE(f, ε, I) ≤ 2n n
√
ε/δ.
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Ïîçíà÷èìî ÷åðåç IT äåÿêèé ôiêñîâàíèé âiäðiçîê IT = [T1, T2] ïðÿ-
ìî¨ R, äå T1 < T2 < 0.

Òåîðåìà 3. ßêùî äëÿ ôiêñîâàíîãî s ∈ {1, . . . , r} âèêîíóþòüñÿ íå-
ðiâíîñòi

µs ̸= 0, |µs| > 2

r∑
j=1,j ̸=s

|µj |,

òî äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â ïðîñòîði R) ÷èñåë ts ∈ IT
îöiíêà (15) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ
k ∈ Zp ïðè γ > p− 1.

Äîâåäåííÿ. Íå îáìåæóþ÷è çàãàëüíîñòi, äîâåäåííÿ òåîðåìè ïðîâå-
äåìî äëÿ s = 1.

Ðîçãëÿíåìî âèðàçè δk, k ∈ Zp\{0}, ÿê ôóíêöi¨ çìiííî¨ t1 íà âiäðiçêó
IT , à ñàìå:

fk(t1) := δk = µ1

(
cos(aλkt1)−

bλk
a

sin(aλkt1)

)
+Φk, k ∈ Zp\{0},

äå ÷åðåç Φk ïîçíà÷åíî âèðàç, ÿêèé íå çàëåæàòü âiä t1, òîáòî

Φk =
r∑
j=2

µj

(
cos(aλktj)−

b

a
λk sin(aλktj)

)
+
m−r∑
j=1

µr+je
−bλ2ktr+j .

Çàïðîâàäèìî íàñòóïíi ε-âèíÿòêîâi ìíîæèíè Ak ïðè ε = λ−γk :

Ak = E(fk, λ
−γ
k , IT ) = {t1 ∈ IT : |fk(t1)| < λ−γk }, k ∈ Zp\{0},

à òàêîæ ïîçíà÷èìî ÷åðåç A ìíîæèíó òèõ ÷èñåë t1, ÿêi íàëåæàòü íåñêií-
÷åííié êiëüêîñòi ìíîæèí ìíîæèí Ak, k ∈ Zp\{0}.

Ïðîäèôåðåíöiþ¹ìî ôóíêöiþ fk çà çìiííîþ t1. Òîäi îòðèìà¹ìî, ùî

f ′k(t1) = −µ1
(
bλ2k cos(aλkt1) + aλk sin(aλkt1)

)
.

Îñêiëüêè

aλk sin(aλkt1)fk(t1) + cos(aλkt1)f
′
k(t1) =

= aλk sin(aλkt1)
(
µ1 cos(aλkt1)− µ1

bλk
a

sin(aλkt1) + Φk

)
−

−µ1 cos(aλkt1)
(
bλ2k cos(aλkt1) + aλk sin(aλkt1)

)
=

= aλk sin(aλkt1)Φk − µ1bλ
2
k,
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òî
aλk sin(aλkt1)

(
fk(t1)− Φk

)
+ cos(aλkt1)f

′
k(t1) = −µ1bλ2k,

çâiäêè

−µ1b
a
λk = sin(aλkt1)

(
fk(t1)− Φk

)
+ cos(aλkt1)

f ′k(t1)

aλk
.

Òàêèì ÷èíîì, ó êîæíié òî÷öi t1 ∈ IT âèêîíó¹òüñÿ íåðiâíiñòü

|µ1|b
a

λk ≤ |fk(t1)− Φk|+
|f ′k(t1)|
aλk

≤ 2max

{
|fk(t1)− Φk|,

|f ′k(t1)|
aλk

}
. (17)

Ïîëi÷èìî òåïåð êiëüêiñòü íóëiâ íà âiäðiçêó IT ôóíêöié g
+
k (t1) i g

−
k (t1),

ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè

g+k (t1) = fk(t1)− Φk +
f ′k(t1)

aλk
, g−k (t1) = fk(t1)− Φk −

f ′k(t1)

aλk
.

Äëÿ öèõ ôóíêöié ñïðàâåäëèâi çîáðàæåííÿ

g+k (t1) = µ1
(
1− b

aλk
)
cos(aλkt1)− µ1

(
1 + b

aλk
)
sin(aλkt1) =

= −µ1
√

2
(
1 + b2

a2
λ2k
)
sin(aλkt1 − ϕk),

g−k (t1) = µ1
(
1 + b

aλk
)
cos(aλkt1) + µ1

(
1− b

aλk
)
sin(aλkt1) =

= µ1

√
2
(
1 + b2

a2
λ2k
)
cos(aλkt1 − ϕk),

äå

ϕk = arctg
a− bλk
a+ bλk

, k ∈ Zp\{0}.

Êiëüêiñòü íóëiâ ôóíêöi¨ g+k (t1) (âiäïîâiäíî, ôóíêöi¨ g
−
k (t1)) äîðiâíþ¹

êiëüêîñòi öiëèõ ÷èñåë m1 (âiäïîâiäíî, öiëèõ ÷èñåë m2), ÿêi ñïðàâäæóþòü
íåðiâíiñòü

T1aλk − ϕk
π

≤ m1 ≤
T2aλk − ϕk

π(
T1aλk − ϕk − π/2

π
≤ m2 ≤

T2aλk − ϕk − π/2

π

)
.

Î÷åâèäíî, ùî äëÿ ôiêñîâàíîãî âåêòîðà k ̸= 0 êîæíà ç ôóíêöié g+k (t1) i
g−k (t1) ìîæå ìàòè íå áiëüøå íiæ C3λk íóëiâ, äå

C3 = C3(IT , a) = 1 +
a

π
(T2 − T1).
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Ïîçíà÷èìî ÷åðåç ξ1k, . . . , ξ
ℓ(k)
k ðiçíi íóëi îáîõ ôóíêöié g+k (t1), g

−
k (t1),

ÿêi íàëåæàòü ïðîìiæêó (T1, T2). Ââàæàþ÷è, ùî òî÷êè ξ1k, . . . , ξ
ℓ(k)
k çàïè-

ñàíî ó ïîðÿäêó çðîñòàííÿ ξ1k < . . . < ξ
ℓ(k)
k , çðîáèìî ðîçáèòòÿ âiäðiçêà IT

öèìè òî÷êàìè íàñòóïíèì ÷èíîì:

IT =

ℓ(k)∪
j=0

IjT , IjT = [ξjk, ξ
j+1
k ], (18)

äå ξ0k = T1, ξ
ℓ(k)+1
k = T2. Íà êîæíîìó âiäðiçêó IjT , j = 0, 1, . . . , ℓ(k),

îáèäâi ôóíêöi¨ g+k (t1), g
−
k (t1) çáåðiãàþòü çíàê, à âiäòàê iç íåðiâíîñòi (17)

îäåðæó¹ìî, ùî (
∀t1 ∈ IjT

)
|fk(t1)− Φk| ≥

|µ1|b
2a

λk (19)

àáî (
∀t1 ∈ IjT

)
|f ′k(t1)| ≥

|µ1|b
2

λ2k, (20)

ßêùî íà âiäðiçêó IjT âèêîíó¹òüñÿ óìîâà (19), òî æîäíà òî÷êà öüîãî
âiäðiçêà íå ìîæå íàëåæàòè ìíîæèíi Ak äëÿ äîñèòü âåëèêîãî λk i γ > 0.
Äiéñíî, ç íåðiâíîñòåé

|µ1|b
2a

λk ≤ |fk(t1)− Φk| ≤ |fk(t1)|+ |Φk| ≤ λ−γk +
b

a
λk

r∑
j=2

|µj |+
m∑
j=2

|µj |

âèïëèâà¹, ùî ìà¹ âèêîíóâàòèñü íåðiâíiñòü

b

a
λk

 |µ1|
2

−
r∑
j=2

|µj |

 ≤ 1 +

m∑
j=2

|µj |.

Çà óìîâîþ òåîðåìè |µ1| > 2
∑r

j=2 |µj |, òîìó îñòàííÿ íåðiâíiñòü íå âèêî-
íó¹òüñÿ ïðè

λk > λ̃ :=
a

b

1 +

m∑
j=2

|µj |

 |µ1|
2

−
r∑
j=2

|µj |

−1

.

Òîìó ïðè λk > λ̃ i γ > 0 ìà¹ìî Ak ∩ IjT = ∅, çâiäêè

measAk ∩ IjT ≤

{
C4, 0 < λk ≤ λ̃,

0, λk > λ̃,

äå C4 = max
0<λk≤λ̃

{measAk}.
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ßêùî æ íà âiäðiçêó IjT âèêîíó¹òüñÿ óìîâà (20), òî çà ëåìîþ Ïÿðòëi
(ïðè n = 1) äëÿ äîâiëüíîãî γ ∈ R îòðèìó¹ìî îöiíêó

measAk ∩ IjT ≤ 4
b|µ1|λ

−2−γ
k , k ∈ Zp\{0}.

Iç ðiâíîñòi measAk =
∑ℓ(k)

j=0measAk ∩ IjT òà îöiíîê

ℓ(k) ≤ C3λk, max
j

{measAk ∩ IjT } ≤ 4
b|µ1|λ

−2−γ
k

äëÿ λk > λ̃ âèïëèâà¹, ùî

measAk ≤ C5λ
−1−γ
k , C5 =

4C3
b|µ1| , γ > 0, λk > λ̃.

Òàêèì ÷èíîì, ïðè γ > p− 1 ðÿä
∑

k∈Zp\{0}measAk ¹ çáiæíèì. Òîìó
çà ëåìîþ Áîðåëÿ�Êàíòåëëi measA = 0 ïðè γ > p−1. Îòæå, äëÿ êîæíîãî
t1 ∈ IT \A iñíó¹ òàêå ÷èñëî λ = λ(t1), ùî îöiíêà |δk| ≥ λ−γk âèêîíó¹òüñÿ
äëÿ âñiõ λk > λ. Òåîðåìó äîâåäåíî. �

Çàóâàæèìî, ùî òåîðåìà 3 ñïðàâäæó¹òüñÿ é áåç óìîâè

|µs| > 2

r∑
j=1,j ̸=s

|µj |,

àëå òîäi ïîêàçíèê γ ïîâèíåí áóòè áiëüøèì, à ñàìå γ > 2p− 1.

Òåîðåìà 4. ßêùî µs ̸= 0 äëÿ ôiêñîâàíîãî s ∈ {1, . . . , r}, òî äëÿ
ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â ïðîñòîði R) ÷èñåë ts ∈ IT îöiíêà
(15) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp
ïðè γ > 2p− 1.

Äîâåäåííÿ. Íå îáìåæóþ÷è çàãàëüíîñòi, äîâåäåííÿ òåîðåìè çíîâó
ïðîâåäåìî äëÿ s = 1. Áóäåìî âèêîðèñòîâóâàòè òi æ ñàìi ïîçíà÷åííÿ, ùî
ïðè äîâåäåííi òåîðåìè 3.

Äâi÷i ïðîäèôåðåíöiþ¹ìî ôóíêöiþ fk:

f ′k(t1) = −µ1
(
bλ2k cos(aλkt1) + aλk sin(aλkt1)

)
,

f ′′k (t1) = −µ1
(
a2λ2k cos(aλkt1)− abλ3k sin(aλkt1)

)
.

Òîäi îäåðæó¹ìî äèôåðåíöiàëüíå ðiâíÿííÿ

sin(aλkt1)f
′′
k (t1)− aλk cos(aλkt1)f

′
k(t1) = µ1abλ

3
k,

ç ÿêîãî âèïëèâà¹ íåðiâíiñòü

|µ1|bλ2k ≤
|f ′′k (t1)|
aλk

+ |f ′k(t1)| ≤ 2max

{
|f ′k(t1)|,

|f ′′k (t1)|
aλk

}
. (21)
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Ìîæíà àíàëîãi÷íî ïîêàçàòè, ùî êiëüêiñòü íóëiâ ôóíêöié h+k (t1) i
h−k (t1) íà âiäðiçêó IT , äå

h+k = f ′k(t1) +
f ′′k (t1)

aλk
, h−k = f ′k(t1)−

f ′′k (t1)

aλk
,

íå ïåðåâèùó¹ C̃3λk, C̃3 � äåÿêà äîäàòíà ñòàëà.
Äàëi çðîáèìî ðîçáèòòÿ (18) âiäðiçêà IT , â ÿêîìó ξ1k, . . . , ξ

ℓ(k)
k � âñi

ðiçíi íóëi îáîõ ôóíêöié h+k (t1), h
−
k (t1), ÿêi íàëåæàòü ïðîìiæêó (T1, T2).

Iç íåðiâíîñòi (21) îòðèìà¹ìî òàêi àëüòåðíàòèâè íà âiäðiçêó IjT :(
∀t1 ∈ IjT

)
|f ′k(t1)| ≥

|µ1|b
2 λ2k (22)

àáî (
∀t1 ∈ IjT

)
|f ′′k (t1)| ≥

|µ1|ab
2 λ3k.

ßêùî íà âiäðiçêó IjT âèêîíó¹òüñÿ óìîâà (22), òî çà ëåìîþ Ïÿðòëi äëÿ
äîâiëüíîãî γ ∈ R âèêîíó¹òüñÿ îöiíêà

measAk ∩ IjT ≤ 4
b|µ1|λ

−2−γ
k , k ∈ Zp\{0},

â iíøîìó ðàçi � îöiíêà

measAk ∩ IjT ≤ 8
ab|µ1|λ

−3−γ
2

k , k ∈ Zp\{0},

Iç íåðiâíîñòi äëÿ êiëüêîñòi ℓ(k) íóëiâ ôóíêöié h+k (t1) i h
−
k (t1) òà îöi-

íîê äëÿ ìið ìíîæèí Ak ∩ IjT âèïëèâà¹, ùî

measAk =

ℓ(k)∑
j=0

measAk ∩ IjT ≤ C6λ
−γ−1

2
k , k ∈ Zp\{0},

äå C6 =
4C̃3
b|µ1| max

{
1, 2a
}
, γ > −1.

Òàêèì ÷èíîì, ðÿä
∑

k∈Z\{0}measAk ìàæîðó¹òüñÿ çáiæíèì ðÿäîì
ïðè γ > 2p − 1. Íà ïiäñòàâi ëåìè Áîðåëÿ�Êàíòåëëi îòðèìó¹ìî, ùî ìi-
ðà Ëåáåãà ìíîæèíà òèõ òî÷îê t1 ∈ A, ÿêi ïîòðàïëÿþòü ó íåñêií÷åííó
êiëüêiñòü ìíîæèí Ak, k ∈ Z, äîðiâíþ¹ íóëåâi. Òåîðåìó äîâåäåíî. �
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CONJUGATE PROBLEM WITH MULTIPOINT NONLOCAL
CONDITION IN TIME FOR PARABOLIC-HYPERBOLIC
EQUATION IN A CYLINDRICAL DOMAIN

In the Cartesian product of the time segment and the spatial multi-
dimensional torus, the conjugate problem with multipoint nonlocal
condition in time for parabolic-hyperbolic equation is considered. The
conditions for existence of the unique solution to the problem in
Sobolev spaces are established. The måtric theorems on the lower
bounds of small denominators appearing in the solution of the problem
are proved.
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ON CLASSIFICATION OF SYMMETRY REDUCTIONS FOR
PARTIAL DIFFERENTIAL EQUATION

We suggest to investigate the relationship between the structural
properties of nonconjugate subalgebras of the same rank of the Lie
algebras of the symmetry groups of the partial di�erential equations
and the properties of the reduced equations corresponding with them.
Some results concerning to a classi�cation of symmetry reductions
for the eikonal equation are presented.

1. Introduction

It is well known that mathematical models of real processes of the nature
can be very often described with the help of partial di�erential equations
(PDEs).

It is also known that the important PDEs of theoretical and mathemati-
cal physics, mechanics, gas dynamics, etc. have non-trivial symmetry groups.

Symmetry reduction is one of the most powerful tools to investigate
PDEs with non-trivial symmetry groups. In particular, for this purpose, we
can use a classical Lie method. In 1895, Lie [1] considered solutions invariant
with respect to groups admitted by the higher-order PDEs.

It turned out that the problem of symmetry reduction and the constructi-
on of classes of independent invariant solutions for PDEs with non-trivial
symmetry groups was reduced to pure algebraic problem of describing all
nonconjugate (nonsimilar) subalgebras of Lie algebras of symmetry groups
of these equations. The details can be found in [2�7] (see also the references
therein).

In 1975, Patera, Winternitz, and Zassenhaus [8] proposed a general
method to describe the nonconjugate subalgebras of Lie algebras with nontri-
vial ideals. Two years ago, Patera and Winternitz [9] described the nonconju-
gate subalgebras of real three- and four-dimensional Lie algebras.

The results of those two works make it possible to describe a subgroup
structure of the symmetry groups as well as to construct classes of invariant

1Institute of Mathematics, Pedagogical University, Cracow, Poland;

vasfed@gmail.com,
2Pidstryhach Institute for Applied Problems of Mechanics and Mathematics

of NAS of Ukraine, Lviv, Ukraine; volfed@gmail.com
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solutions for many PDEs (see, for example, [6, 7, 10�21] and the references
therein). However, it turned out that the reduced equations, obtained with
the help of nonconjugate subalgebras of the given rank of the Lie algebras
of the symmetry groups of some equations, important for theoretical and
mathematical physics, were of di�erent types (see, for example, [14�21] and
the references therein).

Grundland, Harnad, and Winternitz [14] were the �rst to point out and
investigate the similar phenomenon.

It means that using only the ranks of nonconjugate subalgebras of the
Lie algebras of the symmetry groups of the PDEs under investigation, we
cannot explain di�erences in the properties of their reduced equations.

It is well known that the nonconjugate subalgebras of the same rank of
the Lie algebras of the symmetry groups of PDEs under investigation may
have di�erent structural properties.

To try to explain some of the di�erences in the properties of the reduced
equations, obtained with the help nonconjugate subalgebras of the same rank
of the Lie algebras of the symmetry groups of PDEs under investigation, we
suggest to investigate the relationship between the structural properties of
these subalgebras and the properties of the reduced equations corresponding
with them.

By now, we have investigated the relationship between the structural
properties [22] of the low-dimensional (dimL ≤ 3) nonconjugate subalgebras
of the Lie algebra of the generalized Poincar�e group P (1, 4) and the properti-
es of the corresponding reduced equations for the eikonal equation. In [21],
there are the results, obtained on the basis of classi�cation of three-dimen-
sional nonconjugate subalgebras of the Lie algebra of the group P (1, 4).

In this paper, we present some results relating to a classi�cation of
symmetry reductions for the eikonal equation, obtained on the basis of classi-
�cation of one- and two-dimensional nonconjugate subalgebras of the Lie
algebra of the group P (1, 4).

2. Lie algebra of the Poincar�e group P (1, 4) and its noncon-
jugate subalgebras

The group P (1, 4) is a group of rotations and translations of the �ve-
dimensional Minkowski space M(1, 4). It is the smallest group, which con-
tains, as subgroups, the extended Galilei group G̃(1, 3) [23] (the symmetry
group of classical physics) and the Poincar�e group P (1, 3) (the symmetry
group of relativistic physics).

Lie algebra of the group P (1, 4) is generated by 15 bases elements
Mµν = −Mνµ (µ, ν = 0, 1, 2, 3, 4) and Pµ (µ = 0, 1, 2, 3, 4), which



On classi�cation of symmetry reductions for PDEs 243

satisfy the commutation relations

[Pµ, Pν ] = 0, [Mµν , Pσ] = gνσPµ − gµσPν ,

[Mµν ,Mρσ] = gµσMνρ + gνρMµσ − gµρMνσ − gνσMµρ,

where g00 = −g11 = −g22 = −g33 = −g44 = 1, gµν = 0, if µ ̸= ν.

Let's consider the following representation of the Lie algebra of the group
P (1, 4) :

P0 =
∂

∂x0
, P1 = − ∂

∂x1
, P2 = − ∂

∂x2
, P3 = − ∂

∂x3
,

P4 = − ∂

∂u
, Mµν = xµPν − xνPµ, x4 ≡ u.

In the following, we will use the next bases elements:

G =M04, L1 =M23, L2 = −M13, L3 =M12,

Pa =Ma4 −M0a, Ca =Ma4 +M0a, (a = 1, 2, 3),

X0 =
1

2
(P0 − P4) , Xk = Pk (k = 1, 2, 3), X4 =

1

2
(P0 + P4) .

Nonconjugate subalgebras of the Lie algebra of the group P (1, 4) have
been described in papers [24�28].

Lie algebra of the extended Galilei group G̃(1, 3) is generated by the
following bases elements:

L1, L2, L3, P1, P2, P3, X0, X1, X2, X3, X4.

In this paper, we use the full list of the nonconjugate (up to P (1, 4) -
conjugation) subalgebras of the Lie algebra of the group P (1, 4), which can
be found in [12].

3. On classi�cation of symmetry reductions for the eikonal
equation

In this section, we consider the eikonal equation of the form as follows:(
∂u

∂x0

)2

−
(
∂u

∂x1

)2

−
(
∂u

∂x2

)2

−
(
∂u

∂x3

)2

= 1,

where u = u(x), x = (x0, x1, x2, x3) ∈M(1, 3).
In 1982, Fushchych and Shtelen [29] proved that the maximally extensive

local (in sense of Lie) invariance group of this equation was the conformal
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group C(1, 4) of the (4+1) -dimensional Poincar�e-Minkowski space with the
metric

s2 = x20 − x21 − x22 − x23 − u2, x4 = u.

It is known that the group C(1, 4) contains, as a subgroup, the group
P (1, 4).

In this section, we present the results of classi�cation of symmetry reduc-
tions of the eikonal equation for all nonconjugate subalgebras of the Lie
algebra of the group P (1, 4) of dimensions 1 and 2.

3.1. Classi�cation of symmetry reductions for the eikonal equation
using one-dimensional nonconjugate subalgebras of the Lie al-
gebra of the Poincar�e group P (1, 4)

The results of classi�cation of one-dimensional nonconjugate subalgebras
of the Lie algebra of the group P (1, 4) can be formulated as follows:

Proposition 1. The Lie algebra of the group P (1, 4) contains 20 one-
dimensional nonconjugate subalgebras of the type A1.

Consequently, we have 20 ansatzes, which are invariant with respect to
the one-dimensional nonconjugate subalgebras of the type A1.

By now, we have performed corresponding symmetry reduction of the
eikonal equation to di�erential equations with a fewer number of independent
variables using those ansatzes. Some classes of invariant solutions have been
constructed.

Below, we present a short review of the results obtained. All the reduced
equations are nonlinear. In 18 cases, the reduced equations are three-dimen-
sional PDEs. Let's present some of the resuls obtained.

1. ⟨G⟩ :

Ansatz

(x20 − u2)1/2 = φ(ω1, ω2, ω3), ω1 = x1, ω2 = x2, ω3 = x3.

Reduced equation

φ2
1 + φ2

2 + φ2
3 − 1 = 0, φi :=

∂φ

∂ωi
, i = 1, 2, 3.

Solution of the reduced equation

φ(ω1, ω2, ω3) = −(1− c22 − c23)
1/2ω1 + c2ω2 + c3ω3 + c1.

Solution of the eikonal equation

(x20 − u2)1/2 = −(1− c22 − c23)
1/2x1 + c2x2 + c3x3 + c1.
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2. ⟨G+ αX1, α > 0⟩ :

Ansatz

x1 − α ln(x0 + u) = φ(ω1, ω2, ω3), ω1 = x2, ω2 = x3,

ω3 = (x20 − u2)1/2.

Reduced equation

ω3

(
ω3(φ

2
1 + φ2

2 − φ2
3 + 1)− 2αφ3

)
= 0.

Solutions of the reduced equation

ω3 = 0, φ(ω1, ω2, ω3) = c1ω1 + c2ω2 + c3 +

+α ln

(
2α(
√

(c21 + c22 + 1)ω2
3 + α2 + α)

ω2
3

)
−
√

(c21 + c22 + 1)ω2
3 + α2.

Solutions of the eikonal equation

u = ±x0, α ln

(
2α(
√

(c21 + c22 + 1)(x20 − u2) + α2 + α)

x0 − u

)
−

−
√

(c21 + c22 + 1)(x20 − u2) + α2 − x1 + c1x2 + c2x3 + c3 = 0.

It should be noted that the next subalgebras belong to the Lie algebra
of the extended Galilei group G̃(1, 3) ⊂ P (1, 4).

3. ⟨L3⟩ :

Ansatz

u = φ(ω1, ω2, ω3), ω1 = x0, ω2 = x3, ω3 = (x21 + x22)
1/2.

Reduced equation

φ2
1 − φ2

2 − φ2
3 − 1 = 0.

Solution of the reduced equation

φ(ω1, ω2, ω3) = (c22 + c23 + 1)1/2ω1 + c2ω2 + c3ω3 + c1.

Solution of the eikonal equation

u = (c22 + c23 + 1)1/2x0 + c2x3 + c3(x
2
1 + x22)

1/2 + c1.

4. ⟨L3 + α(X0 +X4), α > 0⟩ :

Ansatz

u = φ(ω1, ω2, ω3), ω1 = x3, ω2 = (x21 + x22)
1/2,

ω3 = x0 − α arctan
x1
x2
.
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Reduced equation

ω2
2(φ

2
1 + φ2

2) + (α2 − ω2
2)φ

2
3 + ω2

2 = 0.

Solution of the reduced equation

φ(ω1, ω2, ω3) = iαc3 arctanh
c3α

((c21 − c23 + 1)ω2
2 + c23α

2)1/2
−

−i((c21 − c23 + 1)ω2
2 + c23α

2)1/2 + c3ω3 + c1ω1 + c4.

Solution of the eikonal equation

u = iαc3 arctanh
c3α√

(c21 − c23 + 1)(x21 + x22) + c23α
2
+

+c3

(
x0 − α arctan

x1
x2

)
−i
√

(c21 − c23 + 1)(x21 + x22) + c23α
2+c1x3+c4.

5. ⟨L3 + αX3, α > 0⟩ :

Ansatz

u = φ(ω1, ω2, ω3), ω1 = x0, ω2 = x21 + x22, ω3 = x3 + α arctan
x1
x2
.

Reduced equation

ω2φ
2
1 − 4ω2

2φ
2
2 − (α2 + ω2)φ

2
3 − ω2 = 0.

Solution of the reduced equation

φ(ω1, ω2, ω3) = −αc3 arctan
((c21 − c23 − 1)ω2 − c23α

2)1/2

c3α
+ c1ω1 +

+c3ω3 + ((c21 − c23 − 1)ω2 − c23α
2)1/2 + c4.

Solution of the eikonal equation

u =
√

(c21 − c23 − 1)(x21 + x22)− α2c23 + c3α arctan
x1
x2

−

−c3α arctan

(√
(c21 − c23 − 1)(x21 + x22)− α2c23

c3α

)
+ c3x3 + c1x0 + c4.

6. ⟨L3 + 2X4⟩ :

Ansatz

x0 − u+ 2arctan
x2
x1

= φ(ω1, ω2, ω3), ω1 = x0 + u,

ω2 = (x21 + x22)
1/2, ω3 = x3.

Reduced equation

ω2
2(4φ1 + φ2

2 + φ2
3) + 4 = 0.
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Solution of the reduced equation

φ(ω1, ω2, ω3) = 2i
√

(c1 + c23)ω
2
2 + 1−2i arctanh

(√
(c1 + c23)ω

2
2 + 1

)
+

+c1ω1 + 2c3ω3 + c4.

Solution of the eikonal equation

x0 − u+ 2arctan
x2
x1

= 2i
√

(c23 + c1)(x21 + x22) + 1−

−2i arctanh
(√

(c23 + c1)(x21 + x22) + 1
)
+ c1(x0 + u) + 2c3x3 + c4.

7. ⟨P3 − 2X0⟩ :

Ansatz

x0−u+
1

6
(x0+u)3+x3(x0+u) = φ(ω1, ω2, ω3), ω1 = x1, ω2 = x2,

ω3 = (x0 + u)2 + 4x3.

Reduced equation

φ2
1 + φ2

2 + 16φ2
3 − ω3 = 0.

Solution of the reduced equation

φ(ω1, ω2, ω3) = c1ω1 + c2ω2 −
1

6
(ω3 − c21 − c22)

3/2 + c3.

Solution of the eikonal equation

x0−u+
1

6
(x0+u)

3+x3(x0+u) = c1x1+ c2x2−
1

6

(
(x0 + u)2 + 4x3−

−c21 − c22
)3/2

+ c3.

In one case, the reduced equation is a two-dimensional PDE. Let's
present the results obtained.

8. ⟨X4⟩ :

Ansatz

x3 = φ(ω1, ω2, ω3), ω1 = x1, ω2 = x2, ω3 = x0 + u.

Reduced equation

φ2
1 + φ2

2 + 1 = 0.

Solution of the reduced equation

φ(ω1, ω2, ω3) = −i(c22 + 1)1/2ω1 + c2ω2 + c1 + f(ω3).

Solution of the eikonal equation

x3 = −i(c22 + 1)1/2x1 + c2x2 + c1 + f(x0 + u),
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where f is an arbitrary smooth function.

From the invariants of one subalgebra it is impossible to construct an
ansatz, which reduces the eikonal equation. Let's present basis element
of the subalgebra and corresponding functional basis of invariants.

9. ⟨X4 −X0⟩ :

ω1 = x0, ω2 = x1, ω3 = x2, ω4 = x3 .

3.2. Classi�cation of symmetry reductions of the eikonal equation
using two-dimensional nonconjugate subalgebras of the Lie al-
gebra of the Poincar�e group P (1, 4)

The results of classi�cation of two-dimensional nonconjugate subalgebras
of the type 2A1 of the Lie algebra of the group P (1, 4) can be formulated as
follows:

Proposition 2. The Lie algebra of the group P (1, 4) contains 42 two-
dimensional nonconjugate subalgebras of the type 2A1.

Consequently, we have 42 ansatzes, which are invariant with respect to
the two-dimensional nonconjugate subalgebras of the type 2A1.

By now, we have performed corresponding symmetry reduction of the
eikonal equation to di�erential equations with a fewer number of independent
variables using those ansatzes. Some classes of invariant solutions have been
constructed.

Below, we present a short review of the results obtained. All the reduced
equations are nonlinear.

In 32 cases, the reduced equations are two-dimensional PDEs. Let's
present some of the resuls obtained.

1. ⟨L3 + α(X0 +X4), P3 + C3, α > 0⟩ :

Ansatz

x0 − α arctan
x1
x2

= φ(ω1, ω2), ω1 = (x21 + x22)
1/2, ω2 = (u2 + x23)

1/2.

Reduced equation(
(φ2

1 + φ2
2 − 1)ω2

1 + α2
)
ω2
2 = 0, φi :=

∂φ

∂ωi
, i = 1, 2.

Solutions of the reduced equation

φ(ω1, ω2) =
√

(1− c22)ω
2
1 − α2 + α arctan

α√
(1− c22)ω

2
1 − α2

+ c2ω2 +

c1, ω2 = 0.
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Solutions of the eikonal equation

x0−α arctan
x1
x2

= α arctan
α√

(1− c22)(x
2
1 + x22)− α2

+c2(u
2+x23)

1/2+

+
√

(1− c22)(x
2
1 + x22)− α2 + c1, u2 + x23 = 0.

2. ⟨G+ αX3, L3, α > 0⟩ :

Ansatz

x3 −α ln(x0 + u) = φ(ω1, ω2), ω1 = (x21 + x22)
1/2, ω2 = (x20 − u2)1/2.

Reduced equation

ω2(ω2φ
2
1 − ω2φ

2
2 − 2αφ2 + ω2) = 0.

Solutions of the reduced equation

ω2 = 0, φ(ω1, ω2) = α ln

(
2α

√
(c21 + 1)ω2

2 + α2 + α

ω2
2

)
−

−
√

(c21 + 1)ω2
2 + α2 + c1ω1 + c2.

Solutions of the eikonal equation

x20 − u2 = 0, α ln

(
2α

√
(c21 + 1)(x20 − u2) + α2 + α

x0 − u

)
−

−
√

(c21 + 1)(x20 − u2) + α2 − x3 + c1(x
2
1 + x22)

1/2 + c2 = 0.

It should be noted, that next subalgebras belong to the Lie algebra of
the extended Galilei group G̃(1, 3) ⊂ P (1, 4).

3. ⟨L3 + α(X0 +X4), X4, α > 0⟩ :

Ansatz

x0 + u− α arctan
x1
x2

= φ(ω1, ω2), ω1 = x3, ω2 = (x21 + x22)
1/2.

Reduced equation

ω2
2φ

2
1 + ω2

2φ
2
2 + α2 = 0.

Solution of the reduced equation

φ(ω1, ω2) = c1ω1 + i
√
c21ω

2
2 + α2 − iα arctanh

α√
c21ω

2
2 + α2

+ c2.

Solution of the eikonal equation

u = c1x3 + i
√
c21(x

2
1 + x22) + α2 − iα arctanh

α√
c21(x

2
1 + x22) + α2

−
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−x0 + α arctan
x1
x2

+ c2.

4. ⟨P1, P2 −X2 − βX3, β > 0⟩ :

Ansatz
x21

x0 + u
+

x22
x0 + u+ 1

+ 2u = φ(ω1, ω2), ω1 = x0 + u,

ω2 = x3 −
βx2

x0 + u+ 1
.

Reduced equation

(ω1 + 1)2ω4
1

(
(ω1 + 1)2(φ2

2 − 4φ1 + 4) + β2φ2
2

)
= 0.

Solutions of the reduced equation

ω1+1 = 0, ω1 = 0, φ(ω1, ω2) =

(
c22
4

+ 1

)
ω1+c2ω2−

β2c22
4(ω1 + 1)

+c1.

Solutions of the eikonal equation

u = −1− x0, u = −x0,
x21

x0 + u
+ 2u =

(
c22
4

+ 1

)
(x0 + u)−

− (βc2 + 2x2)
2

4(x0 + u+ 1)
+ c2x3 + c1.

In 5 cases, the reduced equations are ordinary di�erential equations.
Let's present some of the resuls obtained.

5. ⟨L3 + αX3, X4, α > 0⟩ :

Ansatz

x3 + α arctan
x1
x2

= φ(ω1, ω2), ω1 = x0 + u, ω2 = (x21 + x22)
1/2.

Reduced equation

(φ2
2 + 1)ω2

2 + α2 = 0.

Solution of the reduced equation

φ(ω1, ω2) = iα arctanh
α√

ω2
2 + α2

− i
√
ω2
2 + α2 + f(ω1).

Solution of the eikonal equation

x3 + α arctan
x1
x2

= iα arctanh
α√

x21 + x22 + α2
− i
√
x21 + x22 + α2 +

+f(x0 + u),

where f is an arbitrary smooth function.
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From the invariants of 5 subalgebras it is impossible to constract
ansatzes which reduce the eikonal equation. Let's present bases ele-
ments of some subalgebra and corresponding functional basis of invari-
ants.

⟨X1⟩ ⊕ ⟨X4 −X0⟩ : ω1 = x0, ω2 = x2, ω3 = x3 .

The results of classi�cation of two-dimensional nonconjugate subalgebras
of the type A2 of the Lie algebra of the group P (1, 4) can be formulated as
follows:

Proposition 3. The Lie algebra of the group P (1, 4) contains 7 two-
dimensional nonconjugate subalgebras of the type A2.

Consequently, we have 7 ansatzes, which are invariant with respect to
two-dimensional nonconjugate subalgebras of the type A2.

By now, we have performed corresponding symmetry reduction of the
eikonal equation to di�erential equations with a fewer number of independent
variables using those ansatzes. Some classes of invariant solutions have been
constructed.

Below, we present a short review of the results obtained. All the reduced
equations are nonlinear.

In 6 cases the reduced equations are two-dimensional PDEs. Let's present
some of the resuls obtained.

1. ⟨−G− 1

λ
L3, X4, λ > 0⟩ :

Ansatz

ln(x0 + u) + λ arctan
x1
x2

= φ(ω1, ω2), ω1 = x3, ω2 = (x21 + x22)
1/2.

Reduced equation

ω2
2(φ

2
1 + φ2

2) + λ2 = 0.

Solution of the reduced equation

φ(ω1, ω2) = c1ω1 − i
√
c21ω

2
2 + λ2 + iλ arctanh

λ√
c21ω

2
2 + λ2

+ c2.

Solution of the eikonal equation

ln(x0 + u) = c1x3 − i
√
c21(x

2
1 + x22) + λ2 − λ arctan

x1
x2

+ c2 +

+iλ arctanh
λ√

c21(x
2
1 + x22) + λ2

.
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2. ⟨−G− αX1, X4, α > 0⟩ :

Ansatz

x1 − α ln(x0 + u) = φ(ω1, ω2), ω1 = x2, ω2 = x3.

Reduced equation

φ2
1 + φ2

2 + 1 = 0.

Solution of the reduced equation

φ(ω1, ω2) = i(c22 + 1)1/2ω1 + c2ω2 + c1.

Solution of the eikonal equation

x1 − α ln(x0 + u) = i(c22 + 1)1/2x2 + c2x3 + c1.

3. ⟨−G− α

λ
X3 −

1

λ
L3, X4, α > 0, λ > 0⟩ :

Ansatz

ln(x0 + u) + λ arctan
x1
x2

= φ(ω1, ω2), ω1 = (x21 + x22)
1/2,

ω2 = x3 + α arctan
x1
x2
.

Reduced equation

ω2
1(φ

2
1 + φ2

2) + (αφ2 − λ)2 = 0.

Solution of the reduced equation

φ(ω1, ω2) = i
√
c22ω

2
1 + (αc2 − λ)2 + c2ω2 + c1 −

−i(αc2 − λ) arctanh
αc2 − λ√

c22ω
2
1 + (αc2 − λ)2

.

Solution of the eikonal equation

ln(x0 + u) = i
√
c22(x

2
1 + x22) + (αc2 − λ)2 + (αc2 − λ) arctan

x1
x2

−

−i(αc2 − λ) arctanh
αc2 − λ√

c22(x
2
1 + x22) + (αc2 − λ)2

+ c2x3 + c5.

4. ⟨−G− αX1, P3, α > 0⟩ :

Ansatz

x1 − α ln(x0 + u) = φ(ω1, ω2), ω1 = x2, ω2 = (x20 − x23 − u2)1/2.

Reduced equation

ω2

(
ω2(φ

2
1 − φ2

2 + 1)− 2αφ2

)
= 0.
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Solutions of the reduced equation

ω2 = 0, φ(ω1, ω2) = α ln

(
2α

√
(c21 + 1)ω2

2 + α2 + α

ω2
2

)
−

−
√

(c21 + 1)ω2
2 + α2 + c1ω1 + c2.

Solutions of the eikonal equation

x20 − x23 − u2 = 0, x1 − α ln(x0 + u) =

= α ln

(
2α

√
(c21 + 1)(x20 − x23 − u2) + α2 + α

x20 − x23 − u2

)
−

−
√

(c21 + 1)(x20 − x23 − u2) + α2 + c1x2 + c2.

From the invariants of one subalgebra it is impossible to constract
ansatz which reduces the eikonal equation. Let's present bases ele-
ments of the subalgebra and corresponding functional basis of invari-
ants.

⟨−G, X4⟩ : ω1 = x1, ω2 = x2, ω3 = x3 .
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