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ІДЕНТИФІКАЦІЯ КОЕФІЦІЄНТА ПРИ ПОХІДНІЙ ЗА ЧАСОМ 
У КВАЗІЛІНІЙНОМУ ПАРАБОЛІЧНОМУ РІВНЯННІ 
 

Âèçíà÷åíî óìîâè ³ñíóâàííÿ òà ºäèíîñò³ ðîçâ’ÿçêó îáåðíåíî¿ çàäà÷³ äëÿ îäíî-
âèì³ðíîãî êâàç³ë³í³éíîãî ïàðàáîë³÷íîãî ð³âíÿííÿ ç íåâ³äîìèì êîåô³ö³ºíòîì 
ïðè ïîõ³äí³é çà ÷àñîì äëÿ âèïàäêó êðàéîâèõ óìîâ äðóãîãî ðîäó. 

 
 1. Âñòóï ³ ôîðìóëþâàííÿ çàäà÷³. Ó ö³é ñòàòò³ äîñë³äæóºòüñÿ îáåðíåíà 
çàäà÷à âèçíà÷åííÿ íåâ³äîìîãî êîåô³ö³ºíòà ïðè ïîõ³äí³é çà ÷àñîì â îäíîâè-
ì³ðíîìó êâàç³ë³í³éíîìó ïàðàáîë³÷íîìó ð³âíÿíí³ äëÿ âèïàäêó êðàéîâèõ óìîâ 
Íåéìàíà. Âñòàíîâëåíî óìîâè ³ñíóâàííÿ ëîêàëüíîãî çà ÷àñîì êëàñè÷íîãî 
ðîçâ’ÿçêó çàäà÷³ ç êëàñó íåïåðåðâíî äèôåðåíö³éîâíèõ ôóíêö³é òà óìîâè 
ãëîáàëüíî¿ ºäèíîñò³ ðîçâ’ÿçêó â êëàñ³ Ãåëüäåðà.  

Îáåðíåí³ çàäà÷³ äîñë³äæóâàëè Î. ². Ïðèëºïêî [6], Ì. Â. Ìóçèëüîâ [4, 5], 
Ì. ². ²âàí÷îâ [2, 12], À. Ëîðåíö³ [14–16], Äæ. Êåííîí [8–10], Á. Ô. Äæîíñ [13], 
Í. Ë. Ãîëüäìàí [1] òà ³íø³, â ðîáîòàõ ÿêèõ íåâ³äîìèìè º, â îñíîâíîìó, ñòàð-
øèé àáî ìîëîäøèé êîåô³ö³ºíò àáî ïðàâà ÷àñòèíà ïàðàáîë³÷íîãî ð³âíÿííÿ. 
Ñåðåä íåâåëèêî¿ ê³ëüêîñò³ ðîá³ò, ïîâ’ÿçàíèõ ³ç ³äåíòèô³êàö³ºþ íåâ³äîìèõ 
êîåô³ö³ºíò³â ó êâàç³ë³í³éíîìó ïàðàáîë³÷íîìó ð³âíÿíí³, ìîæíà â³äì³òèòè ðî-
áîòè Ì. Â. Ìóçèëüîâà [4, 5], ÿêèé âñòàíîâèâ ºäèí³ñòü ðîçâ’ÿçêó çàäà÷³ ó âè-
ïàäêó íåë³í³éíîãî ð³âíÿííÿ  

 ( ) ( ( ) ) ( ) ,     0 1,     0t x x xc u u k u u d u u x t T= + < < < < , 

ç íåâ³äîìèìè êîåô³ö³ºíòàìè ( ), ( ), ( )c u k u d u . Äîñë³äæåííþ ïèòàííÿ ñò³éêîñò³ 
ðîçâ’ÿçêó [14] äëÿ ð³âíÿííÿ  

 ( ) ( ) ,                        0,      0t xxu b t c u u x t T= > < < , 

à òàêîæ âñòàíîâëåííþ óìîâ ³ñíóâàííÿ, ºäèíîñò³ òà ñò³éêîñò³ ðîçâ’ÿçêó îáåð-
íåíî¿ çàäà÷³ [16] ó âèïàäêó ð³âíÿííÿ  

 ( ( , )) ( , ),      0 ,     0t x xu v u x t u f x t x t T= + < < < <[ ]  , 

ç íåâ³äîìèìè b  òà v  â³äïîâ³äíî ïðèñâÿ÷åí³ ðîáîòè À. Ëîðåíö³.  
Â îáëàñò³ (0, ) (0, )TQ h T= ×  ðîçãëÿíåìî ð³âíÿííÿ  

 ( ) ( , , , ) ( , , , )t x xx xc t u a x t u u u b x t u u= +  (1) 

ç íåâ³äîìèì êîåô³ö³ºíòîì ( ) 0,  0,c t t T> ∈ [ ] , ïî÷àòêîâîþ óìîâîþ 

 ( ,0) ( ),       0,u x x x h= ϕ ∈ [ ] , (2) 

êðàéîâèìè óìîâàìè 

 1 2(0, ) ( ),      ( , ) ( ),      0,x xu t t u h t t t T= µ = µ ∈ [ ] , (3) 

òà óìîâîþ ïåðåâèçíà÷åííÿ  

 3(0, ) ( ),       0,u t t t T= µ ∈ [ ] . (4) 

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè: 

(A1) 1,0,1,1 2 1,0,1,1 2( , , , ) ,    ( , , , )T Ta x t u v C Q b x t u v C Q∈ × ∈ ×( ) ( )  , 

 2 1( ) 0, ,     ( ) 0, ,     1,2,3ix C h t C T iϕ ∈ µ ∈ =[ ] [ ] ;  

(A2) 2
0( , , , ) 0,      ( , , , ) Ta x t u v a x t u v Q≥ ∈ ×  ;  

(A3) 1( , , , ) ( , , , ) ( , , , ) ( , , , )x u va x t u v a x t u v a x t u v a x t u v a+ + + ≤ , 

 ( , , , ) ( , , , ) ( , , , )x ub x t u v b x t u v b x t u v+ + +  

 2 2
0    ( , , , ) 1 1 ,  ( , , , )v Tb x t u v v v x t u v Q+ ⋅ + ≤ ν + ∈ ×( ) ( )  ; 
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(A4) 3 1 3( ) 0,   0, ,   0, , ( ), ( ) 0,   ( ) 0,   0,x x h b t t t t t T′′ ′ϕ > ∈ µ µ > µ > ∈[ ] [ ]( ) ;  

(A5) 1 2(0) (0),      ( ) (0)h′ ′ϕ = µ ϕ = µ .  

Òóò 1 0,a ν  – äîäàòí³ ñòàë³.  

Òåîðåìà 1. Ïðè âèêîíàíí³ óìîâ (A1)–(A5) ìîæíà âêàçàòè òàêå ÷èñëî 

0t , 00 t T< ≤ , ùî ðîçâ’ÿçîê 
0

2,1
0( , ) 0, tc u C t C Q∈ ×[ ] ( ) , 0( ) 0,  0,c t t t> ∈ [ ] , 

çàäà÷³ (1)–(4) ³ñíóº.  
 Òåîðåìà 2. Íåõàé , , , ,u v u va a a b b  – íåïåðåðâí³ òà çàäîâîëüíÿþòü óìî-

âó Ãåëüäåðà çà çì³ííîþ x  â 2
TQ ×   ëîêàëüíî,  

2
3 0( ) 0,   0, ,     ( , , , ) 0,    ( , , , ) Tt t T a x t u v a x t u v Qµ ≠ ∈ ≥ > ∈ ×[ ]  .  

Òîä³ ðîçâ’ÿçîê 2 2 ,1( , ) 0, Tc u H T H Qγ + γ + γ∈ ×/ [ ] ( )  çàäà÷³ (1)–(4) ºäèíèé.  
2. Äîâåäåííÿ ³ñíóâàííÿ ðîçâ’ÿçêó çàäà÷³. Äëÿ äîâåäåííÿ òåîðåìè 1 

âèêîðèñòàºìî òåîðåìó Øàóäåðà ïðî íåðóõîìó òî÷êó êîìïàêòíîãî îïå-
ðàòîðà. Äëÿ öüîãî çâåäåìî çàäà÷ó (1)–(4) äî ñèñòåìè ð³âíÿíü. Ùîá îòðèìàòè 
ð³âíÿííÿ â³äíîñíî ( )c t , ïîêëàäåìî â ð³âíÿíí³ (1) 0x = :  

 3 1 3 1

3

0, , ( ), ( ) (0, ) 0, , ( ), ( )
( )

( )
xxa t t t u t b t t t

c t
t

µ µ + µ µ
= ′µ

( ) ( )
. (5) 

Çàô³êñóºìî äîâ³ëüíó òî÷êó 0,y h∈ [ ]  ³ ïîäàìî ð³âíÿííÿ (1) ó âèãëÿä³ [11]  

 ( ) , , ( , ), ( , ) ( , , ( , ), ( , ))t y xx xc t u a y t u y t u y t u a x t u x t u x t= + −( ) (  

 ( , , ( , ), ( , ) ( , , , ))y xx xa y t u y t u y t u b x t u u− + . (6) 

Ó ïðèïóùåíí³, ùî ôóíêö³ÿ ( )c t  º â³äîìîþ, çâîäèìî çàäà÷ó (6), (2), (3) 
äî íåë³í³éíîãî ³íòåãðî-äèôåðåíö³àëüíîãî ð³âíÿííÿ  

 2
0

( , ) ( ) ( , , ,0; )
h

u x t G x t y d= ϕ ξ ξ ξ −∫  

 1 2
0

, , ( , ), ( , )
( ) ( , ,0, ; )

( )

( )t
ya y u y u y

G x t y d
c

τ τ τ
− µ τ τ τ +

τ∫  

 2 2
0

, , ( , ), ( , )
( ) ( , , , ; )

( )

( )t
ya y u y u y

G x t h y d
c

τ τ τ
+ µ τ τ τ +

τ∫  

 2
0 0

, , ( , ), ( , )
( , , , ; )

( )

t h b u u
G x t y d d

c
ξξ τ ξ τ ξ τ

+ ξ τ ξ τ +
τ∫ ∫

( )
 

 
0 0

( , , ( , ), ( , )) ( , , ( , ), ( , ))
( )

t h

y
d a u u a y u y u y
c ξ

τ+ ξ τ ξ τ ξ τ − τ τ τ ×
τ∫ ∫ ( )  

 2( , ) ( , , , ; )u G x t y dξξ× ξ τ ξ τ ξ , (7) 

äå 

 
2( 2 )1( , , , ; ) exp

4( ( , ) ( , ))2 ( ( , ) ( , ))i
n

x nh
G x t y

t y yt y y

+∞

=−∞

− ξ +  ξ τ = − +  θ − θ τ π θ − θ τ 
∑   

 
2( 2 )

( 1) exp ,       1,2
4( ( , ) ( , ))

i x nh
i

t y y
+ ξ +  + − − = θ − θ τ 

, 

 
0

, , ( , ), ( , )
( , )

( )

( )t
ya y u y u y

t y d
c

τ τ τ
θ = τ

τ∫ . 

Çàóâàæèìî, ùî ôóíêö³¿ ¥ð³íà ( , , , ; )iG x t yξ τ  ïåðøî¿ ( 1)i =  òà äðóãî¿ 

( 2)i =  êðàéîâèõ çàäà÷ äëÿ ð³âíÿííÿ  
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 ( ) , , ( , ), ( , )t y xxc t z a y t z y t z y t z= ( ) , 

çàëåæàòü ÿê â³ä ïàðàìåòðà y , òàê ³ â³ä íåâ³äîìèõ , , xc u u , ùî ì³ñòÿòüñÿ â 

ôóíêö³¿ ( , )t yθ . Äëÿ ñïðîùåííÿ ïîçíà÷åíü çàëåæí³ñòü â³ä îñòàíí³õ íå ïèñà-
òèìåìî. 

Îá÷èñëèìî ç ð³âíÿííÿ (7) äðóãó ïîõ³äíó xxu , âðàõîâóþ÷è ð³âíîñò³  

 2 2 2 1( , , , ; ) ( , , , ; ),    ( , , , ; ) ( , , , ; )xx xG x t y G x t y G x t y G x t yξξ ξξ τ = ξ τ ξ τ = − ξ τ , 

 2 2
( )

( , , , ; ) ( , , , ; )
, , ( , ), ( , )( )xx

y

c
G x t y G x t y

a y u y u y τ
τξ τ = − ξ τ

τ τ τ
, 

óìîâè (A1) òà ³íòåãðóþ÷è ÷àñòèíàìè. Ïîêëàâøè â îòðèìàíîìó âèðàç³ y x= , 
çàïèøåìî ð³âíÿííÿ  

 2 1 2
0 0

( , ) ( ) ( , , ,0; ) ( ) ( , ,0, ; )
h t

xxu x t G x t x d G x t x d′′ ′= ϕ ξ ξ ξ − µ τ τ τ +∫ ∫  

 2 2
0 0 0

( ) ( , , , ; ) ( , , ( , ), ( , )
( )

t t h
dG x t h x d b u u
c ξ ξ

τ′+ µ τ τ τ − ξ τ ξ τ ξ τ +
τ∫ ∫ ∫ [ )  

 , , ( , ), ( , ) ( , ) , , ( , ), ( , ))u vb u u u b u uξ ξ ξ+ ξ τ ξ τ ξ τ ξ τ + ξ τ ξ τ ξ τ ×( ) (  

 2
0 0

( , ) ( , , , ; ) ( , , ( , ), ( , ))
( )

t h
du G x t x d a u u
cξξ ξ ξ

τ× ξ τ ξ τ ξ + ξ τ ξ τ ξ τ −
τ∫ ∫] [  

 2( , , ( , ), ( , )) ( , ) ( , , , ; )xa x u x u x u G x t x dξξ ξξ− τ τ τ ξ τ ξ τ ξ] . (8) 

Îñê³ëüêè 

 3 1
0 0

( , ) ( ) ( , ) ,      ( , ) ( ) ( , )
x x

x x xxu x t t u x t dx u x t t u x t dx= µ + = µ +∫ ∫ , (9) 

òî, òàêèì ÷èíîì, çàäà÷ó (1)–(4) çâåäåíî äî ñèñòåìè ð³âíÿíü (5), (8) â³äíîñíî 
íåâ³äîìèõ , xxc u .  

Äëÿ òîãî ùîá çàñòîñóâàòè òåîðåìó Øàóäåðà ïðî íåðóõîìó òî÷êó ö³ë-
êîì íåïåðåðâíîãî îïåðàòîðà, íåîáõ³äíî âñòàíîâèòè îö³íêè çâåðõó òà çíèçó 
ðîçâ’ÿçê³â ñèñòåìè (5), (8).  

ßêùî ðîçãëÿíóòè çàäà÷ó 
 ( ) , , ( , ), ( , ) ,       ( , )t y xx Tc t z a y t z y t z y t z x t Q= ∈( ) ,  

 ( ,0) 1,   0, ,          (0, ) 0,     ( , ) 0,   0,x xz x x h z t z h t t T= ∈ = = ∈[ ] [ ] , 
òî äëÿ áóäü-ÿêîãî 0,y h∈ [ ]  ïðè â³äîì³é ( )c t  ðîçâ’ÿçêîì ö³º¿ çàäà÷³ áóäå  

 2
0

( , ) ( , , ,0; ) 1
h

u x t G x t y d= ξ ξ =∫ . (10) 

Çâ³äñè ìàºìî  

 2
0,

0

( ) ( , , ,0; ) min ( )
h

x h
G x t x d x

∈
′′ ′′ϕ ξ ξ ξ ≥ ϕ∫ [ ]

. (11) 

Ñåðåä äîäàíê³â, ùî âõîäÿòü â xxu  ó ôîðìóë³ (8), âñ³, êð³ì ïåðøîãî, ïðÿ-

ìóþòü äî íóëÿ ïðè 0t → .  Òîìó ³ñíóº òàêèé ïðîì³æîê 00,T[ ] , 00 T T< ≤ , íà 

ÿêîìó áóäå âèêîíóâàòèñü íåð³âí³ñòü  

 2 1 2
0 0

( ) ( , , ,0; ) ( ) ( , ,0, ; )
h t

G x t x d G x t x d′′ ′ϕ ξ ξ ξ ≥ µ τ τ τ −∫ ∫  

 2 2
0 0 0

( ) ( , , , ; ) ( , , ( , ), ( , ))
( )

t t h
dG x t h x d b u u
c ξ ξ

τ′− µ τ τ τ + ξ τ ξ τ ξ τ +
τ∫ ∫ ∫ [  
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 ( ( ) ( )) ( )ub u u uξ ξ+ ξ, τ, ξ, τ , ξ, τ ξ, τ +  

 2( , , ( , ), ( , )) ( , ) ( , , , ; )vb u u u G x t x dξ ξξ ξ+ ξ τ ξ τ ξ τ ξ τ ξ τ ξ −]  

 
0 0

( ( ) ( ))
( )

t h
d a u u
c ξ

τ− ξ, τ, ξ, τ , ξ, τ −
τ∫ ∫ [  

 2( , , ( , ), ( , )) ( , ) ( , , , ; )xa x u x u x u G x t x dξξ ξξ− τ τ τ ξ τ ξ τ ξ] , (12) 

çâ³äêè 
 

0
( , ) 0,       ( , )xx Tu x t x t Q≥ ∈ . 

Îòæå, çã³äíî ç ïðèïóùåííÿìè (A2), (A4) ç ð³âíÿííÿ (5) ìàºìî 
 0 0( ) 0,       0,c t A t T≥ > ∈ [ ] , (13) 

äå êîíñòàíòà 0A  çàëåæèòü ò³ëüêè â³ä â³äîìèõ âåëè÷èí. Çâ³äñè ìàºìî îö³íêó  

 
01( , ) ,        ( , ) Tt x C x t Qθ ≤ ∈ . (14) 

Çíàéäåìî îö³íêó äðóãî¿ ïîõ³äíî¿ xxw u= .  Ç ð³âíîñò³ (10) òà îö³íêè [12]  

 3
2 2( , , , ; )

( , ) ( , )

C
G x t x C

t x x
ξ τ ≤ +

θ − θ τ
 (15) 

ìàºìî 

 2 1 2
0 0

( ) ( , , ,0; ) ( ) ( , ,0, ; )
h t

G x t x d G x t x d′′ ′ϕ ξ ξ ξ − µ τ τ τ +∫ ∫  

 2 2 4 5
0 0

( ) ( , , , ; )
( , ) ( , )

t t
dG x t h x d C C

t x x
τ′+ µ τ τ τ ≤ +

θ − θ τ∫ ∫ . 

Íåõàé 
 

0, 0,
( , ) ( , ),   ( ) max ( , ) ,   ( ) max ( , )x

x h x h
v x t u x t V t v x t W t w x t

∈ ∈
= = =

[ ] [ ]
. 

Ç ð³âíîñò³ (9) ìàºìî  

 6 7( , ) ( )v x t C C W t≤ + . (16) 

Íà ï³äñòàâ³ íåð³âíîñò³  

 2
,exp( )    0, ),    0,    0p

p qz qz C z p q− ≤ < ∞ ∀ ∈ ∞ ≥ >[ , 

îòðèìàºìî  

 
2

8
2

( 2 )
( , , , ; ) exp

( , ) ( , ) 8( ( , ) ( , ))
n

C x nh
G x t x

t x x t x x

+ ∞

ξ
=− ∞

− ξ +  ξ τ ≤ − + θ − θ τ θ − θ τ 
∑  

 
2( 2 )

exp
8( ( ) ( ))

x nh
t x x
+ ξ +  + − θ , − θ τ, 

. 

Çâ³äñè ç îãëÿäó íà óìîâè (À3) òà îö³íêè (14), (16) îòðèìàºìî 

 2
0 0

( , , , ; ) ( , , ( , ), ( , ))
( )

t h
d G x t x b u v
c ξ ξ

τ ξ τ ξ τ ξ τ ξ τ +
τ∫ ∫ [  

 ( , , ( , ), ( , )) ( , ) ( , , ( , ), ( , )) ( , )u vb u v v b u v w d+ ξ τ ξ τ ξ τ ξ τ + ξ τ ξ τ ξ τ ξ τ ξ ≤]  

 
2 3

9 10
0

( ) ( ) ( )

( ) ( , ) ( , )

t
W W W

C C d
c t x x

τ + τ + τ≤ + τ
τ θ − θ τ∫ . 

Îñê³ëüêè çà òåîðåìîþ Ëàãðàíæà  

 
1

( )
0

( ) ( ) ( ) ( ) | z y x yf x f y x y f z d= +α −
′− = − α∫ , 
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òî 
 , , ( , ), ( , ) , , ( , ), ( , )a u v a x u x v xξ τ ξ τ ξ τ − τ τ τ ≤( ) ( )  

 11 12 13 14 15( ) ( ) ( )C C V t C W x C C W x≤ + + τ ξ − ≤ + τ ξ −( ) ( ) , 

äå ñòàë³ 11 12 13, ,C C C  âèçíà÷àþòüñÿ ÷åðåç â³äîì³ âåëè÷èíè. Òîä³, âðàõîâóþ÷è 
îö³íêó [7]  

 16
2

0

( , , , ; )
( , ) ( , )

h C
x G x t x d

t x x
ξξξ − ξ τ ξ ≤

θ − θ τ∫ , 

îòðèìàºìî 

 
0 0

( , , ( , ), ( , )) ( , , ( , ), ( , )) ( , )
( )

t h

x
d a u u a x u x u x u
c ξ ξξ

τ ξ τ ξ τ ξ τ − τ τ τ ξ τ ×
τ∫ ∫ [ ]  

 
2

2 17
0

( ) ( )
( , , , ; )

( ) ( , ) ( , )

t
W W

G x t x d C d
c t x xξξ

τ + τ× ξ τ ξ ≤ τ
τ θ − θ τ∫ . 

Ï³äñóìîâóþ÷è âñ³ îö³íêè, ç ð³âíÿííÿ (8) ïðèõîäèìî äî íåð³âíîñò³  

 18 19
0

( )
( , ) ( , )

t
dW t C C

t x x
τ≤ + +

θ − θ τ∫  

 
2 3

20 0
0

( ) ( ) ( )
,      0,

( ) ( , ) ( , )

t
W W W

C d t T
c t x x

τ + τ + τ+ τ ∈
τ θ − θ τ∫ [ ] , 

àáî, âðàõîâóþ÷è íåð³âí³ñòü (äèâ. (5))  
 21 22( ) ( )c t C C W t≤ +  (17) 
òà îö³íêó (14), ìàºìî 

 
2

23 24
0 00

( )(1 ( ) ( ))
( )

( ) ( ) ( )

t
W W W

W t C C d
c t

τ + τ + τ≤ + τ
τ θ − θ τ∫ , 

äå 0
0

( )
( )

t
dt
c

τθ =
τ∫ . Çâ³äñè, ïîçíà÷èâøè 1

1( ) ( )
2

W t W t= + , ïðèéäåìî äî  

 
3
1

1 25 26 0
0 00

( )
( ) ,      0,

( ) ( ) ( )

t W
W t C C d t T

c t

τ
≤ + τ ∈

τ θ − θ τ∫ [ ] . (18) 

Âèêîðèñòîâóþ÷è íåð³âí³ñòü 

 3 3 3( ) 4( )         , 0a b a b a b+ ≤ + ∀ ≥ , 
³ ï³äíîñÿ÷è äî êóáó îáèäâ³ ÷àñòèíè íåð³âíîñò³ (18), ìàòèìåìî 

 
33

3 1
1 27 28

0

( )
( )

( ) ( ) ( )

t W
W t C C d

c t

τ ≤ + τ τ θ − θ τ ∫ . (19) 

Çàñòîñóâàâøè íåð³âí³ñòü Ãåëüäåðà, îòðèìàºìî 

 
3 23 9

1 1

0 0 0 0 0 00 0 0

( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

t t tW W dd d
c t c t c t

τ τ   ττ ≤ τ ≤   τ θ − θ τ τ θ − θ τ τ θ − θ τ   ∫ ∫ ∫  

 
9
1

29
0 00

( )

( ) ( ) ( )

t W
C d

c t

τ
≤ τ

τ θ − θ τ∫ . 

Òîä³ ç (19) ïðèéäåìî äî  

 
9

3 1
1 27 30

0

( )
( )

( ) ( ) ( )

t W
W t C C d

c t

τ
≤ + τ

τ θ − θ τ∫ . (20) 

Ïîêëàäåìî â (20) t = σ , äîìíîæèìî íà 1
( ) ( ) ( )c tσ θ − θ σ

 òà ïðî³íòåãðóº-

ìî â³ä 0  äî t : 



25 

 
3
1

27
0 0 0 00 0

( )

( ) ( ) ( ) ( ) ( ) ( )

t tW dd C
c t c t

σ σσ ≤ +
σ θ − θ σ σ θ − θ σ∫ ∫  

 
9
1

30
0 0 0 00 0

( )

( ) ( ) ( ) ( ) ( ) ( )

t WdC d
c t c

σ τσ+ τ
σ θ − θ σ τ θ σ − θ τ∫ ∫ . 

Âèêîðèñòîâóþ÷è ð³âí³ñòü 

 
0 0 0 0( ) ( ( ) ( ))( ( ) ( ))

t
d

c tτ

σ = π
σ θ − θ σ θ σ − θ τ∫  

òà îö³íêó 0 ( )tθ  çâåðõó, îòðèìàºìî  

 
3 9
1 1

31 32
0 00 0

( ) ( )
( )( ) ( ) ( )

t tW W
d C C d

cc t

σ τ
σ ≤ + τ

τσ θ − θ σ∫ ∫ . 

Îòæå, ïîâåðòàþ÷èñü äî (18), çàïèøåìî 

 
9
1

1 33 34 0
0

( )
( ) ,      0,

( )

t W
W t C C d t T

c
τ

≤ + τ ∈
τ∫ [ ] . 

Ïîçíà÷èìî 
9
1

2 33 34
0

( )
( )

( )

t W
W t C C d

c
τ

= + τ
τ∫ . Òîä³ 

 
9

34 2
2 0

( )
( ) ,         0,

( )
C W t

W t t T
c t

′ ≤ ∈ [ ] . 

Çâ³äñè ïðèõîäèìî äî íåð³âíîñò³ 

 358 8
33 2

1 1
( )

C t
C W t

− ≤  

³ äëÿ äåÿêîãî 1 1 0,  0T T T T< < ≤ , äå 8
33 35 11 0C C T− > , îòðèìàºìî îö³íêó 

 2 36 1( ) ( ) ,        0,W t W t C t T≤ ≤ ∈ [ ] . 
Òîä³ ç (9), (16), (17) âèïëèâàþòü îö³íêè 
 

137 38( , ) ,    ( , ) ,     ( , ) Tu x t C v x t C x t Q≤ ≤ ∈ , 

 1 1( ) ,  0,c t A t T≤ < ∞ ∈ [ ] . (21) 
Çàóâàæèìî, ùî íåð³âí³ñòü (äèâ. (11), (12))  

 1 2 2 2
0 0

( ) ( , ,0, ; ) ( ) ( , , , ; )
t t

G x t x d G x t h x d′ ′µ τ τ τ − µ τ τ τ +∫ ∫  

 
0 0

( , , ( , ), ( , )) ( , , ( , ), ( , )) ( , )
( )

t h

u
d b u v b u v v
c ξ

τ+ ξ τ ξ τ ξ τ + ξ τ ξ τ ξ τ ξ τ +
τ∫ ∫ [  

 2( , , ( , ), ( , )) ( , ) ( , , , ; )]vb u v w G x t x dξ+ ξ τ ξ τ ξ τ ξ τ ξ τ ξ −  

 
0 0

( , , ( , ), ( , )) ( , , ( , ), ( , ))
( )

t h
d a u v a x u x v x
c

τ− ξ τ ξ τ ξ τ − τ τ τ ×
τ∫ ∫ [ ]  

 2
0,

( , ) ( , , , ; ) min ( )
x h

w G x t x d xξξ ∈
′′× ξ τ ξ τ ξ ≤ ϕ

[ ]
, (22) 

âèêîíóºòüñÿ íà 00,T[ ]  ³, ìàþ÷è îö³íêè c  òà w , ÷èñëî 0T  âèçíà÷àºòüñÿ ëèøå 

÷åðåç âèõ³äí³ äàí³.  
Ïðè â³äîìèõ îö³íêàõ , , ,c u v w  ç (8) ìàºìî, ùî  

 39 40 41 1( , ) ,       0,w x t C C t C t t T≤ + + ∈ [ ] . 
Çàïèøåìî ñèñòåìó (5), (8) â îïåðàòîðíîìó âèãëÿä³  

 Pω = ω , (23) 
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äå ( , )c wω = . Ó ïðèïóùåíí³, ùî  

 39 40 41 36 2 2,     0, ,     0C C t C C t T T T+ + ≤ ∈ < ≤[ ] , 

âíàñë³äîê àïð³îðíèõ îö³íîê (13), (38) îïåðàòîð P , ÿêèé âèçíà÷àºòüñÿ ïðàâè-
ìè ÷àñòèíàìè ñèñòåìè (5), (8), ïåðåâîäèòü â ñåáå ìíîæèíó 

00 0 1 36( , ) 0, ( ) : 0 ( ) ,  0 ( , )tN c w C t C Q A c t A w x t C≡ ∈ × < ≤ ≤ ≤ ≤{ }[ ] . 

Òóò 0 1 2min ,t T T= { } .  

Âñòàíîâèìî êîìïàêòí³ñòü ³íòåãðàëüíèõ îïåðàòîð³â, ùî âõîäÿòü â P.  
Çàóâàæèìî, ùî ïðè â³äîìèõ îö³íêàõ , , ,c u v w , äîñòàòíüî âñòàíîâèòè êîì-
ïàêòí³ñòü ó âèïàäêó îïåðàòîð³â 

 1 2
0

( )( , ) ( ) ( , , ,0; )
h

P c x t G x t x d= ϕ ξ ξ ξ∫  , 

 2 2
0

( )( , ) ( ) ( , ,0, ; )
t

P c x t G x t x d= µ τ τ τ∫  , 

 3 2
0 0

( )( , ) ( , ) ( , , , ; )
( )

t h
dP c x t f G x t x d
c ξ

τ= ξ τ ξ τ ξ
τ∫ ∫  , 

 4 2
0 0

( )( , ) ( , ) ( , ) ( , ) ( , , , ; )
( )

t h
dP c x t a a x w G x t x d
c ξξ

τ= ξ τ − τ ξ τ ξ τ ξ
τ∫ ∫  ( )  

ç äîâ³ëüíèìè íåïåðåðâíèìè ôóíêö³ÿìè , , fϕ µ   , íåïåðåðâíî äèôåðåíö³éîâ-

íîþ ôóíêö³ºþ a  ³ 
0 0

( , , ( , ), ( , )) ( , )
( , )

( ) ( )

t t
a x u x v x a x

t x d d
c c

τ τ τ τθ = τ ≡ τ
τ τ∫ ∫


. Äëÿ äîâå-

äåííÿ öüîãî ôàêòó, çã³äíî ç òåîðåìîþ Àðöåëà – Àñêîë³, äîñòàòíüî âñòàíî-
âèòè îäíîñòàéíó íåïåðåðâí³ñòü ìíîæèí ,  1, ,4iPN i =  . Íåõàé 

 2 2 1 1( )( , ) ( )( , ) ,       1, ,4k k kP c x t P c x t k∆ ≡ − =  , 

ç äîâ³ëüíèìè 1 1 2 2( , ) ,  ( , ) ( , )i i Tx t Q x t x t∈ ≠ .  

Âñòàíîâèìî îäíîñòàéíó íåïåðåðâí³ñòü ìíîæèíè 1P N . Äëÿ çàäàíîãî ε >  

0>  ðîçãëÿíåìî 1∆ . Î÷åâèäíî, ùî 

 1 1 2 2 1 1 2( )( , ) ( )( , )P c x t P c x t∆ ≤ − +  

 1 1 2 1 1 1 1,1 1,2( )( , ) ( )( , )P c x t P c x t+ − ≡ ∆ + ∆ . 

Ç âëàñòèâîñòåé òåïëîâèõ ïîòåíö³àë³â âèïëèâàº ³ñíóâàííÿ òàêîãî 01t , 

010 t T< ≤ , ùî äëÿ äîâ³ëüíî¿ ïàðè ( , )c w N∈  âèêîíóºòüñÿ îö³íêà 

 2 01
0

( ) ( , , ,0; ) ( ) ,    0, ,    0,
5

h

G x t x d x t t x hεϕ ξ ξ ξ − ϕ < ∈ ∈∫   [ ] [ ] . 

Òîä³, ÿêùî 2 01t t≤ , îòðèìàºìî  

 1,1 2 2 2 2 2
0

( ) ( , , ,0; ) ( )
h

G x t x d x∆ ≤ ϕ ξ ξ ξ − ϕ +∫    

 2 1 2 1 1 2 1
0

3( ) ( , , ,0; ) ( ) ( ) ( )
5

h

G x t x d x x x ε+ ϕ ξ ξ ξ − ϕ + ϕ − ϕ <∫     . 

Òóò âèêîðèñòàíî îçíà÷åííÿ ð³âíîì³ðíî¿ íåïåðåðâíîñò³ ôóíêö³¿ ( )xϕ  íà ïðî-

ì³æêó 0,h[ ] , òîáòî ³ñíóº òàêå 1 0δ > , ùî ïðè 2 1 1x x− < δ  ìàºìî  

2 1( ) ( )
5

x x εϕ − ϕ <  .  
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Òîä³, ÿêùî 1 01t t≤ , òî çà ðàõóíîê âèáîðó 01t  ìàòèìåìî  

 1,2 1 1 2 1 1 1
2( )( , ) ( )( , )
5

P c x t P c x t ε∆ ≤ + < . 

Îòæå, ïðè 01,  1,2it t i≤ = ,  

 1∆ < ε . 

Íåõàé 01 1 01 2,  t t t t< <  ³ äëÿ âèçíà÷åíîñò³ 1 2 1 2,  t t x x< < . Ðîçãëÿíåìî 

 
2

1

1,1 2 2
0

( ) ( , , ,0; )
xh

y
x

d G y t y dy∆ = ϕ ξ ξ ξ ≤∫ ∫  

 
2

1

2 2
0,

0

max ( ) ( , , ,0; )
x h

y
x h

x

x dy G y t y d
∈

≤ ϕ ξ ξ∫ ∫
[ ]

. 

Ïðè 2 01t t>  ôóíêö³ÿ 2 2( , , ,0; )yG y t yξ  îáìåæåíà. Òîä³  

 1,1 42 2 1( )C x x∆ ≤ − . 

Çâ³äñè ìàºìî ³ñíóâàííÿ òàêîãî 2
422C

εδ = , ùî ïðè 2 1 2x x− < δ , âèêîíó-

ºòüñÿ 1,1 2
ε∆ < .  

Àíàëîã³÷íî, ³ñíóº 3 0δ > , ùî ïðè 2 1 3t t− < δ   

 
2

1

1,2 2 1 1 43 2 1
0

( ) ( , , ,0; ) ( )
2

th

z
t

d G x z x dz C t t ε∆ = ϕ ξ ξ ξ ≤ − <∫ ∫ . 

Âèáèðàþ÷è 1 2 3min , , 0δ = δ δ δ >{ }  ³ ï³äñóìîâóþ÷è îòðèìàí³ ðåçóëüòàòè 

ïðè 2 1 2 1,  x x t t− < δ − < δ , ïðèõîäèìî äî 1∆ < ε .  

Ïîêàæåìî, ùî ìíîæèíà 2P N  º îäíîñòàéíî íåïåðåðâíà. Äëÿ çàäàíîãî 

0ε >  ðîçãëÿíåìî 2∆ . Âðàõîâóþ÷è (15) òà îçíà÷åííÿ ìíîæèíè N , îòðèìàºìî 

 2 44 45( )( , )P c x t C t C t≤ + . 

Òîìó äëÿ âêàçàíîãî ε  ³ñíóº òàêå 02t , ùî ïðè 02 ,  1,2it t i≤ = , äëÿ äîâ³ëüíèõ 

0,x h∈ [ ]  âèêîíóºòüñÿ 

 2( )( , ) ,         1,2
6iP c x t iε< = , 

çâ³äêè 

 2 2 2 2 2 1 1 1 2( )( , ) ( )( , )          , 0,
3

P c x t P c x t x x hε∆ ≤ + < ∀ ∈ [ ] . 

Íåõàé äëÿ âèçíà÷åíîñò³, 1 2 1 2,  x x t t T< < ≤  ³ 02 1 2,t t t< . Àíàëîã³÷íî 

äî âèïàäêó, íàâåäåíîãî â [12], âñòàíîâëþºìî, ùî 2 2
ε∆ < . Î÷åâèäíî, ùî  

 2 2 2 2 2 1 2( )( , ) ( )( , )P c x t P c x t∆ ≤ − +  

 2 1 2 2 1 1 2,1 2,2( )( , ) ( )( , )P c x t P c x t+ − ≡ ∆ + ∆ . 

Îö³íèìî 2,1∆ : 

 2,1∆ ≤  

 
2 2

2 2
46

2 2 22 2 20

( , ) ( 2 )1 exp
( ) 4( ( , ) ( , ))( , ) ( , )

t

n

a x x nh
C

c t x xt x x

∞

=− ∞

τ + ≤ − − τ θ − θ τ θ − θ τ
∑∫


 

 
2

1

2 1 12 1 1

( 2 )1 exp
4( ( , ) ( , ))( , ) ( , ) n

x nh
d

t x xt x x

∞

=− ∞

+ − − τ θ − θ τ θ − θ τ
∑ . 
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Âèêîíàºìî çàì³íó çì³ííèõ 2 2 2( , ) ( , )t x xθ − θ τ = σ . Ôóíêö³ÿ 2( , )xθ τ  ìîíî-

òîííî çðîñòàº äëÿ äîâ³ëüíîãî ô³êñîâàíîãî 2x , òîìó ³ñíóº îáåðíåíà äî íå¿ 
1

2( , )x−θ σ . Òîä³ 1
2 2 2( ( , ) , )t x x−τ = θ θ − σ  ³ 1

1 2 2 2 1( , ) ( ( ( , ) , ), )x t x x x−θ τ = θ θ θ − σ , 
çâ³äêè  

 
2 2( , ) 2

2
2,1 47

0

( 2 )1 exp
4

t x

n

x nh
C

θ ∞

=− ∞

+ ∆ ≤ − − σ σ
∑∫  

 
1

2 1 2 2 2 1

1

( , ) ( ( ( , ) , ), )t x t x x x−
− ×

θ − θ θ θ − σ
 

 
2

1
1

2 1 2 2 2 1

( 2 )
exp

4( ( , ) ( ( ( , ) , ), ))n

x nh
d

t x t x x x

∞

−
=− ∞

+ × − σ ≤ 
 θ − θ θ θ − σ

∑  

 

2 1

0 2
2

47
0

( 2 )1 exp
4

t a
A

n

x nh
C

∞

=−∞

+ ≤ − − σ σ
∑∫  

 
1

2 1 2 2 2 1

1

( , ) ( ( ( , ) , ), )t x t x x x−
− ×

θ − θ θ θ − σ
 

 
2

1
1

2 1 2 2 2 1

( 2 )
exp

4( ( , ) ( ( ( , ) , ), )n

x nh
d

t x t x x x

∞

−
=− ∞

+ × − σ 
 θ − θ θ θ − σ

∑ , 

äå 1 max ( , )
TQ

a a x t=  . Ñêîðèñòàâøèñü îö³íêîþ öüîãî ³íòåãðàëà íà ìàëîìó ïðî-

ì³æêó ïðè 2 1 0 02/t a A t≤ , áåçïîñåðåäíüî îòðèìàºìî 2,1 /3∆ < ε . ßêùî æ 

2 1 0 02/t a A t> , òîä³ 

 

2 1
0

02

2
2

2,1 47

( 2 )1 exp
6 4

t a
A

nt

x nh
C

∞

=− ∞

+ε  ∆ ≤ + − − σ σ
∑∫  

 
2

1( 2 )1 exp
4

n

x nh
d

∞

=− ∞

+ − − σ + σ σ
∑  

 

2 1
0

02

2
1

47

( 2 )1 exp
4

t a
A

nt

x nh
C

∞

=− ∞

+ + − − σ σ
∑∫  

 
1

2 1 2 2 2 1

1

( , ) ( ( ( , ) , ), )t x t x x x−
− ×

θ − θ θ θ − σ
 

 
2

1
1

2 1 2 2 2 1

( 2 )
exp

4( ( , ) ( ( ( , ) , ), )n

x nh
d

t x t x x x

∞

−
=− ∞

+ × − σ 
 θ − θ θ θ − σ

∑  

àáî 

 

2 1
0 2

02 1

2

2,1 47
( 2 )1 exp

6 4

t a
A x

nt x

x nh
C dx d

x

∞

=− ∞

+ε ∂   ∆ ≤ + − σ +  ∂ σ  σ 
∑∫ ∫  

 

2 1 1
0 2 1 2 2 1

02

( , ) ( ( ( , ) ), )

47
1

t a
A t x t x x

t

dC d
dz z

−θ −θ θ θ −σ

σ

+ σ ×
∫ ∫  

 
2

2( 2 )
exp

4
n

x nh
dz

z

∞

=−∞

+  × −  
∑ . 
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Ïðè 02 02,  z t t> σ >  ìàºìî 

 
2

2( 2 )1 exp
4

n

x nhd
dz zz

∞

=− ∞

+  − +    
∑  

 
2

48
( 2 )1 exp

4
n

x nh
C

x

∞

=− ∞

+ ∂  + − ≤  ∂ σ  σ
∑ . 

Îñê³ëüêè 
1 2

1
2 2 2 1 2 2lim ( ( , ) , ), ( , )

x x
t x x x t x−

→
θ θ θ − σ = θ − σ( ) , òî äëÿ çàäàíîãî ε  

³ñíóº òàêå 4 0δ > , ùî ïðè 1 2 4x x− < δ  ³ ïðè íåïåðåðâíî äèôåðåíö³éîâí³é 

ôóíêö³¿ a  (äèâ. (A1)) ìàòèìåìî 

 1
2 1 2 2 2 1

47 48
( , ) ( ( , ) , ),

6
t x t x x x

C C
− εθ − θ θ θ − σ − σ <( ) . (23) 

Îòæå, 2,1 2
ε∆ < , çâ³äêè, âðàõîâóþ÷è îö³íêó äëÿ 2,2∆ , âèïëèâàº îö³íêà 

2∆ < ε .  

Âñòàíîâèìî îäíîñòàéíó íåïåðåðâí³ñòü ìíîæèíè 3P N . Äëÿ çàäàíîãî ε >  

0> , 03 1 2 1 2,  1,2,  ,  it t i t t x x≥ = < <  (äëÿ âèçíà÷åíîñò³) ðîçãëÿíåìî  

 3 3 2 2 3 1 2( )( , ) ( )( , )P c x t P c x t∆ ≤ − +  

 3 1 2 3 1 1 3,1 3,2( )( , ) ( )( , )P c x t P c x t+ − ≡ ∆ + ∆ . 
Ñïî÷àòêó îö³íèìî 

 
2

3,1 3
0 0 2 2 2

1 1( , )
( )4 ( ( , ) ( , ))

t h
d f
c t x x

τ∆ = ξ τ ×τπ  θ − θ τ
∫ ∫   

 
2

2
2

2 2 2

( 2 )
( 2 ) exp

4( ( , ) ( , ))
n

x nh
x nh

t x x

+∞

=− ∞

− ξ +  × − ξ + − −  θ − θ τ  ∑  

 
2

2
2

2 2 2

( 2 )
( 2 ) exp

4( ( , ) ( , ))
x nh

x nh
t x x

+ ξ +  − + ξ + − − θ − θ τ 
 

 13
2 1 1

1 ( 2 )
( ( , ) ( , )) n

x nh
t x x

+∞

=− ∞

− − ξ + ×
θ − θ τ

∑  

 
2

1

2 1 1

( 2 )
exp

4( ( , ) ( , ))
x nh
t x x

− ξ + × − + θ − θ τ 
 

 
2

1
1

2 1 1

( 2 )
( 2 )exp

4( ( , ) ( , ))
x nh

x nh d
t x x

+ ξ +  + + ξ + − ξ θ − θ τ 
. 

Çðîáèìî çàì³íó çì³ííèõ 2 2 2( , ) ( , )t x xθ − θ τ = σ , çâ³äêè 1
2 2 2( ( , ) , )t x x−τ = θ θ − σ  

³, îö³íèâøè îòðèìàíèé ³íòåãðàë, ïðèéäåìî äî 

 

1 2
0 2

2
3,1 49 23

0 0

( 2 )1 ( 2 )exp
4

a t
Ah

n

x nh
C d x nh

+∞

=− ∞

− ξ +  ∆ ≤ ξ − ξ + − −  σ σ
∑∫ ∫   

 
2

2
2

( 2 )
( 2 )exp

4
x nh

x nh
+ ξ +  − + ξ + − − σ 

 

 131
2 1 2 2 2 1

1 ( 2 )
( , ) ( ( ( , ) , ), ) n

x nh
t x t x x x

+∞

− =−∞

− − ξ + ×
θ − θ θ θ − σ

∑
( )

 

 
2

1
1

2 1 2 2 2 1

( 2 )
exp

4 ( , ) ( ( ( , ) , ), )

x nh

t x t x x x−

− ξ + × − + 
 θ − θ θ θ − σ( )
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2

2
1 1

2 1 2 2 2 1

( 2 )
( 2 ) exp .

4 ( , ) ( ( ( , ) , ), )

x nh
x nh d

t x t x x x−

+ ξ +  + + ξ + − σ  θ − θ θ θ − σ( )
 

ßêùî 1 2
03

0

a t
t

A
> , òî, âèêîðèñòîâóþ÷è îö³íêó äëÿ ìàëîãî 03t t≤ , îòðèìàºìî 

 

1 2
0

03

2
2

3,1 49 23
0

( 2 )1 ( 2 ) exp
4 4

a t
Ah

nt

x nh
C d x nh

+∞

=−∞

− ξ +ε   ∆ ≤ + ξ − ξ + − −  σ σ
∑∫ ∫  

 
2

2
2
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x nh
C d x nh
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1
1

( 2 )
( 2 ) exp

4
x nh

x nh
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2 1 2 2 2 1
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( ( , ) ( ( ( , ) , ), )) n
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t x t x x x

+∞
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θ − θ θ θ − σ

∑  

 
2

1
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4( ( , ) ( ( ( , ) , ), ))

x nh
x
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2

2
1
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A xh

nt x

C d y nh
y

+∞

=− ∞

ε ∂ = + ξ − ξ + ×∂  σ
∑∫ ∫ ∫  

 
2( 2 )

exp ( 2 )
4

y nh
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49
0

( 2 )
exp

4

h
y nh

dy d C d
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1 2 1
0 2 1 2 2 2 1

03

( , ) ( ( ( , ) , ), )

13

1 ( 2 )

a t
A t x t x x x

nt

x nh
z z

−θ −θ θ θ −σ +∞

=− ∞σ

 ∂× − ξ + ×∂ 
∑∫ ∫  

 
2

1
1

( 2 )
exp ( 2 )

4
x nh

x nh
z

− ξ + × − − + ξ + × 
 

 

 
2

1( 2 )
exp

4
x nh

d
z

+ ξ +  × − σ  
. 

Çâ³äñè ïðè 2 1 5 5,  0x x− < δ δ > , àíàëîã³÷íî äî (23), âèïëèâàº îö³íêà 

3,1 2
ε∆ < .  
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Ðîçãëÿíåìî 

 
2

1

3,2 2 1 2 1
0

( , ) ( , , , ; )
( )

t h

t

d f G x t x d
c ξ

τ∆ ≤ ξ τ ξ τ ξ +
τ∫ ∫   

 
1

2 1 2 1 2 1 1 1
0 0

( , ) ( , , , ; ) ( , , , ; )
( )

t h
d f G x t x G x t x d
c ξ ξ

τ+ ξ τ ξ τ − ξ τ ξ ≡
τ∫ ∫  ( )  

 3,2,1 3,2,2≡ ∆ + ∆ . 

Âèêîðèñòîâóþ÷è îö³íêó 2G ξ , ìàòèìåìî  

 
2

1

3,2,1 50 2 1
2( ) ( ) ( )

t

t

d C t t
c t

τ∆ ≤ ≤ −
τ θ − θ τ∫ . 

Òîä³ ³ñíóº òàêå 6 0δ > , ùî 3,2,1 4
ε∆ <  ïðè 2 1 6t t− < δ .  

Çðîáèâøè çàì³íó çì³ííèõ 1 1 1( , ) ( , )t x xθ − θ τ = σ  â 3,2,2∆ , îòðèìàºìî  

 
1 1( , )

3,2,2 51 13
0 0 2 1 1 1
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t xh

n
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1
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2

1
132 1 1 1

( 2 ) 1exp (
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n
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x

t x t x

+∞

=− ∞

+ ξ +   × − − − ξ +  θ − θ + σ  σ
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1
1
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4
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nh x nh
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2

1( 2 )
exp

4
x nh

d
+ ξ +  × − σ σ 

 

àáî ïðè 1 1
03

0

a t
t

A
> , âðàõîâóþ÷è îö³íêó íà ìàëîìó ïðîì³æêó 030, t[ ] , ïðèéäå-

ìî äî 

 

1 1
0 2 1 1 1

03

( , ) ( , )

3,2,2 51 13
0

1 ( 2 )
8

a t
A t x t xh

nt

C d x nh
z z

θ −θ +σ +∞

=− ∞σ

ε ∂ ∆ ≤ + ξ − ξ + ×∂ 
∑∫ ∫ ∫  

 
2

1
1

( 2 )
exp ( 2 )

4
x nh

x nh
z

− ξ + × − − + ξ + × 
 

 

 
2

1( 2 )
exp

4
x nh

dz d
z

+ ξ +  × − σ  
. 

Òîä³ ³ñíóº 7 0δ > , ùî 3,2,2 4
ε∆ <  ïðè 2 1 7t t− < δ , à òîìó ³ 3 2 2,

ε∆ < .  

Âèáèðàþ÷è ì³í³ìàëüíå ç óñ³õ ,  5,6,7i iδ = , ³ âðàõîâóþ÷è âñòàíîâëåí³ 

îö³íêè, îòðèìàºìî 3∆ < ε , ùî é äîâîäèòü îäíîñòàéíó íåïåðåðâí³ñòü ìíîæè-

íè 3P N .  

Îñê³ëüêè ( , )a x t  – íåïåðåðâíî äèôåðåíö³éîâíà ôóíêö³ÿ çà x , òî äî-

ñë³äæåííÿ êîìïàêòíîñò³ îïåðàòîðà 4P  çâîäèòüñÿ äî âñòàíîâëåííÿ êîìïàêò-

íîñò³ 3P .  

Ó âñòàíîâëåíèõ îö³íêàõ ,  1, ,51iC i =  , òà 0 1,A A  – â³äîì³ âåëè÷èíè.  
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Îòæå, îïåðàòîð P  – ö³ëêîì íåïåðåðâíèé. Çàñòîñóâàâøè òåîðåìó Øàó-
äåðà, îòðèìàºìî ³ñíóâàííÿ ðîçâ’ÿçêó ñèñòåìè (5), (8), à, îòæå, é ðîçâ’ÿçêó 
âèõ³äíî¿ çàäà÷³. ◊ 

3. Äîâåäåííÿ ºäèíîñò³ ðîçâ’ÿçêó çàäà÷³. Äîâåäåííÿ òåîðåìè 2 ïðîâåäå-
ìî â³ä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî ³ñíóþòü äâà ðîçâ’ÿçêè 1 1( , )c u  ³ 2 2( , )c u  

ç êëàñó 
2 2 ,1 20, ( )TH T H Qγ + γ + γ×/ /[ ]  çàäà÷³ (1)–(4). Íåõàé 1 2 1 2,  c c c u u u= − = − . 

Çàïèøåìî çàäà÷ó äëÿ ( , )c u : 

 1 1 2 2 1 1 1( ) ( ) , , ( , ), ( , ) ( , )t t x xxc t u c t u a x t u x t u x t u x t− = −( )  

 1 1 2, , ( , ), ( , ) ( , )( )x xxa x t u x t u x t u x t− +  

 1 1 2, , ( , ), ( , ) ( , )( )x xxa x t u x t u x t u x t+ −  

 2 2 2, , ( , ), ( , ) ( , )x xxa x t u x t u x t u x t− +( )  

 1 1 2 2, , ( , ), ( , ) , , ( , ), ( , )x xb x t u x t u x t b x t u x t u x t+ −( ) ( ) , (24) 

 ( ,0) 0,        0,u x x h= ∈ [ ] , (25) 

 (0, ) 0,       ( , ) 0,        0,x xu t u h t t T= = ∈ [ ] , (26) 

 (0, ) 0,         0,u t t T= ∈ [ ] . (27) 
Ïîäàìî ð³âíÿííÿ (24) ÿê 

 1 1 1 1 1 2 2 2( ) ( , , , ) ( , , , ) ( , , , )t x xx x x xxc t u a x t u u u a x t u u a x t u u u= + − +( )  

 0 1 1 2 2( , , , ) ( , , , ) ( )x x tb x t u u u b x t u u u c t u+ + − . 

Îñê³ëüêè 1 2,u u  – â³äîì³ ôóíêö³¿ â³ä ( , )x t , òî öå ð³âíÿííÿ ìîæåìî çàïèñàòè 
òàê:  
 1 1 2 3 2( ) ( , ) ( , ) ( , ) ( )t xx x tc t u a x t u a x t u a x t u c t u= + + − , (28) 

äå êîåô³ö³ºíòè , 1,2,3ia i = , âèçíà÷àþòüñÿ ÷åðåç , , , ,u v u va a a b b . Çà äîïîìî-

ãîþ ôóíêö³¿ ¥ð³íà 2 ( , , , )G x t ξ τ  äëÿ îäíîð³äíîãî ð³âíÿííÿ (28) çàïèøåìî ðîç-
â’ÿçîê çàäà÷³ (28), (26), (27):  

 2 2
10 0

( )
( , ) ( , ) ( , , , )

( )

t h
c

u x t d u G x t d
c τ

τ= − τ ξ τ ξ τ ξ
τ∫ ∫  . 

Ïîêëàâøè â ð³âíÿíí³ (28) 0x = , îòðèìàºìî ð³âíÿííÿ ñòîñîâíî ôóíêö³¿ ( )c t : 

 3 1( ) ( ) (0, ) (0, ) 0xxc t t a t u t′µ − =  
àáî 

 3 1 2 2
10 0

( )
( ) ( ) (0, ) ( , ) (0, , , ) 0

( )

t h

xx
c

c t t a t d u G t d
c τ

τ′µ + τ ξ τ ξ τ ξ =
τ∫ ∫  . (29) 

Çã³äíî ç ïðèïóùåííÿìè òåîðåìè, ð³âíÿííÿ (29) – îäíîð³äíå ð³âíÿííÿ 
Âîëüòåððà äðóãîãî ðîäó ç ÿäðîì, ÿêå ìàº ³íòåãðîâíó [3] îñîáëèâ³ñòü 

 1
1 /2

( , )
( )

C
K t

t −γτ
− τ

. 

Òóò 1C – äåÿêà äîäàòíà ñòàëà. Îñê³ëüêè ð³âíÿííÿ (29) ìàº ºäèíèé ðîçâ’ÿçîê 

( ) 0c t ≡  íà 0,T[ ] , òî, ïîâåðòàþ÷èñü äî çàäà÷³ (28), (25), (26), îòðèìàºìî ( , )u x t ≡  

0≡ . Òîáòî 1 2( ) ( )c t c t=  ³ 1 2( , ) ( , )u x t u x t= , ùî é äîâîäèòü ºäèí³ñòü ðîçâ’ÿçêó 

çàäà÷³. ◊ 
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ИДЕНТИФИКАЦИЯ КОЭФФИЦИЕНТА ПРИ ПРОИЗВОДНОЙ ПО ВРЕМЕНИ 
В КВАЗИЛИНЕЙНОМ ПАРАБОЛИЧЕСКОМ УРАВНЕНИИ 
 
Óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà-
÷è äëÿ îäíîìåðíîãî êâàçèëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ îáùåãî âèäà ñ íåèç-
âåñòíûì êîýôôèöèåíòîì ïðè ïðîèçâîäíîé ïî âðåìåíè è êðàåâûõ óñëîâèé âòîðîãî 
ðîäà.  
 
IDENTIFICATION OF COEFFICIENT OF DERIVATIVE WITH RESPECT 
TO TIME VARIABLE IN QUASI-LINEAR PARABOLIC EQUATION 
 
We establish conditions for existence and uniqueness of solution of the inverse problem 
for one-dimensional quasi-linear parabolic equation with unknown coefficient of the de-
rivative with respect to time variable and boundary condition of the second kind.  
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