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Íåõàé G � îáëàñòü ó êîìïëåêñíié ïëîùèíi C i µ : G → C � âèìiðíà
ôóíêöiÿ ç |µ(z)| < 1 ì.ñ. (ìàéæå ñêðiçü) â G. Ðiâíÿííÿì Áåëüòðàìi íà-
çèâà¹òüñÿ ðiâíÿííÿ âèãëÿäó

fz = µ(z)fz , (1)

äå fz = 1
2 (fx + ify), fz = 1

2 (fx − ify).
Íåõàé σ : G → C � âèìiðíà ôóíêöiÿ i m > 0. Ðîçãëÿíåìî ó ïîëÿðíié

ñèñòåìi êîîðäèíàò (r, θ) íàñòóïíå ðiâíÿííÿ:

fr = σ(reiθ) |fθ|m fθ, (2)

äå fr i fθ � ÷àñòèííi ïîõiäíi âiäîáðàæåííÿ f ïî r i θ, âiäïîâiäíî. Ðiâíÿííÿ
(2) ìîæíà çàïèñàòè ó êîìïëåêñíié ôîðìi:

fz =
z

z

σ(z) |z| i|zfz − zfz|m − 1

σ(z) |z| i|zfz − zfz|m + 1
fz. (3)

Âñþäè äàëi áóäåìî ââàæàòè, ùî m > 0.
Íåõàé q > 0, α > 0 i H � ìíîæèíà âñiõ ðåãóëÿðíèõ ãîìåîìîðôiçìiâ

f : B → B êëàñó Ñîáîë¹âà W 1,2
loc (B), ÿêi çàäîâîëüíÿþòü ðiâíÿííÿ (3) ì.ñ.,

f(0) = 0 i
Imσ(z) > q|z|−α−1 exp(|z|−α) (4)

äëÿ ì.â. z ∈ B.

Òåîðåìà 1. Äëÿ âñiõ r ∈ [0, 1) ñïðàâåäëèâà ðiâíiñòü

max
f∈H

|f(Br)| = π
(
1 + β

(
e

1
rα − e

))− 2
m

, (5)

äå β = qm
α , ïðè öüîìó ìàêñèìóì ôóíêöiîíàëó äîñÿãà¹òüñÿ íà âiäîáðà-

æåííi

f∗(z) =


(
1 + β

(
e

1
|z|α − e

))− 1
m z

|z| , ÿêùî z ̸= 0,

0, ÿêùî z = 0.
(6)
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Íèæ÷å çíàéäåíî ìàêñèìóì ôóíêöiîíàëó lr(f) = min
|z|= r

|f(z)| íà êëàñi

H.

Íàñëiäîê 1. Äëÿ âñiõ r ∈ [0, 1) ñïðàâåäëèâà ðiâíiñòü

max
f∈H

lr(f) =
(
1 + β

(
e

1
rα − e

))− 1
m

, (7)

äå β = qm
α , ïðè öüîìó ìàêñèìóì ôóíêöiîíàëó äîñÿãà¹òüñÿ íà âiäîáðà-

æåííi (6).

Íàñòóïíå òâåðäæåííÿ ¹ åêñòðåìàëüíèì àíàëîãîì åêñïîíåíöiàëüíîãî
òèïó âiäîìî¨ ëåìè Iêîìè�Øâàðöà, äèâ. [2].

Íàñëiäîê 2. Äëÿ áóäü-ÿêîãî âiäîáðàæåííÿ f ∈ H âèêîíó¹òüñÿ íå-

ðiâíiñòü

lim inf
z→0

|f(z)| e
1

m|z|α 6
(

α

qm

) 1
m

.

Ïðè öüîìó, çíàê ðiâíîñòi äîñÿãà¹òüñÿ íà âiäîáðàæåííi (6).
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SOME EXTREMAL PROBLEMS FOR SOLUTIONS OF THE

NONLINEAR BELTRAMI EQUATION

In the present paper, it is found an exact upper estimate of exponential type

of the area of the image of the disk, which is analogous to the known result by

M.O. Lavrentyev. As a result, the extremal problem for the functional of minimal

value on the circle is solved. In addition, an extreme analogue of the famous

Icoma�Schwartz lemma was obtained. Also, we �nd here a mapping on which

the received estimates are achieved.
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