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As well known supersingular curves due to pairing of Weil and pairing of
Tate [4] are implemented in identity-based cryptosystems so we propose new
criterion of supersingularity of Montgomery and Edwards curves. We denote
by Ed the Edwards curve with coe�cient d ∈ Fp

∗, ad(a−d) ̸= 0, d ̸= 1, p ̸= 2
de�ned as

x2 + y2 = 1 + dx2y2,

over Fp. We recall the basic Montgomery form for an elliptic curve:

By2 = x3 +Ax2 + x. (1)

The use of isogeny of supersingular elliptic curves as well as Edwards curves
which we have studied in [3] with as many subgroups of their points as possible.

Since supersingular elliptic curves are vulnerable to pairing-based attacks
then we �nd a criterion for Edwards curve supersingularity [3].

The method proposed has complexity O
(
p log22 p

)
. This is an improvement

over both Schoof's basic algorithm and the variant which makes use of fast ari-
thmetic (suitable for only the Elkis or Atkin primes numbers) with complexi-
ties O(log82 p

n) and O(log42 p
n) respectively.

Theorem 1. The Montgomery curve (1) is supersingular over Fp if and
only if

p−1
2∑

j=0

(Cj
p−1
2

)2r−2j ≡ 0(modp),

where r is one of the roots of the equation x2 +Ax+ 1 = 0.

Based on the Weil formulas [1, 4] which were also mentioned in [1], using
the laws of the addition of the points of the curve in the general Weierstrass
form, for the curve ( [3]) one can obtain the 2-isogeny ( [1]. the example 12.4)

ψ(u, v) = (u
2+cu+b

u , u
2−b
u2 v) = (X,Y ) (2)
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as a result the equation of the isogenous curve is the following:

Y 2 = X3 − 2cX2 + (c2 − 4b)X. (3)

v2 =
(
x− c

3

)3
+ c

(
x− c

3

)2
+ e

(
x− c

3

)
=

= x3 − x2C + xC2

3 − C3

27 + x2C − 2xC2

3 + C3

9 + ex− eC
3 =

= x3 + xC2

3 − 2xC2

3 + x− C
3 + C3

9 − C3

27 =

= x3 + (C
2

3 − 2C2

3 + e)x+ ( 2C
3

27 − eC
3 ) =

= x3 + (e− C2

3 )x+ ( 2C
3

27 − eC
3 ) = x3 + ax+ b.

Theorem 2. If p ≡ 3(mod 4), where p ∈ P and

p−1
2∑

j=0

(Cj
p−1
2

)
2
dj ≡ 0(mod p), (4)

is true, then the orders of the Edwards curves x2 + y2 = 1 + dx2y2 and
x2 + y2 = 1 + d−1x2y2 over Fp are equal to

Nd[p] =

p+ 1 if
(

d
p

)
= −1

p− 3 if
(

d
p

)
= 1
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Êðèòåðié ñóïåðñèíãóëÿðíîñòi íàä ñêií÷åííèì ïîëåì êðèâèõ

Ìîíãîìåði i Åäâàðäñà.

Ìè íàâîäèìî íåîáõiäíi i äîñòàòíi óìîâè ñóïåðñèíãóëÿðíîñòi íàä ñêií÷åí-

íèì ïîëåì êðèâèõ Ìîíãîìåði i Åäâàðäñà. Áóäó¹ìî äåÿêi içîãåíi¨ ìiæ êðèâîþ

Åäâàðäñà êðèâîþ Ìîíãîìåði i åëiïòè÷íîþ êðèâîþ ó ôîðìi Âå¹ðøòðàññà
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