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Ó ðàìêàõ ãðóïîâîãî àíàëiçó äèôåðåíöiàëüíèõ ðiâíÿíü äîñëiäæó¹ìî
êëàñ L̄ íîðìàëüíèõ ëiíiéíèõ ñèñòåì ç n çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü äðóãîãî ïîðÿäêó [1]

xtt = A(t)xt +B(t)x + f(t) (1)

ç n íåâiäîìèìè ôóíêöiÿìè x1, . . . , xn, x(t) =
(
x1(t), . . . , xn(t)

)
T, äå n > 2.

Íàáið θ = (A,B,f) äîâiëüíèõ åëåìåíòiâ êëàñó L̄ óòâîðþþòü äîâiëüíi ãëàä-
êi n × n ìàòðè÷íîçíà÷íi ôóíêöi¨ A òà B çìiííî¨ t i äîâiëüíà ãëàäêà âåê-
òîðíîçíà÷íà ôóíêöiÿ f çìiííî¨ t.

Êîæíó ôiêñîâàíó ñèñòåìó L̄θ ç êëàñó (1) çà äîïîìîãîþ ïåðåòâîðåíü
åêâiâàëåíòíîñòi ìîæíà âiäîáðàçèòè â ñèñòåìó ç òîãî æ êëàñó, äå Ã = 0,
B̃ = H

(
B − 1

2At + 1
4A

2
)
H−1 =: V òà f = 0, òîáòî ó ñèñòåìó

L′V : xtt = V (t)x, (2)

äå V � äîâiëüíà ãëàäêà n× n ìàòðè÷íîçíà÷íà ôóíêöiÿ çìiííî¨ t. Ïîçíà-
÷èìî êëàñ ñèñòåì âèãëÿäó (2) ÿê L′.

Íà ñüîãîäíi âiäîìi ëèøå îêðåìi ðåçóëüòàòè ùîäî ñèìåòðiéíèõ òà òðàíñ-
ôîðìàöiéíèõ âëàñòèâîñòåé ñèñòåì ç êëàñó L̄. Ëi¨âñüêi ñèìåòði¨ ñèñòåì ç
êëàñó L̄ ç A = 0 òà ñòàëîþ ìàòðèöåþ B ïðè n 6 6 ðîçãëÿíóòî â ñåði¨
ðîáiò Ñ. Âàôà Ñîõà, Ð. Êàìïîàìîð-Ñòóðñáåðãà, Ñ.Â. Ìåëåøêà òà ií. (òóò
i íèæ÷å äèâ. ïîñèëàííÿ â [1,2]). Çàäà÷ó ãðóïîâî¨ êëàñèôiêàöi¨ òàêèõ ñèñ-
òåì ó âèïàäêó äîâiëüíîãî n > 2 âè÷åðïíî ðîçâ'ÿçàíî â [2]. Äîñëiäæåííÿ
ñèìåòðiéíèõ âëàñòèâîñòåé ñèñòåì ç êëàñó L̄ ç n = 2 iíiöiéîâàíî Ñ. Âà-
ôîì Ñîõîì ó 2000 ðîöi i ïðîäîâæåíî ïiçíiøå ó ðîáîòàõ Ñ.Â. Ìåëåøêî çi
ñïiâàâòîðàìè ó 2013�2015 ðîêàõ.

Ó äîïîâiäi áóäå âïåðøå ïðåäñòàâëåíî âè÷åðïíó ãðóïîâó êëàñèôiêàöiþ
ñèñòåì ç êëàñó L′ ó âèïàäêó n = 2 íàä äiéñíèì ïîëåì. Áóäü-ÿêà ñèñòå-
ìà L′V ç ìàòðèöåþ V , ïðîïîðöiéíîþ îäèíè÷íié ìàòðèöi E, íàëåæèòü îð-
áiòi L′0 åëåìåíòàðíî¨ ñèñòåìè xtt = 0. Òàêèì ÷èíîì, íåîáõiäíî ðîçãëÿíóòè
ëèøå ïiäêëàñ L′1, ÿêèé ¹ äîïîâíåííÿì äî L′0 ó êëàñi L′.
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Ìàêñèìàëüíà àëãåáðà ëi¨âñüêî¨ iíâàðiàíòíîñòi gV áóäü-ÿêî¨ ñèñòåìè L′V
ç êëàñó L′1 ¹ íàïiâïðÿìîþ ñóìîþ gV = gessV ∈ glinV , äå glinV � àáåëåâèé iäå-
àë, ÿêèé ïîâ'ÿçàíèé ç ëiíiéíîþ ñóïåðïîçèöi¹þ ðîçâ'ÿçêiâ, à gessV � éîãî
äîïîâíÿëüíà ïiäàëãåáðà, ÿêó íàçèâàþòü ñóòò¹âîþ àëãåáðîþ ëi¨âñüêî¨ ií-
âàðiàíòíîñòi ñèñòåìè L′V .

Òåîðåìà 1. Ïîâíèé ñïèñîê G∼L′-íååêâiâàëåíòíèõ ñóòò¹âèõ ðîçøè-

ðåíü ëi¨âñüêî¨ ñèìåòði¨ ó êëàñi L′1 ç n = 2 âè÷åðïóþòü âèïàäêè:

0. Çàãàëüíèé âèïàäîê V (t): gessV = 〈I〉;
1. V = v(t)S1: gessV = 〈I, x2∂x1〉;
2. V = v(t)(S1 + S3): gessV = 〈I, x1∂x2 − x2∂x1〉;
3. V = v(t)S2: gessV = 〈I, x1∂x1 − x2∂x2〉;
4. V = εE + (β1 − 2β2t+ β3t

2)S1 + (β2 − β3t)S2 + β3S3, (β2, β3) 6= (0, 0):
gessV = 〈I, ∂t + x2∂x1〉;

5. V = εE + µ(S1 + S3) + ν cos(2t)(S1 − S3) + ν sin(2t)S2, ν 6= 0:
gessV = 〈I, ∂t + x2∂x1 − x1∂x2〉;

6. V = εE + β1e2tS1 + β2S2 + β3e−2tS3, (β1β2, β2β3, β3β1) 6= (0, 0, 0):
gessV = 〈I, ∂t + x1∂x1 − x2∂x2〉;

7. V = εE + S1 + S3: gessV = 〈I, x1∂x2 − x2∂x1 , ∂t〉;
8. V = εE + e2γtS1, 4ε 6= γ2: gessV = 〈I, x2∂x1 , ∂t + γ(x1∂x1 − x2∂x2)〉;
9. V = εE + S2: gessV = 〈I, x1∂x1 − x2∂x2 , ∂t〉;
10. V = S1: gessV = 〈I, x2∂x1 , ∂t, t∂t + 2x1∂x1〉.

Òóò S1 = ( 0 1
0 0 ), S2 =

(
1 0
0 −1

)
, S3 =

(
0 0
−1 0

)
, ε, γ, µ, ν, β1, β2, β3 ∈ R, I :=

x1∂x1 + x2∂x2 , v = v(t) � äîâiëüíà ãëàäêà ôóíêöiÿ ç τvt 6= (κ − 2τt)v
äëÿ áóäü-ÿêî¨ ñòàëî¨ κ ∈ R òà áóäü-ÿêî¨ ôóíêöi¨ τ = τ(t) ç τttt = 0.
Ç òî÷íiñòþ äî G∼L′-åêâiâàëåíòíîñòi ìîæíà ââàæàòè, ùî β2 = 0 ïðè

β3 6= 0 àáî β1 = 0 ïðè β3 = 0 òà β2 6= 0 ó âèïàäêó 4, îäíå ç íåíóëüîâèõ β1
àáî β3 äîðiâíþ¹ 1 ó âèïàäêó 6, γ ∈ {0, 1} ó âèïàäêó 8 òà ν > 0 ó âèïàäêó 5.
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Lie symmetries of linear systems of two second-order ordinary

di�erential equations with time-dependent coe�cients

We study admissible transformations between normal linear systems of second-

order ordinary di�erential equations and solve the group classi�cation problem

for such systems in the case of two dependent variables.
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