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Äîñëiäæåíî ìàòåìàòè÷íó ìîäåëü áàãàòî÷àñòîòíèõ êîëèâàíü ìåõàíi-
÷íî¨ ñèñòåìè, ÿêà ñêëàäà¹òüñÿ ç øàðíiðíî îïåðòî¨ ïðóæíî¨ áàëêè äîâæèíè
l ç ðîçïîäiëåíèìè êåðóâàííÿìè i ïðè¹äíàíî¨ â òî÷öi l0 ∈ (0, l) ìàñè. Ôóí-
êöiÿ w(x, t) îïèñó¹ ïîïåðå÷íå ïåðåìiùåííÿ òî÷êè áàëêè ç êîîðäèíàòîþ
x ∈ [0, l] â ìîìåíò ÷àñó t. Ðiâíÿííÿ ðóõó òàêî¨ ñèñòåìè ìîæíà çàïèñà-
òè ó âèãëÿäi àáñòðàêòíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ âiäíîñíî âåêòîðà
ξ = (u, v, p, q)T :

d

dt
ξ(t) = Ãξ(t), ξ(t) ∈ X,

äå X =
◦
H2(0, l)× L2(0, l)× C2 � ãiëüáåðòiâ ïðîñòið çi ñêàëÿðíèì äîáóòêîì

⟨ξ1, ξ2⟩X =
l∫
0

(E(x)I(x)u′′1(x)ū
′′
2(x) + ρ(x)v1(x)v̄2(x)) dx+ κp1p̄2 +mq1q̄2.

Ëiíiéíèé äèôåðåíöiàëüíèé îïåðàòîð Ã ç îáëàñòþ âèçíà÷åííÿ

D(Ã) =

ξ ∈ X :
u ∈ H4(0, l0) ∩H4(l0, l), v ∈

◦
H2(0, l),

u′′(0) = u′′(l) = 0, p = u(l0),
u′′|x=l0−0 = u′′|x=l0+0 , q = v(l0)

 ⊂ X

äi¹ íàñòóïíèì ÷èíîì:

Ã : ξ 7→ Ãξ =


v

− 1
ρ(x)

(E(x)I(x)u′′(x))
′′
+ 1

ρ(x)

k∑
j=1

ψ′′
j (x)Mj

q
1
m
(L− κp+ F )

 ,

âåêòîð (F,M1, ...,Mk)
T âiäïîâiäà¹ êåðóâàííþ, α0, α1, ..., αk � äîäàòíi

ïàðàìåòðè, L = E(x)I(x)
(
u′′′|x=l0−0 − u′′′|x=l0+0

)
, ôóíêöi¨ ψj(x) õàðà-

êòåðèçóþòü ðîçòàøóâàííÿ ðîçïîäiëåíèõ êåðóþ÷èõ ìåõàíiçìiâ.
Ç ìåòîþ àíàëiçó âëàñíèõ ÷àñòîò i ôîðì êîëèâàíü ðîçãëÿíóòî¨ ìåõàíi-

÷íî¨ ñèñòåìè áóëî ðîçãëÿíóòî íàñòóïíó ñïåêòðàëüíó çàäà÷ó:

Aξ = λξ, ξ ∈ D(A), (1)
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äå λ = iω, îïåðàòîð A ñïiâïàäà¹ ç Ã çà óìîâ F =M1 = · · · =Mk = 0.
Çàïèñàâøè çàãàëüíèé ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ, ÿêå âè-

çíà÷à¹ âëàñíi ôóíêöi¨ çàäà÷i (1), i âèçíà÷èâøè êîíñòàíòè iíòåãðóâàííÿ çà
äîïîìîãîþ êðàéîâèõ óìîâ òà óìîâ iíòåðôåéñó, çàïèñàíèõ ó D(A), îòðè-
ìàíî íàñòóïíå ÷àñòîòíå ðiâíÿííÿ:

detM = 0, (2)

äå

detM =
m

4µρ
{(coshµ(l − 2l0)− coshµl) sinµl + (cosµ(l − 2l0)− cosµl) sinhµl}

− sinµl sinhµl

µ2
+

κ
4EIµ5

{(coshµl − coshµ(l − 2l0)) sinµl

−(cosµ(l − 2l0) + cosµl) sinhµl} ,

µ =
(

ρ
EIω

2
)1/4

. Âèçíà÷íèê ìàòðèöi M ó (2) äîïóñêà¹ íàñòóïíå àñèìïòî-
òè÷íå ïðåäñòàâëåííÿ äëÿ µ→ +∞:

det M =
meµl

8ρµ

(
Φ0(µ) + o(1)

)
,

äå Φ0(µ) = 2 sinµ(l−l0) sinµl0−sinµl. Âñòàíîâëåíî, ùî êîðåíi ðiâíÿííÿ (2)
ìîæíà íàáëèçèòè êîðåíÿìè ðiâíÿííÿ Φ0(µ) = 0 ïðè äîñòàòíüî âåëèêèõ µ.

Ïîðiâíÿëüíèé àíàëiç ðîçïîäiëó êîðåíiâ ðiâíÿíü (2) i Φ0(µ) = 0, à òàêîæ
âiäïîâiäíi ðåçóëüòàòè ÷èñåëüíîãî ìîäåëþâàííÿ íàâåäåíî ó ñòàòòi [1].
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ASYMPTOTIC DISTRIBUTION OF EIGENFREQUENCIES

FOR A FLEXIBLE BEAM WITH ATTACHED MASS

We study a mathematical model of a hinged �exible beam with distributed
controllers and attached rigid body. To analyze free vibrations of this mechani-
cal system, we consider the corresponding spectral problem for a fourth-order
di�erential operator. The characteristic equation is studied analytically, and
asymptotic distribution of the eigenvalues is described.
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