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The aim of the talk is to discuss spectral properties of the quadratic operator pencil

T(A)=A-AB-A (1

in the Hilbert space [,(0,1), where A denotes an operator acting by
Ay =—y"+q(x)y subject to the Dirichlet boundary conditions and B is the operator

of multiplication by 2p. Here p is real-valued functions from 7,(0,1) and g is real-

valued distribution from Wz‘1 0,1 -

The spectrum of the operator pencil T is the set o(7) of all 1 € C such that
T(A) is not boundedly invertible. A number A € C is called an eigenvalue of T
if T(1)y=0 for some non-zero function yedom7 , which is then the

corresponding eigenfunction.
Vectors  yp,...y,,—; are said to be associated with an eigenvector y

corresponding to an eigenvalue A if

L1 .
Zﬂ Dy =0, (j=1,..,m=1).
=0t
The maximal length of a chain composed of an eigenvector y, and vectors
associated with it is called the algebraic multiplicity of an eigenvector y,. The
geometric multiplicity of eigenvalue A is the dimension of the null-space of the
operator 7(A). The eigenvalue is said to be algebraically (geometrically) simple if

its algebraic (geometric) multiplicity equals to one.
Let us consider the functions y;:=y and y, :=Ay. By means of these

functions we can recast the spectral problem of interest as that for the linear

0 I
operator L := (A BJ defined on the proper domain.

Proposition 1. The spectrum of the operator pencil 7 coincides with that of
the operator L accounting multiplicities.
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Using this proposition we obtain the spectral properties of 7" from those of L .
We consider the operator L in the space IT1:=(D,[,;]), where D= H,, xH ,

H is the space Wzl and H, is the domain of the operator | 4|* for any positive
a . Here [-] is an inner product defined as

[x, 1= (Axp, y1) +(x2,2)

The space Ilis a Pontryagin space [1,2], i.e., the space with indefinite inner
product. The operator L is self-adjoint in IT. Thus using the spectral theory for
self-adjoint operators in Pontrygin spaces we derive the spectral properties of L
and thus those of the operator pencil of interest 7.

Theorem 1. Let x be the number of negative eigenvalues of the operator 4 .
Then

* the spectrum of the operator pencil 7 is discrete;

» there are at most x non-simple real eigenvalues, and their algebraic
multiplicities do not exceed 2x +1;

* the non-real spectrum of the pencil 7 is symmetric with respect to the real axis

and consists of at most x pairs of eigenvalues A and A of finite algebraic

multiplicity, moreover, the root subspaces corresponding to A and A are
isomorphic.

If the operator A is positive, then the spectrum of the operator pencil T is
real and simple.
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PO CIIEKTPU EHEPT'O3AJIEXKHUX OITEPATOPIB LITYPMA-
JITYBLJLJIA

Mema 00nogidi docnioumu cnekmpanvui éracmugocmi onepamopis Llmypma-
Jliysinna 3 nomenyianamu, 3aNedCHUMU 6I0 CHEKMPAIbHO20 Napamempy.
Bukopucmosyrouu oonomioicui QyHKyii, cnekmpanbHy 3a0auy, wjo po3enidacmscs,
MOHCHA 36eCcmu 00 CHeKMPAbHOT 3a0ayi 01 0eAK020 JNIHINIHO20 Onepamopd, wo €
camocnpsiicenum Yy cneyiaibho  @usHawenomy — npocmopi  Ilomwmpsiina.
Buxopucmosyiouu cnexmpanvhy meopiio 0Nl CAMOCHPSIJCEHUX ONepamopis y
npocmopax Ilowmpsizina, Mu OmMpUMAEMO 61ACMUBOCMI CHEKMpPY JMIHIUHO20
onepamopa i, 6i0no8ioHo, UXIOHOT CNeKMpPaIbHOI 3a0aUi.



