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Many recent studies have focused on prime submodules and their analogues. 
However, few investigations have been focused on the differential analogues of 
prime submodules [1], [2]. The talk is devoted to the investigation of some 
properties and constructions of differential modules preserved by ultraproducts. 

Let R  be an associative differential ring with the set of pairwise commutative 
derivations { }1 2, , , nδ δ δ∆ = … , and let M  be a differential R -module with the set 

{ }1 2, , , nD d d d= …  of module derivations consistent with the corresponding ring 
derivations. 

A differential submodule N  of M  is called quasi-prime if there exists an 
m -system S  of the ring R  and an Sm -system S∗  of the module M  such that N  
is maximal among differential submodules with N S∗ = ∅∩ . 

A differential submodule N  of M  is called differentially prime if M N  is 
differentially prime, i. e. if ( ) ( )Ann Annl lK M N=  for every non-zero 
differential submodule K  of M N . 

A differential module M  is called d MP− -module if one of the following 
equivalent conditions holds: 

1. Every quasi-prime submodule N  of M  is prime; 
2. Every quasi-prime submodule N  of M  is radical; 
3. For every prime submodule N  of M  the submodule 

( ) { }{ }1,...,
# 1for all ,..., 0n

df i i
nN x M x N i i= ∈ ∈ ∈`∪  

 is prime; 
4. The radical of any differential submodule is a differential submodule. 

Let M  be a d MP− -module over a commutative differential ring R , let S  
be a multiplicatively closed subset of R . 

Theorem 1. If every differentially prime differential submodule of M  is 
prime, then M  is a d MP− -module. 

Let I  be an infinite set, and let U  be a nonprincipal ultrafilter over I . 
Suppose that for each i I∈  iN  is a submodule of the differential iR –module iM , 
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then one can construct a submodule of i
i I

N U
∈
∏  of the ultraproduct i

i I
M U

∈
∏ , 

which is an ultraproduct of a family of submodules { }i i IN ∈  with respect to U  [4]. 

Theorem 2. Let iN  be a quasi-prime submodule of the differential iR –
module iM , i I∈ . The ultraproduct i

i I
N U

∈
∏  of the family { }i i IN ∈  of quasi-

prime submodules is a quasi-prime submodule of i
i I

M U
∈
∏ . Every quasi-prime 

submodule of the differential module i
i I

M U
∈
∏  is an internal ultraproduct of 

some family of quasi-prime submodules { }i i IN ∈  of i
i I

M U
∈
∏ . 

Theorem 3. The ultraproduct of any family of d MP− –modules with 
respect to the nonprincipal ultrafilter is a d MP− –module. 
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ПРО УЛЬТРАЗАМКНЕНІСТЬ ДЕЯКИХ КЛАСІВ 
ДИФЕРЕНЦІАЛЬНИХ МОДУЛІВ 

 
Досліджуються деякі властивості диференціальних модулів, що 
зберігаються при переході до ультрадобутків. Встановлено, що клас 
d MP− -модулів є ультразамкненим. 


